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Preface

The high velocity impact of solid bodies has attracted a large amount of research

over the past century by both military and civil engineers. These impacts, at

hundreds to thousands of meters per second, involve large deformations of the

impacting bodies which can result in their total destruction around the impacted

area. The impact of projectiles on armored vehicles (at 1–2 km/s) and the impact of

meteorites at space stations at (10–20 km/s) are areas of much interest in this field.

At impact velocities of a few meters per second, the structural response of the

bodies is the relevant issue for safety engineers in the automotive industry. In order

to study the effects of high velocity impacts, a special scientific discipline has been

developed over the past 50 years, termed the dynamic response of solids to

impulsive loading. This field involves several different disciplines such as: elastic-

ity and plasticity theories, hydrodynamics, high pressure physics, material response

to at high strain rates, fracture mechanics, and failure analysis. Several symposia

dedicated to these issues were established during the last decades, such as the

Hypervelocity Impact Symposia series, the International Symposia on Ballistics,

the APS conferences on Shock Compression of Solids (in the US) and the DYMAT

conferences in Europe. In addition, several journals specifically dedicated to this

field were established, such as the International Journal of Impact Engineering,

since 1983, and the International Journal of Protective Structures (launched in

2010). All of these activities are focused on the dynamic response of solids to

impulsive loading, by developing new experimental facilities and diagnostics, as

well as advancing numerical simulations and analytical modeling.

This book is focused on the subject of terminal ballistics which deals with the

interaction between a moving object (the threat) and a protective structure (the

target) at impact velocities in the range of a few hundreds to a few thousands of

meters per second. At these velocities the damage induced in the target is local,

extending laterally to several projectile diameters, but it is concentrated along the

direction of projectile’s motion. Thus, the target can be either perforated as is the

case for thin targets, or deeply penetrated (for thick targets). These penetration/

perforation issues are important for the armor engineer who looks for ways to
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minimize the extent of damage to the protected structure. Similarly, the anti-armor

designer is concerned with the improvements in the lethality of the threats by

increasing their velocities, masses etc. The field of terminal ballistics covers a

large range of scientific challenges and engineering applications, and we had to

limit the number of the subjects which are discussed in this book. Naturally, most of

the subjects we chose belong to armor issues, on which we worked for many years

at the terminal ballistics laboratory in RAFAEL, a defense related research institute

in Israel.

We wish to thank our colleagues for fruitful and exciting research during

many years. In particular, we acknowledge the scientific collaborations with:

Y. Yeshurun, D. Yaziv, M. Mayseless, Y. Ashuach, and Y. Partom from RAFAEL,

S.J. Bless, M.J. Forrestal, and N.S. Brar from the US, and N.K. Bourne and

J. F. Millett from England. We acknowledge the excellent work of: M. Siman,

R. Kreif, M. Rozenfeld, Y. Reifen, D. Kanfer, N. Yadan, D. Mazar, I. Shaharabani

and Y. Zidon, in performingmany experiments in our lab for over 30 years. We thank

C.E. Anderson, A.J. Piekutowski, K. Poormon, T.J. Holmquist, T. Borvik, S. Chocron

and K. Thoma for helpful discussions during the preparation of this book, and for

sharing some of their best shadowgraphs which add so much to this book.

Z. Rosenberg

E. Dekel
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Introduction

The science and engineering of impacting bodies have a large range of applications

depending on their type and their impact velocities. At very low velocities, these

impacts can be limited to the elastic range of response, with practically no damage

to the impacted bodies. In contrast, at very high impact velocities these bodies

experience gross deformation, local melting, and even total disintegration upon

impact. Various scientific and engineering disciplines are devoted to specific areas

in this field such as: vehicle impacts, rain erosion, armor and anti-armor design,

spacecraft protection against meteorites and the impact of planets by large meteors

at extremely high velocities. In order to follow these different events the researcher

has to be acquainted with diverse scientific fields which include: elasticity and

plasticity of solids, fracture mechanics and the physics of materials at high pressures

and temperatures. Terminal ballistics is the generic name for the science and engi-

neering of impacts which are of interest to armor and anti-armor engineers. The

relevant impact velocities usually range between 0.5 and 2.0 km/s, the so-called

ordnance velocity range. These are the velocities at which projectiles are launched

against personnel, armored vehicles and buildings, by rifles and guns. The impact

velocities of shaped charge jets are within the hypervelocity range of 2.0–8.0 km/s,

and their interaction with armor is also of major interest to both armor and anti-armor

engineers. This book is devoted to the science of terminal ballistics, as it is defined

here, through the various threats which operate in the battlefield.

The science of terminal ballistics started with the works of the great mathemati-

cian Leonard Euler (1745) and the British engineer Benjamin Robins (1742), who

analyzed data for the penetration of steel cannonballs in soil as a function of their

impact velocities. In the following two centuries, until the Second World War, the

field of terminal ballistics was based on empirically derived relations between the

penetration depth and the impact velocity of various projectiles into different

targets. The reviews of Hermann and Jones (1961) and Backman and Goldsmith

(1978), summarize many of these empirical formulas which were suggested over

this period. During the years of WW-II, scientists in the US and UK have analyzed

the penetration process of shaped charge jets and rigid steel projectiles into armor
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plates, through analytical models which were based on physical considerations.

These models identify the main force exerted on the projectile during penetration,

which is then inserted in its equation of motion. The aim of these models is to

reduce the mathematical description of a complicated three dimensional problem to

a simple form which retains the essential physics of the penetration process. This

simplification results in either a low dimensional system of ordinary differential

equations or a few one-dimensional partial differential equations, which can be

easily solved. The models can be tested by controlled experiments, in which the

parameters are varied in a systematic way, in order to establish the non-dimensional

parameters of the process. With these analytical models data correlation is made

easy and extrapolations, to areas beyond the ability of experimental facilities, are

possible. On the other hand, these analytical models require some compromise to be

made, limiting their use to ideal cases where only a single mechanism is at work. Still,

these models have been used successfully in order to account for the data and to

reduce the number of the necessary experiments in terminal ballistics. Since the

advancements in numerical simulations, the role of analytical models seems to

decline as the codes are getting better and more efficient. However, these numerical

simulations are often used just to account for experimental data, offering little

physical insight for the process. Our strong belief is that analytical modeling is

crucial for the field of terminal ballistics in order to understand the physics involved,

and to highlight the important parameters which influence these processes.

Throughout this book we bring examples where physically based models

play a major role in simplifying complex interactions. These models are derived

either through experimental observations or through numerical simulations.

Our approach is that numerical simulations can be viewed as the “perfect

experiments,” with which one can change a single parameter at a time and find

its influence on the investigated process. We shall demonstrate the usefulness of

these numerical studies for the construction of numerically-based models, and for

the critical examination of existing models. Note that the term “model,” as it is

often used in the literature, is somewhat confusing since it is applied for both the

description of material properties (material modeling) and for the analytical

account of the process itself (the engineering model). For both applications

these models should be physically based with parameters which can be calibrated

by well-defined experiments. A valid material model should be applicable for a

variety of experimental configurations, and an engineering model has to account

for the behavior of many materials in a given experiment.

The book is divided into three parts. Part I includes a description of the terminal

ballistics laboratory and the main diagnostic tools which are used in this field. It

also summarizes several material models which are frequently used in numerical

simulations. Part II is devoted to the field of penetration mechanics, dealing with the

basic processes which take place upon the impact and penetration of various

projectile/target combinations. Part III describes the working principles behind

several armor concepts which are designed to defeat some of the more common

threats.
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Part I: Experimental and Numerical
Techniques



Chapter 1

Experimental Techniques

Terminal ballistics is the general name for a large number of processes which take

place during the high velocity impact of various projectiles/target combinations.

There are two related disciplines which deal with launching these projectiles.

Interior Ballistics concerns their acceleration to the desired velocity, and Exterior

Ballistics deals with their flight dynamics from the launcher to the target. The

present chapter describes, very briefly, some of the equipments and techniques

which are used to launch a projectile to the desired velocity, as well as the relevant

diagnostics which are used to follow its flight and its impact. The main experimen-

tal and theoretical techniques, which were developed in order to determine the

relevant properties of the impacting materials, will also be described here.

1.1 The Terminal Ballistics Lab

1.1.1 Laboratory Guns

Most of the experimental work in terminal ballistics is performed through scaled

experiments, within indoor laboratories, using the so-called laboratory guns. The

obvious advantages of scaled experiments are their significantly higher ease and

lower cost, as compared with full scale experiments. The most common scaling

factors are the 1:3 and 1:4 scales, and the experiments are performed with guns of

20–40 mm in diameter. These guns can launch projectiles to velocities of up to

2.0 km/s with gun powder, and to 10 km/s by the two-stage light gas gun, which will

be described here. Several reviews are devoted to the working principles and the

design of these guns, such as Siegel (1955) and Stilp and Hohler (1990).

All the different launchers consist of a high pressure gas reservoir (the breech)

attached to a long tube (the barrel) where the projectile is accelerated. The desired

accelerating pressures are achieved either by burning a given amount of gun

powder (the powder guns) or by the fast release of compressed gas (in gas guns).

Z. Rosenberg and E. Dekel, Terminal Ballistics,
DOI 10.1007/978-3-642-25305-8_1, # Springer-Verlag Berlin Heidelberg 2012
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The acceleration process lasts as long as the projectile is in the barrel, but its

velocity does not increase appreciably after a distance of about 120 diameters,

which is the typical length of most guns. The basic equation for this acceleration

process relates the final kinetic energy of the projectile to the work done by the high

pressure pulse p(x), through:

1

2
MV2 ¼ p

4
Dg

2

ð
pðxÞdx (1.1)

where M is the mass of the projectile and Dg is the inner diameter of the gun.

Taking an average value of the pressure profile (pav), which acts on the projectile,

one can write for its exit velocity:

V ¼ Dg

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p � pavLg

2M

r
(1.2)

where Lg is the length of the gun barrel. This equation gives the main ingredients

which influence the performance of guns, as far as their ability to reach the desired

velocity for a given mass. The science of Interior Ballistics deals with the exact

determination of these pressure profiles and their average values, for different gases

and gun powders. Every type of accelerating gas has a maximum velocity which it

can impart to the projectile. This is the escape velocity (Vesc) with which the

high pressure gas can move if it is allowed to expand freely (no mass to accelerate

except its own), as given by:

Vesc ¼ 2c

z� 1
(1.3)

where c is the sound speed in the gas at the high pressure condition, and z is its ratio
of specific heats. The sound speed in a gas is inversely proportional to the square

root of its molecular weight, which is the reason for using either helium or hydrogen

in light gas guns. The escape velocity is also proportional to the temperature of

the gas, which increases during its fast compression in light gas guns, enhancing

their ability to reach higher velocities. These guns were developed in the 1950s in

order to study the impact of meteorite-like projectiles on spacecraft bodies, at the

hypervelocity regime of impact velocities (�10 km/s). The design principles of

the light gas gun are described by Stilp and Hohler (1990), and its schematic

description is shown in Fig. 1.1.

The first stage of this system includes a large chamber in which a gun powder is

ignited and its products accelerate a large plastic piston along the pump tube, which

is a long barrel with an inner diameter D1. The piston has a conical section at its rear

part in order to start its motion after some pressure buildup in the breech chamber.

A predetermined amount of a light weight gas, usually helium, is inserted into the

pump tube at pressures in the range of 20–30 atmospheres. As the plastic piston

accelerates in the pump tube it compresses and heats the light gas to high pressures
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and temperatures. As seen in the figure, a conical steel section is leading the plastic

piston from the pump tube (the first stage) to the launch tube (the second stage).

This conical section is a very important feature of this gun design, as it has to stop

the plastic piston and prevent it from extruding into the launch tube. The conical

section is sealed at its far end with a steel diaphragm, which is designed to rupture

at a certain predetermined pressure. The diaphragm divides the two parts of the

system and the projectile itself is located in the launch tube, which has a smaller

diameter (D2). In most light gas gun systems the ratio between the diameters of the

pump and launch tubes (D1/D2) is about 3–4, the diameters of the launch tubes are

in the range of D2 ¼ 20–40 mm and the total lengths of these guns are 10–15 m.

As stated by Hohler and Stilp (1990) the interior ballistics of the two stage gas

gun is quite complex and its performance is determined by several factors such as

the geometrical details of the two tubes, the conical section, and the weights of the

plastic piston and the package to be launched. These details determine the exact

values of the weight of the gun powder and the amount of light gas which have to be

used in order to achieve the desired velocity.

1.1.2 Projectiles and Targets

The projectile is packaged within a plastic sabot, usually made of polycarbonate, in

order to prevent metallic contact with the barrel. These sabots are made of several

parts which are designed to separate as the package exits the gun barrel. Some gun

systems have specially designed sabot strippers near the gun muzzle, which prevent

the plastic sabots from reaching the target. Other systems are based on the sabots to

open up by air drag, while the projectile is out of the gun. More details concerning

sabot design and their separation before impact are given by Stilp and Hohler

(1990). A metallic disc (the pusher plate), made of a high strength material, is

placed behind the projectile in order to prevent the punching of the plastic sabot by

the accelerating projectile. Since most laboratory guns are housed indoors, the

targets are situated at a distance of about 1–5 m from the muzzle, in a specially

designed target chamber which includes ports for high speed photography, pulsed

X-ray shadowgraphy, velocity interferometry and other diagnostic devices.

D2D1

First stage Second stage

Powder chamber
Pump tube

High pressure chamber

Diaphragm

Projectile

Piston Launch tube

Fig. 1.1 A schematic description of the light gas gun
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After impact, all the debris from the target and projectile is collected in a large catcher

tank, where the residuals are softly decelerated and recovered for further analysis.

The targets in terminal ballistics studies are classified according to their thick-

ness as semi-infinite, intermediate, and thin. A semi-infinite target is large enough

so that its lateral and back surfaces do not influence the penetration process. The

measurements performed with semi-infinite targets are usually post-mortem deter-

minations of the final penetration depth, the volume and the shape of the crater, and

the characteristics of the residual projectile which is left at the crater bottom.

Experiments with semi-infinite targets focus on the physics of the penetration

process rather than simulating actual armor designs. The thickness of an intermedi-

ate target is enough to stop the projectile but it is not large enough to prevent

damage at its back surface. The interactions of projectiles with targets of interme-

diate thickness are relevant for the armor designer, since they represent actual

situations of projectile/armor encounters. This is a more complicated penetration

process since it involves various failure mechanisms which can take place during

the interaction. Some of these failure mechanisms are shown schematically in

Fig. 1.2, from Backman (1976).

Thin targets are perforated by the projectile and their relevance for terminal

ballistics is through the damage they can induce to the projectile. Targets which

induce a considerable damage to the impacting threat, by a well-defined defeat

Fig. 1.2 Possible failure

modes in different impact

situations
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mechanism, are considered as candidates for add-on armor designs. These mecha-

nisms, which are of main interest to the armor designer, will be discussed in the

third part of this book.

One of the most important properties of a given projectile/target combination

is its ballistic limit velocity (Vbl), which marks the velocity threshold for target

perforation. In principle, the value of Vbl for a given projectile/target configuration

can be determined by two experiments at impact velocities which are close enough.

The high velocity impact should result in a complete perforation of the target, while

at the low velocity impact the projectile should be stopped in the target. However,

due to experimental errors in velocity measurements, as well as variations in

material properties, it is practically impossible to determine Vbl by a couple of

experiments. Instead, a probabilistic approach was adopted according to which at

least six experiments are performed at the estimated limit velocity. In half of these

experiments the target should be perforated while for the other half it should stop

the projectile. With the better statistics of this technique the limit velocity, which is

termed the V50 velocity, is taken as the average of the highest velocity with no

perforation and the lowest velocity with projectile perforation. The definition of

perforation itself depends on the different standards which were adopted by various

institutes. Thus, the US army criterion states that a complete penetration is achieved

even if the projectile is still stuck in the target but light can pass through it. In

contrast, according to the U.S. Navy’s definition a complete perforation is achieved

when the projectile fully emerges from the target.

1.1.3 Diagnostics for Terminal Ballistics

There are several measurements which have to be performed at each experiment in

terminal ballistics. The most important one is the projectile’s impact velocity,

which has to be determined to an accuracy of about �0.5%, in order to have a

meaningful result. This velocity is best determined by non-interfering optical

techniques like laser beams (or screens) which are cut off by the flying projectile.

Another useful technique is the pulsed X-ray shadowgraphy, which uses very short

(about 30 ns) bursts of radiation from specially designed tubes. The short exposure

time “freezes” the movement of the projectile, resulting in a sharp picture of its

contour on specially designed films or screens. These flash X-rays are also used to

follow the alignment of the projectile as it impacts the target, and for the determi-

nation of its shape and velocity after it exits the target. Thus, a terminal ballistic

laboratory includes several pairs of flash X-ray tubes which follow the projectile

during its free flight, its impact with the target, and its exit from the back surface, as

shown schematically in Fig. 1.3. The use of two simultaneous flashes, at perpendic-

ular orientations, is needed to follow the spatial orientation of the projectile at the

impact moment (the pitch and yaw angles).

High speed photography techniques are also very useful to follow the interaction

between the projectile and the target, as described by Stilp and Hohler (1990) and by
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Swift (1982). The basic objective of these cameras is to capture the projectile/target

interaction at different times by projecting them at different places on a single film.

This is done by using a rotating mirror which spins at an extremely high velocity by

the action of an air turbine, as shown in Fig. 1.4. The projection of the impact event

on the film is achieved by a series of projecting lenses as shown in the figure.

Fig. 1.3 Schematic description of the terminal ballistics experiment

to object

diaphragm
main lens

film

rotating 
mirror

projecting lenses

Fig. 1.4 Schematic description of the rotating-mirror camera
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1.2 Determination of the Dynamic Properties

A high velocity impact induces high pressures and temperatures in the projectile

and in the target, for very short times (high strain rates) which characterize the

impulsive nature of this event. The term “dynamic properties” is referred to

the physical and mechanical properties of the solid which are sensitive to high

loading rates, as well as to high pressures and temperatures. Strain rates which are

higher than about 102 s�1 fall in the category of high rates and pressures are

considered to be high when their magnitude is larger than about 10 GPa. Tempera-

ture changes have to be considered when these are high enough to cause significant

changes of material strength, by the so-called thermal softening process. The

relevant temperatures are different for various materials depending on their melting

temperatures. It is commonly accepted that the threshold temperature for thermal

softening of a solid is about half its melting temperature.

The present chapter describes some techniques which are used to determine the

influence of these parameters (strain rates, pressures and temperatures), on material

properties which are relevant for terminal ballistics. These properties can be

grouped in two classes, those which affect the material’s equation of state and

those which determine its constitutive relations. The equation of state of a solid

relates its internal energy to the pressure and density which characterize its state.

The constitutive relation accounts for the strength and failure characteristics of the

solid under the high loading rates. As will be discussed in this book, the strength and

failure of the solid are its most important properties, as far as terminal ballistics is

concerned. Thus, a comprehensive account of their variation with loading rates,

pressures and temperatures, is essential for the evaluation of a given material as

a possible candidate for either armor or projectile design. Failure refers to situa-

tions where a given element in the structure reaches a critical state and its load

capacity is reduced, either totally or partially. The failure of solids under dynamic

loading conditions is one of the most important areas for terminal ballistics,

and it has been the focus of much research.

1.2.1 Equation of State Measurements

A high velocity impact can induce very high pressures and temperatures for several

microseconds, in the projectile and in the target, through fast moving shock waves.

The irreversible increase in the temperature of shock loaded materials can reach

their melting and even vaporization states. The study of materials response to shock

wave loading is focused on their equations of state, which relate their densities

to the high pressures and temperatures. Equations of state were determined for

many solids in a systematic study, as described by Zeldovich and Raizer (1965),

Al’tshuler (1965), McQueen et al. (1970), Chhabildas (1987) and Asay and Kerley

(1987). These reviews also cover much of the experimental techniques which are
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used in this field. The plate-impact experiment, as shown schematically in Fig. 1.5,

is the most useful technique to obtain the important data for the shock equation of

state of a given solid. This is a relatively simple experimental configuration, which

is easy to analyze mathematically, as shown below.

Basically, a planar disc (the impactor) is accelerated by a large diameter gun

towards a stationary disc (the target) which is made of the investigated material.

The specimen disc is carefully aligned at the end of the gun in order to ensure

maximum planarity of the impact. The impact velocity is measured by electrically

shorting pins prior to impact, and the target is instrumented with various gauges and

sensors, which follow the structure of the shock wave in the specimen, as described

below. Upon impact, planar shock fronts, or waves as they are usually called,

are initiated at the impact face and move into both the impactor and target plates.

One can conceive of these shock waves as extremely thin fronts which sweep the

material at a constant velocity. The material behind these fronts is compressed to

a state of high pressure and density, which depend on the impact velocity and on

the properties of the impacted materials. Since these waves are planar they are

compressing the two plates in a uniaxial strain mode, by which the only non-zero

strain in the specimen is along the impact direction. This special mode of com-

pression is analyzed through the Rankine–Hugoniot (R–H) jump relations, which

express the changes in density, pressure and internal energy of the shocked mate-

rial. These relations are given in terms of two mechanical parameters which are

measured in the experiment, the shock velocity (Us) and the particle velocity (up) of

the material behind the shock front. In fact, the R–H relations are the conservation

equations for mass, momentum and energy under the special loading mode of

uniaxial strain, and they are given by:

Mass conservation : r0US ¼ r US � up
� �

(1.4a)

Momentum conservation : p ¼ r0USup (1.4b)

specimen

embedded gauge

velocity pins

sabot

gun muzzle

impector
interferometry

Fig. 1.5 The plate impact experiment
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Energy conservation : De ¼ p

2
� 1

r0
� 1

r

� �
(1.4c)

where r, p and De are the density, pressure and change in internal energy of the

shocked material, respectively. The subscript 0 stands for these parameters at

ambient conditions. The shock velocity (Us) and the particle velocity (up) are the

measured parameters in each experiment. With several experiments at different

impact velocities, one can determine the shock equation of state for the solid. One

of the most useful ways to represent this equation of state, in a graphical display, is

by plotting the relations between the pressure and the particle velocity behind the

shock front. This p ¼ p(up) curve, called the “Hugoniot curve” of the solid, is the

loci of all the points representing the possible states of the material which can be

reached by a single shock wave. The Hugoniot curve is different than the isothermal

compression curve of the solid, since each point on the Hugoniot is characterized by

a different temperature (internal energy). Hugoniot curves, for several materials

which are relevant to terminal ballistics, are given in Fig. 1.6.

For symmetric impacts, where the two impacting plates are made of the same

material, the particle velocity behind the shock front is equal to half the impact

velocity, since these are ideally plastic impacts. Thus, by accurately measuring

the impact velocity one obtains the particle velocity behind the shock front in

symmetric impacts. The shock velocity in the target plate is measured either by

optical techniques or by electrical transducers which short-circuit upon the arrival

of the shock front. For many materials, solids and liquids, the relation between

shock and particle velocities has been found to be linear, according to:

US ¼ C0 þ Sup (1.5)
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Fig. 1.6 Hugoniot curves for several materials
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where C0 is very close to the bulk sound speed of the solid at ambient conditions.

The experimentally determined slope in this linear relation (S) has values in the

range of S ¼ 1.0–1.5 for most solids. The values for C0 and S for many materials

are listed in the data base of all the commercial codes which are used for numerical

simulations of terminal ballistics experiments.

1.2.2 Dynamic Strength Measurements

The previous section gave a brief account for the behavior of materials under

planar shock wave loading which is a one-dimensional strain configuration. The

materials were assumed to behave as fluids in the sense that their strength was

ignored in the analysis. Thus, the values of the principal stresses in the specimen

are equal to each other, sx ¼ sy ¼ sz ¼ p, where p is the pressure in the solid.

This approximation is valid for intense shock waves where the pressure is much

higher than the strength of the material (Y). When these pressures are less than

about 10Y the analysis has to take into account the elasto-plastic properties of the

material. The shock Hugoniot of a material with strength is shown schematically

in Fig. 1.7. The addition of material strength means that the principal stresses in

the shocked solid are not equal to each other. The stress along the shock propaga-

tion direction (sx) is higher by Y than the two stresses sy and sz, which are equal

to each other. Note the distinction between the elastic and the so-called plastic

regimes. The elastic response of the solid is represented by the straight line, which

terminates at the Hugoniot elastic limit (HEL). The “plastic” response is given by

the Hugoniot curve, which is superposed on the elastic straight line. This

stress–strain curve is due to the fact that the material behind the shock front is

compressed in a uniaxial straining mode, with ex 6¼ 0 and ey ¼ ez ¼ 0, where x is

the shock propagation direction. Thus the strain along the shock propagation

direction is, in fact, the volumetric strain of the material (ev), which is related to

the density ratio (r/r0) attained by the shock pressure. The value of the shock

pressure is given as the average of the three principal stresses in the material,

through p ¼ (sx þ sy þ sz)/3.

Shock Hugoniot (σx)

Hydrostatic 
compression (P)

HEL

Fig. 1.7 A schematic

description of the Hugoniot

curve for a solid with strength
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At very low impact velocities the solid behaves elastically and upon stress

unloading it returns to its original state. The state of the solid within its elastic

range is given by the longitudinal stress (sx) and the two lateral stresses (sy ¼ sz)

which, under the uniaxial straining mode, are given by:

sy ¼ sz ¼ n
1� n

sx (1.6)

where n is the Poisson constant of the solid . The elastic regime terminates at the

Hugoniot elastic limit (HEL), which marks the onset of material yielding under

the uniaxial strain loading. At this point the difference between the principal

stresses (sx � sy) reaches its maximal value which is equal to the dynamic

strength of the solid (Yd). This constraint is the result of the yield criteria of Tresca

and von-Mises which limit the stress difference in the plastic range for metals.

Using the yield condition, sx � sy ¼ Yd together with Eq. 1.6, results in the

following relation between the HEL of the solid and its dynamic strength:

HEL ¼ 1� n
1� 2n

� Yd (1.7)

The dynamic strength (Yd), as derived from its measured HEL value, can be very

different than the static strength of the solid, especially for strain-rate sensitive

materials.

The existence of two regimes in the response of a solid to shock waves, results

in a discontinuity in the slope of the shock Hugoniot at the HEL, as shown in

Fig. 1.7. This discontinuity leads to a splitting of the shock front into two waves,

which propagate at different velocities in the solid. The precursor elastic wave, with

amplitude which is equal to the HEL, is moving at the longitudinal wave velocity

given by:

CL ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K þ 4G=3

r

s
(1.8)

where K and G are the bulk and shear moduli of the solid, respectively, and r is

its density. The slower “plastic wave” is propagating at the shock velocity (Us),

as given by Eq. 1.5. By recording the amplitude of the elastic precursor one can

determine the dynamic strength of the shocked material at the high strain rates

which are of the order of (106–108) s�1. With increasing shock amplitude the

velocity of the plastic wave increases until it attains the value of CL, and for higher

shock amplitudes a single wave is propagating in the solid. The threshold ampli-

tude, for the emergence of a single shock, depends on the properties of the solid

varying between 10 and 100 GPa for most solids. For example, these threshold

stresses are about 10 and 60 GPa, for aluminum and steel, respectively.
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In a similar manner, one can follow the release process of the shocked solid

by the release waves which emanate from free surfaces. The process takes place

along the unloading path of the specimen in the stress–strain plane, as shown

schematically in Fig. 1.8. The solid first unloads elastically along a straight line

whose slope is related to the longitudinal wave velocity (CL). At a certain point

during the unloading process, this line meets the yield surface of the solid, below its

hydrostatic compression curve. Further unloading is achieved along an isentrope,

which is roughly parallel to the Hugoniot curve as shown in the figure. This part of

the release, termed the “plastic release”, lies at a distance of 2/3Yd(p,T) below the

hydrostatic compression curve. Since the shock Hugoniot is offset by the same

distance above the hydrostatic compression curve, the vertical “distance” between

the shock and release curves is equal to 4/3Yd(p,T). The dynamic strength of the

solid Yd(p,T) is related to its strength at the high pressure and temperature in

the shocked state. This value can be much higher than the quasi static strength of

the solid, due to pressure hardening effects. On the other hand, it can be lower

than the quasi static value, if the temperature of the shocked material is high enough

to induce its thermal softening. The discontinuity in the slopes of the elastic and

“plastic” parts in the release curve, results in a structured release wave which can be

monitored continuously by stress or particle velocity gauges. From the amplitude of

the elastic release wave one can determine the strength of the solid at its shocked

state, Yd(p,T), as will be discussed in the next section.

1.2.3 Diagnostics

The plate impact experiment is very useful for the determination of the important

parameters in the constitutive relations of the solid. These relations account for the

dependence of the material strength and its failure characteristics on the high rates,

Hugoniot curve

Fig. 1.8 Loading–unloading curves for a solid with strength

14 1 Experimental Techniques



pressures, and temperatures in the shocked state. Quantitative information about

these variations are obtained by various in-situ measurements which record the

shock wave profiles in plate impact experiments, as reviewed by Chhabildas (1987)

and Asay (1997). The strain rates in these experiments can reach values of 108 s�1

and the pressures can range between few to several hundreds of GPa. The necessary

information is obtained by embedding stress gauges in the target plate or monitor-

ing its back surface velocity by interferometric techniques.

Embedded stress gauges are made of either piezoresistive materials, whose

electrical resistivities are appreciably changing with pressure, or of piezoelectric

materials which produce electric charge (current) when a pressure pulse is sweeping

them. The most useful piezoresistive materials for both shock and static loading are

manganin, Yitterbium and carbon. The most successful piezoelectric gauge is made

of specifically poled foils of Polyvinyldifluoride (PVDF). The poling techniques of

these gauges, as well as their calibration under shock loading, have been worked out

by F. Bauer, as described in Bauer (1983), and in Bauer (1984).

The most common piezoresistance stress gauge for shock wave studies is

made of manganin which is an alloy containing 84% copper, 12% manganese and

4% nickel. This material has an almost constant piezoresistive response up to

pressures of about 100 GPa. In fact, the review article by Chhabildas (1987) cites

measurements by P. de-Carli to shock pressures as high as 120 GPa. The electrical

resistivity of manganin is practically insensitive to temperature changes, which

makes it an ideal stress gauge for dynamic experiments. The Nobel laureate

P.W. Bridgman installed manganin gauges in static high pressure cells, for his

classical studies at the early years of the twentieth century. The first use of

manganin as a pressure transducer in shock experiments was published by Fuller

and Price (1964). They embedded thin foils of manganin between two planar discs,

and monitored their resistance changes during the passage of shock waves through

the assembly. With a pre-calibrated response curve, these profiles were translated to

the pressure–time profiles in the shocked specimens. Calibration curves for foil and

wire gauges have been obtained by Barsis et al. (1970), Kanel et al. (1978), Vantine

et al. (1980), and Rosenberg et al. (1980). These calibrations agree with each other

to within 2%, with an average piezoresistance coefficient of DR/R0 ¼ 2.4% per

GPa, where R0 is the initial resistance of the gauge and DR is its resistance change.

A typical gauge record from a plate impact experiment on a copper specimen is

shown in Fig. 1.9. The figure also details the location of the gauge in this experi-

mental set-up, the back surface configuration, which is specially suited for the

determination of the dynamic compressive and tensile strengths of the specimen.

With this configuration the stress history is actually determined at the interface

of the specimen and a Plexiglas backing plate. Several features in this record should

be noted. The first one concerns the rising part of the signal, which clearly shows

that the shock wave in the specimen has been split into the elastic precursor wave

and the following “plastic wave”. The elastic precursor, of amplitude which is equal

to the HEL, serves to determine the strength of the solid at these high strain rates.

The elastic and plastic waves are followed by a constant shock level which is

subsequently unloaded, by a structured release wave. The unloading is followed
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by several stress reverberations which are due to the spall failure inside the target

plate. Spall is the onset of tensile failure which is due to the interaction between

the two release waves inside the specimen. These release waves are initiated at the

impactor’s free surface and at the specimen/Plexiglas interface. The amplitude

of the first reverberation in the spall signal is related to the failure strength of

the specimen (the spall strength) under dynamic tensile conditions. Thus, with this

simple experiment one derives the dynamic compressive strength of the specimen

and its tensile failure threshold.

A direct technique to determine the compressive strength of the solid, at high

shock pressures, is the lateral gauge technique, which was first suggested by

Bernstein et al. (1967). Two stress gauges are embedded in the specimen at

perpendicular planes, as shown in Fig. 1.10. The first gauge, which is embedded

in a plane parallel to the shock front, measures the longitudinal stress in the

Shock direction

sy

sx

Fig. 1.10 The longitudinal (right) and lateral (left) gauge orientations

HEL

Spall signal

msec

Fig. 1.9 The back-surface gauge setup (top) and the manganin gage record (bottom)
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specimen (sx). The second gauge is embedded in a plane along the shock propaga-

tion direction, and it measures the lateral stress in the specimen (sy). The difference

between the two measured stresses is equal to the strength of the specimen in its

shocked state, hence sx � sy ¼ Yd(p,T). The main difficulty with this technique

stems from the fact that the two different gauge orientations result in different

calibration curves for the gauge, as was shown by Rosenberg et al. (1981). With

a proper calibration for the gauge at the lateral orientation, as determined for

manganin gauges by Rosenberg and Partom (1985), this technique can be used to

measure the strength of materials under high shock pressures. As we shall see in the

third part of this book, the lateral gauge technique has been very useful in deter-

mining the strength of ceramic materials at high shock pressures.

The most accurate experimental techniques in shock wave research are the

various interferometric devices which were reviewed by Chhabildas (1987). The

basic idea behind these techniques is to follow the velocity of the specimen’s back

surface continuously, using the reflected light from a laser beam. The most popular

of these optical interferometers are the VISAR (Velocity Interferometer System for

Any Reflector) system, which was developed by Barker and Hollenbach (1964),

and the Fabry–Perot interferometer which was first applied by Johnson and Burgess

(1968). Both systems use Doppler-shifted light from the moving back surface,

which is either specular or diffuse. The reflected light is split into two beams to

form the different legs of a wide angle Michelson interferometer. The fringe

sensitivity of the interferometer is dependent on the delay time between the two

legs. With the VISAR system the delay is achieved by a glass etalon along the path

of one of the legs, with a predetermined time delay. With the Fabry–Perot system

the delay is achieved through a set of plates separated by a well defined distance.

A superposition of the two beams results in a fringe system with a count which

is proportional to the velocity of the back surface. Both systems have fast

time response which enables one to follow small changes in the specimen’s free

surface velocity very accurately. However, these techniques suffer from several

disadvantages which are related to the changes in the intensity of the reflected light

(for the VISAR) and to the resolution of the recording film, with the Fabry–Perot

system. A new technique, the heterodyne velocimeter, has been introduced by

Strand et al. (2006). This technique overcomes the difficulties of both the VISAR

and the Fabry–Perot systems while keeping their main advantages. The derived

velocity–time history is directly related to the frequency of the beat wave form.

Thus, there is no need for extra components to resolve the difficulties arising from

the fringe jump ambiguities. In addition, the data is recorded on digitizers having

long recording time, avoiding camera distortion.

With the high resolution of these techniques one can gain accurate values for the

strength of shock compressed specimens by using the self consistent technique which

was suggested by Asay and Lipkin (1977). A schematic diagram of this experimental

setup together with the resulting VISAR records, are shown in Fig. 1.11. The

technique is based on performing two similar experiments, which differ by the

backing disc behind the impactor, having either higher or lower acoustic impedance

than the impactor. The acoustic impedance of a material is defined by the product
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r0∙CL, where r0 and CL are the density and longitudinal sound velocity of the

material, respectively. With the same impact velocity, the amplitudes of the initial

shock waves in the two experiments are the same. The initial shock wave is followed

either by a second shock, when the impactor is backed by a higher impedance

material, or by a release wave, for a backing material with lower impedance. From

the measured elastic parts of these reshock and release records, one can determine

the dynamic strength of the specimen in its shocked state, namely, Yd ¼ Y(p,T).

A concise summary of the results for various materials, from Asay and Kerley

(1987), is shown in Fig. 1.12. The data is given for the normalized strengths, in
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relation with the static values, as a function of shock amplitude. The decreasing

trend of the strength with shock pressures for some of these materials, is due to the

competing effects of pressure hardening and temperature softening. Obviously, at

high shock pressures the temperature of the specimen is high enough to induce its

softening, as seen here for the aluminum alloys.

The Kolsky bar system which was introduced by Kolsky (1949), and is

often referred to as the split Hopkinson bar, is the most useful technique

to determine the dynamic stress–strain curves of solids under uniaxial stress

conditions in the 102–104 s�1 range of strain rates. This is the relevant range of

strain rates for the projectile and target materials around their interface during

penetration. The Kolsky bar system consists of two long instrumented bars made of

high strength steel, which hold the specimen as shown in Fig. 1.13. The diameter of

these bars is usually in the range of 12–25 mm and their corresponding lengths are

3–5 m.

A short bar (the striker) is launched by an air gun towards the first bar (the

receiver) at a velocity of 5–20 m/s, inducing a square shaped stress pulse in

the receiver bar. The duration of this pulse is equal to twice the transit time of

an elastic wave in the striker bar (typically 100–200 ms). This stress pulse is

recorded by the first strain gauge, which is glued on the receiver bar at some

distance from the bar/specimen interface. The incident strain-time history, ei(t), is
one of three strain signals which are necessary for the analysis. Upon reaching the

specimen, the incident stress pulse is partly reflected back to the receiver bar and

partly transmitted to the second bar (the transmitter). The reflected pulse, er(t), is
recorded by the first strain gauge which recorded the incident wave. The transmitted

pulse et(t) is recorded by a second strain gauge, which is glued to the transmitter bar

at the same distance from the specimen as the first gauge. The diameter of the

specimen disc should be smaller than the bar’s diameter in order to achieve

significant stress amplification in the specimen. With proper dimensions even

strong materials can be compressed to large strains, well beyond their elastic

range of response. Due to the early stress reverberations inside the specimen, the

analysis of the Kolsky bar system cannot account for the elastic part of the

specimen’s response. The technique is considered to be accurate only for strains

beyond several percent.

Stopper

Transmitter barReceiver bar 

Striker bar

Specimen

Strain gauge 
Air gun 

Strain gauge 

Fig. 1.13 A schematic description of the Kolsky bar system
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The variables which control the deformation of the specimen, are the velocities

V1(t) and V2(t) of the two bars at their interfaces with the specimen. The strain rate

of the specimen is simply given by:

_e ¼ de
dt

¼ V1ðtÞ � V2ðtÞ
h

(1.9)

where h is the thickness of the specimen, which is also changing with time. The

velocities V1(t) and V2(t) are derived from the measured strain-time histories by

using the well-known relation for elastic waves in long bars, V ¼ Cbe, where Cb is

the velocity of elastic waves in long bars. Thus, one can write for the two interface

velocities:

V1ðtÞ ¼ Cb eiðtÞ � erðtÞ½ � ; V2ðtÞ ¼ CbetðtÞ (1.10)

The strain of the specimen is obtained by inserting these expressions for V1 and

V2 in (1.9), and integrating it according to:

eðtÞ ¼ Cb

h

ð
eiðtÞ � erðtÞ � etðtÞ½ �dt (1.11)

Assuming stress equilibrium along the thickness of the specimen, the stress is

derived by averaging the two stresses which act on the opposite sides of the

specimen:

sðtÞ ¼ F1ðtÞ þ F2ðtÞ
2As

(1.12)

where As is the cross section area of the specimen, which is also changing with

time. The forces F1 and F2 are related to the strains in the bars, as measured by the

two strain gauges, through:

F1ðtÞ ¼ AbE eiðtÞ þ erðtÞ½ � and F2ðtÞ ¼ AbEetðtÞ (1.13)

where Ab is the cross section of the bar and E is its Young’s modulus. With these

stress and strain histories in the specimen, s(t) and e(t), one can easily derive its

dynamic stress–strain relation, s ¼ s(e), at the high strain rate under consider-

ation. Changing the dimensions of the specimen or the impact velocity of the striker

bar, results in different strain rates as well as different maximal strains for the

specimen. When the analysis follows the transient values of the specimen’s thick-

ness, the resulting s(e) curves are the so-called true stress–strain curves. If such

a correction is not made they are referred to as the engineering stress–strain curves.

In order to plastically deform a high strength specimen in the Kolsky bar system

their area ratio (Ab/As) should be large. This will result in considerable stress
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amplification so that the stress in the specimen will be larger than its yield strength.

It is very important to accurately measure the dimensions of the specimens before

the experiment and to determine the elastic wave velocity (Cb) in the long bars.

A typical set of strain signals in a Kolsky bar experiment, as measured in our

laboratory for a specimen of the 6061-T651 aluminum alloy is shown in Fig. 1.14.

The figure also shows the resulting true stress–strain curve which was derived from

these strain histories.

The actual state of stress in the disc shaped specimens has been the subject of

many works which analyzed the effects of specimen inertia, and the friction at the

specimen/bar interfaces, on the stress uniformity in the specimen. One of the

important conclusions, by Gorham et al. (1984), is that in order to minimize inertia

effects the aspect ratio of the specimen, its thickness to diameter ratio, should be

about 0.5. In order to minimize friction at the interfaces it is customary to apply

some grease to the specimen faces before the experiment. The issue of inertia is

significant for materials like concrete, as discussed by Li and Meng (2003). Their

analysis shows that the apparent rate sensitivity of concrete and concrete-like

materials, at strain rates of about 102 s�1, is due to specimen’s inertia rather than

to an increased material strength at high strain rates. As far as metals are concerned

these inertia effects are negligible, and the Kolsky bar system is the best experi-

mental technique to derive dynamic stress–strain curves at strain rates which are

relevant for terminal ballistics. In particular, the phenomenon of adiabatic shear

banding can be easily identified by the shape of the stress–strain curve, as will be

discussed in Chap. 2.

A new technique was recently developed by Avinadav et al. (2011) for the direct

measurement of the bar velocities in the Kolsky system, instead of the traditional

strain measurements. The new technique is based on the velocity interferometer

technique of Strand et al. (2006), which has been termed the photonic Doppler
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Fig. 1.14 The measured strain signals (left) and the resulting stress–strain response (right) for a
specimen of the 6061-T651 aluminum alloy
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velocimeter (PDV), and is specifically adapted for low velocity measurements. The

interferometers measure the velocities at the sides of the bars by using fiber focusers

which illuminate them at an angle of about 30� and collect reflected Doppler-shifted
light which is interfered with a reference beam. The new technique results in

smooth velocity histories of the two bars, from which the stress and strain histories

of the specimen are derived through the equations described above. This is a more

direct and easy way to determine the dynamic stress–strain curves and, as shown

by Avinadav et al. (2011), the results are identical to those obtained by the

strain gauges.

The simple arrangement of the Kolsky bar system for the dynamic compression

test, has been modified in order to load the specimen under dynamic tension or

torsion. The basic principles of these devices are the same but the fixtures of the

specimen are different. For example, tensile loading is achieved with the collar-

technique where the specimen, having the shape of a standard tensile specimen, is

screwed into the ends of the two bars and a collar made of high strength steel is

placed over it. Upon loading, the compressive wave in the receiver bar is transmit-

ted through the collar, while the specimen does not take a part in the compressive

loading stage. At a later time, the stress waves reach the end of the bars and reflect

back towards the specimen. The interaction of the two release waves loads the

specimen in tension. At this stage the collar is detached from the bars and the

tension acts only on the specimen. The same analysis of the strain gauge signals is

used to derive the stress–strain response of the specimen under dynamic tension.

This test configuration was used by Rosenberg et al. (1986) to heat the specimen in

order to obtain high temperature dynamic stress–strain curves for several metals.

The heating of the specimens has to be both localized and fast in order to avoid

excessive heating of the bars. These requirements were met by using induction

heating coils, as shown schematically in Fig. 1.15.

The collars in these tests were made of a high strength ceramic material in order

to avoid their heating by the eddy currents which should flow only in the specimen.

The heating times of the specimens with this system are typically less than a minute

and their temperatures, as measured by a thermocouple inserted through a hole in

the collar, can reach 1,000�C.

BAR 1 BAR 2
SPECIMEN

CERAMIC COLLARINDUCTION COILS

Fig. 1.15 The induction heating setup in a tensile Kolsky bar test

22 1 Experimental Techniques



1.3 The Common Threats in Terminal Ballistics

This book is focused on the terminal ballistics of the more common threats which

are encountered in the battlefield. These threats belong to the following four

families (1) small arms projectiles, (2) fragment simulating projectiles (FSP), (3)

long rods, (4) shaped charge jets and explosively formed projectiles (EFPs). The

small arm projectiles, which are shot from rifles and machine guns, have either soft

(usually lead) or hard cores made of steel or tungsten carbide. Their diameters range

between 5 and 15 mm and their muzzle velocities are in the range of 600–1,000 m/s.

The armor piercing (AP) projectiles has a high hardness core (around 60Rc), which

is high enough to penetrate metallic target as a rigid body. A typical AP projectile,

the 0.300 APM2, with its different constituents, is shown in Fig. 1.16.

The ogive nose shape of these cores is the most effective nose shape as far as the

penetration depth of a rigid projectile is concerned. This special shape is formed

by sections of two spheres whose centers are outside the projectile, as shown

schematically in Fig. 1.17. The radius of these spheres (s) is usually a multiple of

s

D

Fig. 1.17 The ogive nose shape
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Fig. 1.16 The structure of the 0.300 APM2 projectile. The dimensions are given in mm
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2–4 of the projectile’s diameter, and it defines the ogival shape in terms of caliber-

radius-heads (CRH). Thus, an ogive nose with s ¼ 3D is termed 3CRH ogive.

Fragment simulators are steel cylinders with an aspect ratio of about 1.0, having

diameters in the range of 5–20 mm and hardness of about 30Rc. These projectiles

represent the shape of steel fragments from artillery shells, and their front face has

a chiseled shape as shown in Fig. 1.18. They are usually used for testing new

armor concepts which have to stop these fragments at impact velocities of about

1.0 km/s.

The shaped charge jet is formed by the collapse of a conical shell made of

a ductile metal (usually copper), which is inserted in a conical cavity at the end of

an explosive cylinder. Upon impact with the target the explosive cylinder is ignited

and a detonation front is moving along its length. When this front reaches the

copper cone it induces its symmetric collapse, which results in a long copper jet

moving at velocities of several kilometers per second. In fact, these jets have

a velocity gradient along their length which results in a continual stretching with

time and distance. These long and thin jets (a few mm in diameter) can penetrate

armor steel targets which are as thick as their length, making them a most lethal

warhead against armored vehicles. Two consecutive shadowgraphs of such a jet,

from Liden et al. (2008), are shown in Fig. 1.19. Note the shape of the leading

portion of the jet, which is common for most shaped charge jets.

When a spherically shaped liner is inserted in the explosive cylinder, it

collapses in a different way to form the so-called EFP. This is a spherically

nosed rod with an aspect ratio of about 5 which moves at a velocity of about

2.0 km/s. The diameter of these EFPs, which are made of copper or tantalum, is

much larger than that of shaped charge jets. Their high lethality is due to the large

craters which they form in the target and the large number of debris which they

55μsec

70μsec

Fig. 1.19 The stretching of a shaped charge jets during its flight

Fig. 1.18 The fragment

simulator
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propel into the inner compartment of the attacked vehicle. The debris includes the

remnants of the EFP and the target material which is ejected from the crater at high

velocities.

Long rod penetrators are made of high density materials, such as tungsten alloys

or depleted uranium, with densities of about 17.5 g/cm3. Their aspect ratios range

between L/D ¼ 20–30, and they are shot at velocities of about 1.7 km/s. Due to

their pointed fronts they do not lose much of their velocity even after a flight

distance of a couple of kilometers. These long rods replaced the older steel

projectiles which had a much smaller aspect ratio, when it was realized that their

depths of penetration are linearly dependent on their length. Since the compressive

strength of these rods is only about 1.5 GPa, they are eroding during their impact

and penetration in armor steel targets. A picture of such a rod in its early stages of

flight is shown in Fig. 1.20. Note the three parts of the sabot which was used to

launch the rod in the gun, as they are separated by the air drag.

Fig. 1.20 A long rod penetrator in flight
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Chapter 2

Material Models for Numerical Simulations

2.1 General Description

Numerical simulations of high velocity impact events are performed with large

computer codes called hydrocodes, because their early use was for high pressure

problems in which materials were treated as fluids. These codes can handle

impulsive loadings which include shock waves with extremely high pressures

and short rise times, as well as high temperatures and large deformations. Several

review articles about hydrocodes and their use have been published over the past

30 years. As far as terminal ballistics is concerned, the reviews by Anderson (1987)

and by Zukas (1990) are the most comprehensive and informative. The present

chapter highlights some of the important issues concerning these codes for terminal

ballistics studies. We follow Anderson’s statement that “hydrocodes are the best

instrumented experiment”, since they can (and should) be used for sensitivity

studies in terminal ballistics. These studies highlight the role of each parameter

in the investigated process, and the physics behind the process is unveiled. Through

the different issues presented in this book we shall demonstrate the construction

and validation of analytical models with such sensitivity studies. As an example,

consider the difficulty to determine experimentally the dependence of a projectile’s

penetration depth on the strength of the target. Any experimental attempt to vary

only the strength of a target, within a large range of values, will result in some

changes in its other properties as well. On the other hand, a series of simulations

where only the strength of the target is varied systematically is easy to perform and

it can offer the insight for this issue. Another important advantage of hydrocodes

is that they can give information about events which are beyond any laboratory’s

performance. For example, the impact of meteors at velocities of 20–40 km/s,

cannot be studied in the laboratory but it can be easily investigated with these

codes.

Basically, the hydrocode is an efficient and accurate scheme for solving the set

of conservation equations for mass, momentum, and energy under the initial and

boundary conditions which characterize the physical event. In addition to these

Z. Rosenberg and E. Dekel, Terminal Ballistics,
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equations and problem constraints, there are two sets of data which have to be

specified for all the materials involved. These are the equation of state of the

material and its constitutive relations, which were discussed briefly in Chap. 1.

The equations to be solved describe the behavior of a continuum, but the code is

solving them by discretization techniques for both space and time, through finite

difference or finite element forms. With the finite difference technique, a grid is

generated to represent material points for the given geometry of the participating

bodies. The continuous spatial derivatives in the equations, like df/dx, are replaced

by difference equations like Df/Dx, where the differences Dx are related to the

cell dimensions in the grid. The same ideas are applied to the differentiation with

respect with time. Values of the parameters at a certain time (t) are calculated by

their values at an earlier time (t � Dt) and their corresponding time derivatives.

With the finite element technique the actual differential equations are solved in

small interconnected sub-regions (elements). Nodes are assigned to elements and an

interpolation function is used to represent the variation of the variable over the

element. Anderson (1987) discusses the four properties which have to be carefully

considered in order to optimize these calculations, namely: consistency, accuracy,

stability and efficiency.

The grids themselves are either Eulerian or Lagrangian and each type has its own

merits and disadvantages. The Eulerian description has a spatial nature whereby the

grid points and, consequently, the cell boundaries remain spatially fixed with time,

while material can flow through the mesh. The net flow of material into this fixed

cell volume determines its mass content, pressure, velocity etc. On the other hand,

with the Lagrangian scheme, the grid is attached to the material and moves with it.

With this scheme the grid points follow material paths, so it is more appropriate for

cases where the material elements are less distorted. The Eulerian scheme is more

useful for heavily distorted materials. An optimal combination for a situation where

a rigid projectile is penetrating a soft target is obtained by using the Lagrange

scheme for the projectile and the Euler scheme for the target.

One of the more important issues which have to be carefully considered is the

issue of mesh size. Different results are obtained if the number of cells per unit

length is not adequate. For example, it was found that for penetration studies with

eroding long rods, the number of cells on the rod’s radius should be at least eleven.

The same density of cells should be kept in the target, at least for several projectile

radii around its symmetry axis. In order to save computing time, the cell size at

farther zones can be gradually increased according to their distance from the

symmetry axis. The mesh cell size depends on the specific problem. As an example,

a small cell size should be considered in cases where there is a fracture in the

projectile or target. It is recommended that while preparing the code for its final

runs, the numerical convergence with respect to mesh cell size should be checked.

Another important issue, especially when material elements are expected to deform

considerably, is the issue of erosion with Lagrangian codes. At large deformations

the code may run into trouble when treating heavily deformed elements. The use of

the erosion threshold condition is then necessary in order to eliminate elements at
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a predetermined value of the plastic or geometric deformation. The erosion should

be monitored constantly, and when it is too high one should replace the Lagrangian

with an Eulerian code.

2.2 Material Properties

As was stated in Chap. 1, the relevant material properties for terminal ballistics

belong either to their equations of state (EOS), which account for material com-

pression at high pressures and temperatures, or to their constitutive relations, for the

strength and failure characteristics. This chapter describes some of the equations of

state and constitutive relations which are implemented in hydrocodes. These codes

include a large data bank, which is continually updated, for the relevant parameters

of the EOS and the constitutive properties for many materials.

2.2.1 The Equation of State

The equation of state (EOS) is a relation between the density of the material and

the pressure and temperature which characterize its state. Usually it is given as

p ¼ p(r,T) or p ¼ p(r,E), where E is the internal energy of the solid. One of the

more useful EOS is the Mie-Gruneisen equation, given by:

p ¼ pHðrÞ þ Gr E� EHð Þ (2.1a)

The index H denotes the values of the parameters on the Hugoniot curve, as

given by (1.4), and G is the Gruneisen parameter. The Mie-Gruneisen EOS is easy

to apply for materials which have well-established Hugoniot curves in terms of

pH ¼ f(r) and EH ¼ g(r). This EOS maps the off-Hugoniot states of the solid

which account for its possible states after shock loading. There are several ways to

present the Gruneisen parameter and one of them is through:

G ¼ Vs
@P

@E

� �
Vs

(2.1b)

where Vs ¼ 1/r is the specific volume of the solid. It turns out that G ¼ 2.0 for

many solids at ambient conditions. Moreover, G is assumed to be independent on

temperature and that G∙r is constant for a given solid within a large range of

pressures. Rosenberg and Partom (1982) demonstrated experimentally that this

assumption holds for Plexiglas, by observing that a somewhat different definition

of G can be used in conjunction with their measurements. This definition is given by:
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G ¼ � @lnT

@lnVs

� �
S

(2.1c)

This partial derivative is defined along the isentropic compression curve of the

solid. Rosenberg and Partom (1982) performed direct measurements of the temper-

ature rise and the volumetric strains of isentropically compressed Plexiglas, by

using in-situ temperature and strain gauges. The isentropic loading of the specimen

was achieved by a series of low amplitude shock reverberations in the specimen,

and the gauges monitored its temperature and specific volume (strain) at each

reverberation. Their main conclusion was that the product of G∙r for Plexiglas is

indeed constant within the range of their experiments.

Another EOS which is included in the libraries of most hydrocodes, is based on

the Murnaghan equation for the isentropic compression of the solid, rather than on

its Hugoniot, as follows:

p ¼ pSðrÞ þ gmr E� ESð Þ (2.2)

where gm is the pressure derivative of the solid’s bulk modulus. The Murnaghan

EOS for the isentropic compression of the solid is given by:

pSðrÞ ¼ K

gm

r
r0

� �gm
� 1

� �
(2.3)

where K is the bulk modulus of the solid. As was shown by Ruoff (1967), the value

of gm can be obtained by the relation gm ¼ 4S � 1, where S is the slope of the

linear relation between the shock and particle velocities in (1.5). Using a typical

value of S ¼ 1.5, the value for gm should be about 5.0, which is in accord with

measured pressure derivatives of the bulk moduli for many solids.

2.2.2 The Constitutive Relations

The inclusion of the elastio-plastic behavior of solids into hydrocodes dates back to

the early work of Wilkins (1964). His basic idea was to treat the elements of the

stress tensor (sij) as composed of two parts, the hydrostatic part (p) which is derived

by the equation of state, and the deviatoric part (sij) which represents the geometric

distortion of the material. Thus, according to this convention, the stress components

are written as:

sij ¼ p � dij þ sij (2.4a)

The rate of change in the deviatoric stresses is related to the strain rates through:

_sij ¼ 2G_eij (2.4b)
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where G is the shear modulus of the solid. These strain rates are decomposed to

their elastic and plastic parts as follows:

_eij ¼ _eeij þ _e pij (2.4c)

Instead of working with tensors it is easier to define the equivalent (or effective)

stress and strain measures, seq and eeq, defined by:

seq ¼
ffiffiffiffiffiffiffiffiffiffiffi
3sijsij
2

r
(2.5a)

eeq ¼
ffiffiffiffiffiffiffiffiffiffiffi
2eijeij
3

r
(2.5b)

with which the constitutive relations are written in the form: seq ¼ s (eeq; _e;T).
Wilkins (1964) showed that it is easier to work within the stress space where the

axes are along the principal stresses of the problem, denoted by s1, s2, and s3. The

diagonal line in this three dimensional stress space, for which s1 ¼ s2 ¼ s3,

denotes states on the hydrostatic pressure loading of the material. The equivalent

stress is a measure for the distance of a given point in this space from the diagonal

line. The various yield criteria define the maximum permissible value of this

distance. Thus, in terms of the principal stresses the border between elastic and

plastic states is a cylindrically shaped envelope around the diagonal line which

corresponds to the hydrostatic loading conditions. All the states inside this yield

envelope correspond to the solid’s elastic range, while those on the envelope

correspond to its plastic (yielded) states. By definition, the states which correspond

to points outside this yield envelope are not permissible, and Wilkins (1964)

suggested the procedure by which these states should be brought to the yield

envelope in numerical simulations.

The equation for the yield surface in the principal stress space is given by:

s1 � s2ð Þ2 þ s2 � s3ð Þ2 þ s3 � s1ð Þ2 ¼ 2Y2 (2.6a)

or, in its deviatoric form:

s21 þ s22 þ s23 ¼ 2
3
Y2 (2.6b)

The various yield criteria are, in fact, imposing a maximum value for this

equivalent stress which has to be specified in the code. For example, the well-

known von-Mises criterion states that the equivalent stress of the material cannot be

higher than its yield strength under simple tension, seq � Y0. In terms of the yield

surface in the stress space, this criterion is represented by the surface of a cylinder

with a radius of Y0, which surrounds the main diagonal (s1 ¼ s2 ¼ s3). The von-

Mises criterion accounts for the yielding behavior of many metals and alloys which
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exhibit elastic-perfectly-plastic characteristics. This is true for high strength

materials, such as armor steels and the strong aluminum alloys. Softer metals

often show an appreciable strain hardening behavior where the strength is a strong

function of the strain. The stainless steel 304L is an example for a significantly

hardening material, since its strength increases by a factor of 5 under plastic strains

of 50%. On the other hand, steels which are referred to as rolled homogenous armor,

show an almost ideal elastic-plastic behavior with no strain-hardening. One should

note that the interaction between a penetrating projectile and a target is always

accompanied by large strains in both materials. Thus, it is the stress at large strains,

the so-called flow stress, which is the important strength property of the material for

terminal ballistics. The relevant strain rates for impacts at ordnance velocities (up to

about 2.0 km/s) are 103–104 s�1. These are the rates covered by the Kolsky bar

system which is the main reason for its extensive use. One has to consider the fact

that the strength of most solids increases at high confining pressures, while high

temperatures reduce their strength (thermal-softening). Thus, a complete constitu-

tive relation for the strength of the solid should include all the data concerning the

effects discussed here. Some of these constitutive models, which are implemented

in hydrocodes, are described next.

The constitutive equation proposed by Johnson and Cook (1983) is one of the

more popular in the field of terminal ballistics. This equation, which is referred to

as the JC model, includes the effects of plastic strain, strain rate, pressure, and

temperature on the material strength, as follows:

Y ¼ A1 þ A2enp
h i

� 1þ A3 ln _e�p
� �h i

� 1� Tm
H

	 

(2.7)

where A1, A2, A3, n and m, are material constants. ep is the equivalent plastic strain,
and _ep� ¼ _ep=_e0, is the normalized plastic strain rate with _e0 ¼ 1:0 as the reference

rate. The homologous temperature (TH) is defined by the room and melting

temperatures (Troom and Tm), according to:

TH ¼ T � Troom
Tmelt � Troom

(2.8)

Another material model which is frequently used for high pressure impacts is

the rate-independent model of Steinberg (1987). According to this model the

changes in the flow stress (Y), with high pressures and temperatures, are equal to

the corresponding changes in the shear modulus (G) of the material. The relations

for Y(p,T) and G(p,T) are given by the following expressions:

Yðp; TÞ ¼ Y0 � G p; Tð Þ
G0

1þ bpe
� �n

(2.9a)

Gðp; TÞ ¼ G0 � 1þ G
0
p

G0

� p

�1 3=
þ G

0
T

G0

T � 300ð Þ
" #

(2.9b)
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where bp and n arematerial parameters, e is the effective plastic strain andZ ¼ r/r0 is
the compression ratio of the solid. The primed parameters, with the subscripts

p and T, are the derivatives of G with respect to pressure and temperature,

respectively, at the reference state (T ¼ 300 K, p ¼ 0).

A third family of constitutive equations is due to Zerilli and Armstrong (1987),

shortly termed the ZA model. Unlike the JC model, which is basically an empirical

one, the constitutive equations of the ZA model are based on dislocation dynamics

theory. They treat face centered (FCC) and cubic centered (BCC) metals differ-

ently, since the rate and temperature sensitivities are very different for these two

families of materials. Their constitutive equations are given by:

seq ¼ s0 þ kd�0:5 þ C2e0:5 exp �C3T þ C4T ln _e½ � For FCC materials (2.10a)

seq ¼ s0 þ kd�0:5 þ C1 exp �C3T þ C4T ln _e½ � þ C5en For BCC materials

(2.10b)

where C1 . . . C5 and n are material parameters. The Hall-Petch relation, between

the strength of a metal and its average grain diameter (d), has been taken into

account.

2.2.3 Failure of Ductile Materials

The models described above treat the changes in the material’s effective strength

through its hardening and softening mechanisms. The characterization of these

changes is important for ductile materials which can withstand large plastic strains

before they fail. Ductile materials fail either under tension or by shear when

a certain threshold strain is reached. The failure of a specimen is defined by the

loss of cohesion in its interior, leading to either its complete disintegration or to

some inner damage which is manifested by the appearance of new free surfaces

inside the specimen. Fracture under tension is the end result of the coalescence

of small voids, forming macroscopic free surfaces inside the specimen. The pro-

cesses of void nucleation and growth in ductile materials, under dynamic loading

conditions, have been investigated by many workers and the review article of

Curran (1982) gives a comprehensive account of this field. Fracture under shear

is usually the end result of the appearance of shear bands in the specimen at the

highest shear locations. These bands are very narrow zones in which voids are

eventually developed, leading to failure by their coalescence when the shear

strains in the bands exceed their limiting values. In contrast, brittle materials fail

within their elastic response regime, with negligible straining, and their main mode

of failure involves microcrack nucleation and coalescence, as discussed in the

next section.

Johnson and Cook (1985) proposed a fracture criterion for ductile materials,

which is especially suited for numerical codes. This criterion is based on the
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maximum strain to fracture (ef) of an element, which depends on its strain path,

strain-rate, and temperature. It also depends on the stress triaxiality, which is

defined by s* ¼ sm/seq, where sm is the local pressure as calculated by the

average of the three principal stresses in each element. This is a very important

parameter, since the propensity of ductile materials to fail is strongly dependent on

the pressure exerted on them. Compressive stresses tend to prevent failure by closing

voids and microcracks, while tensile stresses enhance failure by further opening

them. The influence of stress triaxiality according to various models is based on the

void growth model of Rice and Tracey (1969). Different stress triaxialities are not

easily achieved in well defined experiments, since it is difficult to accurately define

the real state of a specimen, especially under complex loading situations. One of the

more popular techniques for generating different stress triaxialities, was suggested by

Bridgman (1952), and is based on varying the notch radius in the midsection of a

tensile specimen. This is a relatively simple and straightforward technique which is

easy to analyze through numerical simulations.

The dependence of fracture strain on the stress triaxiality for the structural

steel Weldox 460E, as obtained by Hopperstad et al. (2003), is shown Fig. 2.1.

Note that according to this representation, tensile and compressive stresses

correspond to positive and negative triaxialities, respectively, while pure shear

corresponds to zero triaxiality. Obviously, under compressive stresses the fracture

strain increases markedly with stress triaxiality since high pressures oppose the

opening of voids and cracks. In fact, there are some models according to which

these graphs rise asymptotically to infinite fracture strains at a compressive triaxi-

ality of s* ¼ �1/3.
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Fig. 2.1 The dependence of fracture strain on the stress triaxiality for Weldox 460E steel
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The JC failure model defines a continuous degree of damage (Df), in the element

under consideration, which is given by:

Df ¼
XDeeq

ef
(2.11a)

where Deeq is the increment of accumulated equivalent plastic strain during an

integration cycle and ef is the equivalent plastic strain at fracture. This value is

reached when the damage function (Df) reaches the value of 1.0. The failure strain

is given by the following functional form:

ef ¼ D1 þ D2 expðD3s�Þ½ � � 1þ D4 ln _e�p
� �h i

� 1þ D5TH½ � (2.11b)

where D1 . . . D5 are constants which have to be calibrated for each material.

The dynamic failure of metals and alloys under impulsive loading conditions is

usually manifested by gross shearing at material interfaces, as a result of large

velocity gradients at those locations. In many cases these large shear strains appear

in very narrow bands which have been termed adiabatic shear bands (ASB). This

failure mechanism, which is due to thermo-mechanical instabilities, is one of the

more common failure modes under dynamic loading at strain rates of about 103 s�1.

The narrow shear bands often contain material which experienced a structural phase

transformation, in which case they are referred to as transformation bands. The

phenomenon of adiabatic shear banding received a lot of attention because of their

importance for both military and industry applications. Bai and Dodd (1992)

summarize much of the data and the analysis concerning this phenomenon. Impor-

tant articles concerning the nature of ASBs are those of Staker (1981), Rogers

(1983), Timothy and Hutchings (1985), and Giovanola (1988a, 1988b). Although

many aspects of this issue have been highlighted in these studies, its physical

picture is not complete because, in addition to the instabilities involved, the

shear bands often include microcracks which initiate and grow during band growth.

The work of Giovanola (1988a, 1988b) on 4340 steel under pure shear, highlights

the interconnection between the thermo-mechanical shear instability, which acts at

the first stage of the process, and the subsequent coalescence of microvoids which

leads to fracture within the band at the subsequent stage.

The mechanism proposed by Zener and Hollomon (1944) accounts for the

thermo-mechanical instability which initiates the adiabatic shear bands. The analy-

sis starts by writing the differential for the shear stress, t ¼ t(T,e,_e), which depends
on the temperature, strain, and strain rate in the solid, in the following way:

dt ¼ @t
@T

� �
e;_e
dT þ @t

@e

� �
_e;T
deþ @t

@ _e

� �
e;T
d _e (2.12a)
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from which one obtains:

dt
de

¼ @t
@T

� �
e;_e

dT

de
þ @t

@e

� �
_e;T

þ @t
@ _e

� �
e;T

d _e
de

(2.12b)

The instability condition is defined by dt/de ¼ 0 which, for a constant strain rate

experiment, occurs when:

@t
@e

� �
T

¼ � @t
@T

� �
e

de
dT

� ��1

(2.13)

Since these bands form under adiabatic conditions the generated heat cannot

diffuse out of the bands themselves. Thus, one can write the following equation for

the temperature rise in the bands, due to their plastic deformation:

rCvdT ¼ tde (2.14a)

where r is the density of the specimen and Cv is its specific heat. From this relation

one obtains:

de=dT ¼ rCv=t (2.14b)

In order to predict the critical shear strain for adiabatic shearing from these

equations, one needs to have the constitutive equation for the material. Assuming

a power law dependence of the shear stress on shear strain, such as t ¼ N∙en, the
threshold value of the strain (ei) which marks the onset of thermo-mechanical

instability, is given by:

e
i
¼ nrCv

@t
@T

� �
e;_e

(2.15)

This relation has been shown to account for the experimental results in many

cases, but not for all of them, as discussed by Bai and Dodd (1992). Some confusion

about the true nature of adiabatic shear bands arises from the fact that in many

cases they appear in specimens with sharp corners, where a geometrically forced

stress concentration is responsible for the shear failure. This issue will be further

discussed in Chap. 4, where we discuss the importance of adiabatic shearing for

plate perforation by blunt-nosed projectiles.

A dynamic stress–strain curve for a specimen of the titanium alloy Ti–6Al–4V,

which was compressed by the Kolsky bar in our lab, is shown in Fig. 2.2. One can

clearly see that at a compressive strain of about 20% the disc shaped specimen lost

its load capacity. On the other hand, loading a disc of this titanium alloy in a static

Instron machine resulted in its failure at a strain of about 50%. Thus, the adiabatic

nature of the failure in this alloy is clearly manifested by the much lower value for

the failure strain under dynamic loading, as compared to its value under quasi-static

conditions.
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2.2.4 Failure of Brittle Materials

The dynamic behavior of brittle materials, such as glass and ceramics, is quite

different and more complicated than that of ductile metals and alloys. First, there is

a large difference between the compressive and tensile strengths of a brittle solid,

which can reach a factor of 10 and more. By definition, brittle solids fail within their

elastic range of response, with practically no plastic straining. Their failure behav-

ior is pressure dependent, with relatively very small (if any) strain rate sensitivity.

Also, the damaged zone in a brittle material can spread from the impact point,

through cracks which run in all directions, affecting the properties of a large volume

in the brittle solid. The different constitutive equations which describe the failure

thresholds of brittle materials are based on the classical work of Griffith (1920,

1924) who analyzed the stresses around an open elliptic flaw in a plate under biaxial

stress loading. Griffith followed the analysis of Inglis (1913) who showed that even

when the far end stresses are compressive, the stresses at the tips of the flaw are

tensile. With increasing stress at the plate boundaries, these tensile stresses reach

a critical value (s0), which is a material property, leading to uncontrolled crack

growth. Denoting the two far-end stresses which act on the plate as s1 and s2,

Griffith derived the following relations expressing the critical conditions for the

brittle failure:

s2 ¼ s0 if: 3s2 þ s1 > 0 (2.16a)

s1 � s2ð Þ2 ¼ 8s0 � s1 þ s2ð Þ if: 3s2 þ s1 < 0 (2.16b)

Note that tensile stresses are positive and compressive stresses are negative in

this formulation. These equations give the failure envelope of a brittle solid in the
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(s1,s2) plane, as shown in Fig. 2.3. All the states which are described by points

inside the two curves correspond to intact material, while those outside the curves

correspond to failure situations. Hydrostatic compressions, which correspond to the

third quadrant in this figure, enhance the integrity of the brittle solid, as expected.

According to Griffith’s model the critical tensile strength (s0) of the solid is smaller

by a factor of 8 than its compressive strength under uniaxial stress loading. Later

works, by McClintock and Walsh (1962) for example, resulted in a factor of 10

between these two strength thresholds. Other refinements of these models, as well

as data for concrete and ceramics, can be found in Paterson (1978).

The Griffith failure criterion which, in effect, defines the strength of a brittle

solid under compression and tension, is very different from the yield criteria for

ductile materials which were discussed above. Thus, the relation between the

Hugoniot elastic limit (HEL) of a brittle solid and its dynamic strength (Yd) should

be different than the corresponding relation, (1.6), for ductile materials which

follow the von-Mises yield criterion. The relation for brittle solids should be

based on the Griffith criterion, 2.15, and Rosenberg (1993) derived the following

relation by considering the Griffith criterion:

Yd ¼ 1� 2nð Þ2
1� n

� HEL (2.16)

Fig. 2.3 The failure envelope for brittle materials, according to Griffith’s theory
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where n is Poisson’s ratio of the ceramic. Thus, according to the Griffith criterion,

the dynamic strength of a brittle specimen is smaller by a factor of (1�2n) than the

strength deduced from (1.6) which is based on the von-Mises yield criterion.

The first numerical simulations for terminal ballistics applications involving

ceramic tiles were performed in the late 1960s by M. L. Wilkins and his colleagues,

as described by Wilkins (1978). This work will be described in the third part of

this book, where we review the work on ceramic armor. The failure criterion

in Wilkins’ work was based on a maximum tensile strength, which was set at

s0 ¼ 0.3GPa in his simulations. The first implementation of the Griffith model

itself, for ceramic tiles in terminal ballistics simulations, was by Mescall and Tracy

(1986). Johnson and Holmquist (1990, 1993) further developed the Griffith model

and included a damage function at every time step in the simulation. The various

parameters in the first version of their model (JH-1) are shown in Fig. 2.4, for the

strength and the damage functions of a brittle material. The model distinguishes

between the tensile and compressive strengths which are denoted by T and S,

respectively, in the figure. The compressive strength is linearly dependent on

pressure at the low pressure range, and it reaches an asymptotic value which

depends on the strain rate. The damage function is calculated continuously at

each time step in the simulation, and it lowers the strength of the material to values

which are determined by the curves denoting the strength of the fractured material.

This model will be further discussed in Chap. 6 where we deal with ceramics for

armor applications.

2.2.5 The Spall Failure

It was noted earlier that spalling is a unique failure phenomenon, which takes place

under dynamic conditions when shock waves which are reflecting from free

surfaces as release waves, induce high tensions in the solid. If the amplitude of

these tensile waves is high enough, the material fails and a spall is created near its

free surface. The relevance of this mode of failure for terminal ballistics can be seen

Fig. 2.4 The JH-I model for the constitutive equations of brittle materials
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in sectioned targets, which have been impacted by relatively blunt projectiles at

high impact velocities. For example, the spall in an annealed 1100 aluminum plate

impacted by a glass sphere, from the work of Horz et al. (1994), is clearly seen

Fig. 2.5. The diameter of the sphere (3.18 mm) was about a quarter of the plate

thickness, and its impact velocity was 6.0 km/s.

The study of spall failure in solids has been the focus of a large amount of

research for over 50 years. The early models assigned a threshold tensile strength to

the specimen, which was calibrated by one-dimensional shock wave experiments,

as discussed in Chap. 1. Subsequent developments showed that even under these

simple conditions the spall process is more complicated, and that its time depen-

dence should be taken into account, as was noted by Tuler and Butcher (1968).

Many models were developed in order to account for this type of failure and the

article of Curran (1982) describes those which are based on the nucleation of

defects and their growth (the so called NAG models). The time dependence of

the spall process leads to scaling effects which were the focus of an intense research

by Russian researchers, as summarized by Ogorodnikov et al. (1999). The depen-

dence of the spall failure on the tensile impulse, rather than on a threshold stress,

has been highlighted by the work of Gray et al. (2007). They showed that a square

shaped tensile pulse and a triangular shaped pulse can cause the same amount of

incipient spall if they induce a similar stress-time impulse at the spall plane in the

specimen. Thus, according to Gray et al. (2007), the tensile impulse is the important

factor for the spall phenomenon, rather than the amplitude of the tensile wave.

Grady (1988) proposed energy balance considerations to establish the loading

conditions at which spall occurs. This approach accounts for the transition between

brittle and ductile spall failures, which has been observed for several materials

when the loading conditions are changed. As an example, consider the sectioned

6061-T6 aluminum targets from the plate-impact experiments of Christman et al.

(1971), as shown in Fig. 2.6. A marked difference in the void shape is clearly seen in

these plates, which were subject to tensile stresses of different durations and rates.

The round shaped voids, in the specimen at the left side, suggest a ductile spall

mechanism for the shorter pulse duration (higher rate). On the other hand, a brittle

Fig. 2.5 Spall failure in an

aluminum plate impacted

by a glass sphere
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spall is evident in the cross section of the specimen on the right hand side, which

was subjected to a tensile pulse of a longer duration (and lower rate). The different

loading rates in the two experiments resulted in from the different thicknesses of the

impactor and the target in these experiments. Note that in both cases the specimens

are only partially spalled, a phenomenon which is termed “incipient spall”. A full

spall process is characterized by the complete coalescent of the voids, leading to a

clear opening inside the specimen, as shown in Fig. 2.5.

The analysis of Grady (1988) is based on macroscopic material properties, such

as the fracture toughness and the flow stress of the material, resulting in a predictive

tool for the occurrence of spall under given loading conditions. This analysis leads

to the following relations between the spall strengths for both ductile and brittle

materials, and their relevant properties and loading conditions:

Pspall ¼ 3r C0K
2
c _e

� �1 3=
For brittle spall (2.17a)

Pspall ¼ 2r C0Yef
� �1 2=

For ductile spall (2.17b)

where r and C0 are the specimen’s density and sound speed, respectively, Y is its

flow stress and Kc is its fracture toughness. The strain rate (_e) in the experiment is

important for the brittle fracture, while the strain to failure (ef) plays an important

role for the ductile failure mode.

Rosenberg (1993) analyzed the spall failure in brittle materials through the

Griffith failure model and derived the following relation between the spall strength

and the HEL:

sspall ¼ 1� 2uð Þ2
8 1� uð Þ � HEL (2.18)

where n is the Poisson ratio of the solid. This expression results in a factors of 15–25
between the HEL and the spall strength of brittle materials with Poisson’s ratios in

the range of n ¼ 0.15–0.25. Such factors are often measured for strong ceramics

having spall strengths of 0.3–0.6GPa and HEL values in the range of 6.0–15.0 GPa.

Impactor - 1.55 mm
Target - 3.02 mm

V0=232 m/sec

Impactor - 0.25 mm
Target - 0.48 mm
V0 = 345 m/sec

Fig. 2.6 Different void shapes in aluminum alloy plates subjected to tensile pulses of different

durations
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A rather simple model for the spall strength of ductile materials was proposed by

Rosenberg (1987). This model is based on the cavity expansion analysis of Bishop

et al. (1945) for the minimal pressure which has to be applied on the walls of a small

cavity, inside an elasto-plastic solid, in order to expand its volume. The cavity

expansion process and its relevance to penetration mechanics will be discussed in

Chap. 3. Assuming that spall is initiated by a process which is similar to the cavity

expansion process, Rosenberg (1987) derived the following expression for the spall

strength of ductile solids:

sspall ¼ 2Y

3
2þ ln

E

3 1� uð ÞY
� �� �

(2.19)

where E and Y are the Young modulus and strength of the solid, respectively. The

predicted spall strengths of various materials, as calculated by this expression, were

found to be close to their corresponding experimental results. For example, this

expression results in: sspall ¼ 1.7, 3.6 and 4.6 GPa, for an aluminum alloy with

strength of Y ¼ 0.4 GPa, steel with Y ¼ 0.8 GPa and the titanium alloy Ti/6Al/4V

with strength of Y ¼ 1.2 GPa, respectively. These values are very close to the

experimentally derived spall strengths of these materials.
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Part II: Penetration Mechanics

This part of the book deals with the physical processes which take place during the

penetration of various targets by different penetrators, a subject which has been

termed Penetration Mechanics. The penetration processes in targets made of metals,

ceramics, polymers or woven fabrics, are usually treated separately, because of

their different properties. Projectiles are classified according to their mode of

penetration as small arms bullets, long rods, shaped charge jets, and fragment

simulators (FSPs). These threats are referred to as penetrators, a term which will

be used frequently here. The large range of impact velocities results in different

failure modes for both penetrators and targets, leading to further complexities with

classification schemes in this field. The simplest velocity classification includes: the

low velocity range (below 500 m/s), the ordnance velocity range (between 500 and

2,000 m/s) and the hypervelocity range (above 2,000 m/s). This part of the book is

focused on the penetration into metallic target, due to their importance for armor

applications. The penetration of rigid penetrators into semi-infinite targets is

discussed in Chap. 3. Semi-infinite targets are defined as large enough so that

their lateral and back surfaces do not influence the penetration process. The

perforation of finite thickness plates is discussed in Chap. 4, and the penetration

of eroding penetrators is summarized in Chap. 5. The interactions of various

penetrators with ceramics, polymers and woven fabrics, are described in the third

part of the book. The properties of these materials will be highlighted through their

improved ballistic performance for armor applications.

http://dx.doi.org/10.1007/978-3-642-25305-8_3
http://dx.doi.org/10.1007/978-3-642-25305-8_4
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Chapter 3

Rigid Penetrators

3.1 The Mechanics of Deep Penetration

The penetration of a very thick (semi-infinite) target by a rigid projectile has been

the subject of intense research for over two centuries. A large number of empirical

relations and engineering models have been proposed over these years, as reviewed

Backman and Goldsmith (1978). These relations account for the penetration depth

of a given projectile in terms of its impact velocity, and they differ by the basic

assumptions concerning the retarding forces (stresses) on the projectile. With the

recent advancements in the quality and reliability of numerical simulations, these

analytical models can be further validated, as will be demonstrated in this chapter.

We start the discussion with a short review of the more popular models which have

been proposed over the years. This is followed by a careful examination of a certain

set of experimental data, which will lead to the proper choice of an analytical model

for the deep penetration by rigid penetrators. Numerical simulations are then

used in order to enhance the validity of this model and to explore the role of its

physical parameters.

The penetration process of a rigid penetrator is determined by the retarding force

which the target exerts on it during penetration. Since, by definition, the mass (M)

of the rigid penetrator does not change during penetration, the process is governed

by its deceleration (a). Thus, the following discussion concentrates on the deceler-

ation of a rigid penetrator. Replacing the time variable (dt) with the penetration

increment (dx), the deceleration is given by:

a ¼ dV

dt
¼ V

dV

dx
(3.1a)

which can be rewritten as:

dx ¼ V

aðVÞ dV (3.1b)

Z. Rosenberg and E. Dekel, Terminal Ballistics,
DOI 10.1007/978-3-642-25305-8_3, # Springer-Verlag Berlin Heidelberg 2012
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The penetration depth (P) of the rigid penetrator is obtained by integrating this

equation between the boundaries: V ¼ V0 at x ¼ 0, and V ¼ 0 at x ¼ P. The only

unknown in this equation is the actual dependence of the deceleration on penetra-

tion velocity, a ¼ a(V). Various functional forms for a(V) have been suggested

over the years for different projectile/target combinations, and all of them are

special cases of the general expression:

aðVÞ ¼ Cþ AV þ BV2 (3.2)

where the constants A, B and C have been determined empirically for each set of

experiments.

The most popular forms for a(V) are:

Euler� Robins a ¼ C ¼ const (3.3a)

Poncelet a ¼ Cþ BV2 (3.3b)

Resal a ¼ AV þ BV2 (3.3c)

The first expression, with the constant deceleration, was suggested (indepen-

dently) by the great mathematician Leonard Euler (1745) and the gun engineer

Benjamin Robins (1742). The second and third equations are attributed to Poncelet

(1835) and Resal (1895), respectively. Inserting these expressions for a(V) in (3.1b)

and integrating between the boundary conditions, results in the following

expressions for the final penetration depth (P) in terms of impact velocity (V0):

P ¼ V2
0

2C
(3.4a)

P ¼ 1

2B
ln 1þ BV2

0

C

� �
(3.4b)

P ¼ 1

B
ln 1þ BV0

A

� �
(3.4c)

Clearly, the various expressions for a(V) result in different relations for the final

penetration depth of a rigid penetrator. There are several ways by which the actual

dependence of a(V), for a given projectile/target pair, can be determined. The most

obvious one is to measure the deceleration history during penetration. Such

measurements have been performed for projectiles penetrating soil and concrete,

as in Forrestal et al. (1984). However, these measurements are not accurate enough

and they are difficult to perform with other target materials. Another way to deter-

mine the functional form of a(V) is through theoretical models which are based on

some physical principles, such as the conservation laws. Due to the complexity of
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the process, this route did not result in a clear answer either. The third possibility,

which is the one we adopt here, is based on analyzing experimental data of P ¼ P

(V0) for a given rigid penetrator, in order to infer the actual dependence of

its deceleration on velocity. The conclusions from this analysis will be further

enhanced through numerical simulations.

In order to determine the functional dependence of a(V) one needs a reliable set

of experiments where the values of P ¼ P(V0) are given for a large range of impact

velocities. The extensive studies of M. Forrestal and his colleagues offer a wealth

of such data, as in Forrestal et al. (1988), Forrestal et al. (1991), and Piekutowski

et al. (1999), for example. These works include accurate measurements of impact

velocities and penetration depths of hardened steel rods impacting thick aluminum

targets. The aspect ratios of these rods were in the range of L/D ¼ 10–15, where L

and D are rod length and diameter, respectively. The rods had different nose shapes

(conical, ogive and spherical) and the aluminum targets were of the 6061-T651

alloy. The largest range of impact velocities for which these rods remained rigid,

was obtained by Piekutowski et al. (1999) for L/D ¼ 10 ogive-nosed rods. Impact

velocities in these experiments reached 1.82 km/s with no sign of rod deformation.

The data from this set of experiments will be used now in order to construct the

analytical model for the deep penetration of rigid long rods.

We start the analysis with the simplest assumption possible, namely, that the

average deceleration of these ogive-nosed rods does not depend on their velocity.

This is the assumption behind the Euler–Robins model which leads to the simplest

penetration relation, (3.4a). The validity of this assumption can be easily checked

by using the experimental data of Piekutowski et al. (1999), in order to calculate the

average rod deceleration (aav) in each experiment, through the expression:

aav ¼ V2
0

2P
(3.5)

Table 3.1 presents the data from Piekutowski et al. (1999) in terms of the

impact velocity and penetration depth for each experiment, together with the

corresponding values for aav as determined by (3.5).

Table 3.1 The data from

Piekutowski et al. (1999),

and the average decelerations

of the ogive-nosed rods

V0 (m/s) P (mm) aav (10
�3 mm/ms2)

570 55 2.95

679 72 3.2

821 102 3.3

966 140 3.33

1,076 160 3.62

1,147 190 3.46

1,255 229 3.44

1,348 254 3.58

1,538 332 3.56

1,654 389 3.52

1,786 452 3.53

1,817 462 3.57
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It is clear that, except for the low velocity experiments, this set of results strongly

supports the Euler–Robins model since the average decelerations are practically

independent on impact velocity. This independence over a wide range of impact

velocities means that the deceleration of the rod was constant during each experi-

ment, with an average value of: a ¼ 3.55∙10�3 mm/ms2. Figure 3.1 demonstrates

the agreement between the experimental results of Piekutowski et al. (1999) and the

model’s predictions through (3.4a) with this value for the constant deceleration.

The rods in this set of experiments were made of two different steels, the VAR

4340 steel and the stronger AerMet 100, which remained rigid at higher impact

velocities. As was demonstrated by Rosenberg and Dekel (2009a), the same con-

clusion about the constant deceleration of long rods at deep penetrations, is

obtained by examining the data for rods with other nose shapes (conical, spherical).

Thus, we conclude that the deep penetration of rigid rods in semi-infinite metallic

targets is characterized by a constant deceleration process. This conclusion holds

for impact velocities beyond the low velocity range where the decelerations are

somewhat lower due to the target’s free impact face, as discussed below.

The impact face of the target exerts a lower retarding force on the penetrator

since the target material around the rod can flow backwards. In contrast, at deep

penetration the target material is “pushed” forward or sideways by the advancing

penetrator. This is the so called “entrance phase effect”, which accounts for the

relatively higher penetrations (lower decelerations) of rigid penetrators at the low

impact velocity range. The low velocity experiments of Piekutowski et al. (1999)

are within the influence range of the entrance phase, and they are underestimated by

the constant deceleration model, as is clearly seen in Fig. 3.1. In the next sections

we shall quantify the influence range of the impact face through a numerically-

based model which accounts for the entrance phase effect.

The next step is to use numerical simulations in order to validate the conclusion

concerning the constant deceleration of the rigid rod, and to determine the physical
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Fig. 3.1 Comparing the constant deceleration model with the data for ogive nosed steel rods
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parameters which govern this deceleration. These numerical simulations, with the

AUTODYN-2D code, were described in detail in Rosenberg and Dekel (2009a) and

we summarize their findings here. The rigid rods were simulated with the Lagrange

processor of the code, using a value of 50 GPa for their yield strength, in order to

prevent their plastic deformation at all impact velocities. The Eulerian processor,

which handles large deformations in a better way, was used for the targets in these

simulations. The constitutive relations for the targets were based on the simple

elasto-plastic model, using the von-Mises criterion with no strain hardening or

strain rate effects in order to simplify the analysis.

Consider first the penetration and velocity histories of L/D ¼ 20 steel rods with

different nose shapes, impacting a semi-infinite aluminum target with strength of

0.4 GPa, at V0 ¼ 1.0 km/s, as shown in Fig. 3.2. Clearly, the ogive-nosed rod is the
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Fig. 3.2 Simulation results of penetration and velocity histories for different nose shaped rods
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most efficient one since its final penetration depth is the highest, while the flat-

nosed rod is the less efficient, as expected. The slight decrease in penetration

depths seen at the later times of these penetration histories is due to the elastic

rebound of the target, which pushes the projectile backwards at the end of the

process. Final penetration depths should be determined by their maximal values in

the simulations. Figure 3.2b shows the velocity histories of these rods and it is

clear that their corresponding decelerations, as determined by the slopes of these

histories, are practically constant. Moreover, the corresponding slopes of these

velocity histories suggest that the least deceleration is obtained for the ogive-

nosed rod and the highest for the flat ended rod. This relatively straightforward

result needs further investigation because of its importance.

We now follow the actual mechanism which governs the velocity changes of

a rigid rod during its deep penetration. Any change in the velocity of the rod’s nose

takes a certain time to reach its tail, since it must be transmitted by an elastic wave

which travels along the rod. Upon reaching the rod’s tail this elastic wave travels

back towards the nose of the rod as a release wave. Thus, the actual process of rigid

rod deceleration is achieved by a series of elastic waves reverberating along the rod

length at the bar velocity, Cb ¼ (E/r)0.5, where E and r are the Young’s modulus

and density of the rod material, respectively. These reverberations are clearly seen

in Fig. 3.3, from Rosenberg and Dekel (2009a), for the nose and tail velocities of

a spherical-nosed steel rod impacting an aluminum target. The rod in this simula-

tion was 120 mm long and 6 mm in diameter, the aluminum target had strength of

Yt ¼ 0.4 GPa, and the impact velocity was 1.5 km/s. Note the constant amplitude of

the steps in these velocity histories, and their corresponding time shift in Fig. 3.3b,

which is equal to the transit time of an elastic wave through the length of the rod.
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Fig. 3.3 (continued)
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Similar step-like velocity histories, for L/D ¼ 20 rods with different nose

shapes, impacting an 0.4 GPa aluminum target at 1.0 km/s, are shown in Fig. 3.4.

The reverberating elastic waves have significantly different amplitudes, which

depend on the nose shape of the rod. The low amplitude waves in the ogive-

nosed rod result in the longest penetration time and, consequently, their low

deceleration. In contrast, the high amplitude waves which reverberate in the flat-

ended rod, result in the shortest penetration time and highest deceleration. Thus, the

ogive nosed rod is expected to penetrate deeper than the others and the flat ended

rod should result in the lowest penetration, in accord with the results shown in

Fig. 3.2.
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Fig. 3.3 (a) Simulation results for the nose velocity of a spherical-nosed steel rod impacting an

aluminum target at 1.5 km/s and (b) Both nose and tail velocities for the same impact
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The stresses corresponding to these waves can be calculated by the well-known

relation between stress (s) and particle velocity (v) in a long elastic bar:

s ¼ rCbv (3.6a)

where r and Cb are the density and elastic wave velocity of the bar, respectively. In

fact, the velocity steps of the rod’s nose as seen in Fig. 3.4, are equal to twice the

particle velocity (v) behind the reverberating wave fronts, since the particle velocity

is doubled with each reflection from the rod’s ends. Thus, the velocity steps in

Fig. 3.4 have amplitudes of Dv ¼ 2v, and the corresponding stresses (s) should be

calculated through:

s ¼ rCbDv=2 (3.6b)

Using the corresponding values for the rod’s density and its elastic wave

velocity, one can have an estimate for the amplitudes of these reverberating stress

waves: s ¼ 1.9, 2.2 and 2.5 GPa, for the ogive, spherical and flat-nosed rods,

respectively. As we shall see later on, these stresses are equal to the resisting

stresses which the target exerts on these rods. Note also that the first step in the

velocity histories of the rod’s nose has half the amplitude of the other steps.

This velocity drop results in from the impact itself, while all the later velocity

drops are subjected the doubling process discussed here.

The next step in this numerical study is to follow the deceleration of the rigid rod

impacting a given target at different velocities. Such deceleration histories, for

an ogive nosed rod impacting the 0.4 GPa aluminum target, are shown in Fig. 3.5.

The constant deceleration of this rod for an impact velocity of 1.0 km/s is clearly

seen in Fig. 3.5a, and the independence of the deceleration on impact velocity is

demonstrated in Fig. 3.5b.

The deceleration of the rod at the early stages of penetration is lower than its

value at deep penetration, as shown by the shaded area in Fig. 3.5a. This is due to

the effect of the entrance phase, as discussed above. Rosenberg and Dekel (2009a)

found through theses simulations that for ogive nosed rods the entrance phase

dominates the process for a penetration depth of six rod diameters. Figure 3.5b

clearly shows that higher impact velocities result in a shorter duration of the

entrance phase, since it takes less time for the rod to reach this penetration depth.

For spherical nosed rods the deceleration achieves a constant value at a depth of

about three rod diameters. These values of P ¼ 6D and P ¼ 3D are the dominance

ranges of the entrance phase for the ogive and spherical nosed rods, respectively.

The influence range of the entrance phase extends to much larger penetration

depths, as will be demonstrated by the numerically based model for the entrance

phase effect. One should note that short rigid projectiles such as armor piercing

(AP) projectiles, do not reach the constant deceleration phase since their penetra-

tion depths are of the order of a few projectile diameters. Thus, the whole penetra-

tion process of short projectiles is within the influence range of the entrance phase,

and it should be analyzed differently, as will be discussed in Sect. 3.5.
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The advantage of using numerical simulations in order to follow the physics of

deep penetrations is demonstrated by the following sets of simulations, from

Rosenberg and Dekel (2009a). Simulation results for the deceleration of the ogive

nosed rods, as they penetrate aluminum targets with different strength (0.4 and

0.8 GPa), are shown in Fig. 3.6. As expected, the stronger target exerts a higher

force (deceleration) on the rod. From these simulations it is clear that the constant

decelerations do not follow a linear dependence on target strength, as will be further

discussed in the next section.
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Fig. 3.5 (a) The deceleration histories of an ogive-nosed rod penetrating 0.4 GPa aluminum

target, at an impact velocity of 1.0 km/s and (b) the decelerations for several impact velocities
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The role of rod density is highlighted in Fig. 3.7 which shows the nose velocities

of L/D ¼ 20 spherical nosed aluminum and steel rods, impacting the 0.4 GPa

aluminum target at 1.4 km/s. The velocity steps in the aluminum rod are about

three times higher than those of the steel rod. This is the expected result considering

(3.6b) for the amplitude of the reverberating elastic stress waves. We have already

mentioned that the amplitudes of these stress waves are equal to the resisting stress

which the target exerts on the rod. For the same resisting stresses, the reverberating

waves in these rods have to be of equal stress amplitude. This means that their

velocity steps should be inversely proportional to the corresponding products rcb of
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Fig. 3.6 The effect of target strength on the deceleration of an ogive-nosed rod
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aluminum target
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the two rod materials. Since aluminum and steel have similar values for their wave

speeds, the velocity steps should be inversely related to their density ratio, which is

about three. This is exactly the result obtained in the simulations for the two rods, as

seen in Fig. 3.7. Stated differently, this result indicates that the amplitudes of the

reverberating stress waves in the two rods are equal. The larger velocity steps in the

aluminum rod shorten its total penetration time and increase its deceleration, as

compared with the steel rod.

The simulation results for the deceleration of ogive nosed steel rods of different

lengths are shown in Fig. 3.8. These rods, with L ¼ 58 mm and L ¼ 120 mm and

the same diameter (D ¼ 6 mm), impacted the 0.4 GPa aluminum target at 1.0 km/s.

The deceleration of the shorter rod is higher simply because it takes less time for the

elastic waves to reverberate along its length.

In summary, the experimental results for rigid rod penetrations suggest that their

deceleration is constant, beyond the dominance range of the entrance phase. The

numerical simulations show that the constant deceleration of a rigid rod depends on

its nose shape and on the strength of the target, and it is inversely proportional to the

rod’s density and its length.

3.2 The Penetration Model for Rigid Long Rods

We are now ready to present the analytical model for the penetration of rigid rods into

semi-infinite targets. The model accounts for target materials which are characterized

by well-defined flow stress and elastic moduli. Many metals and alloys show some
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Fig. 3.8 Deceleration histories for rods of different length
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hardening effects at increased strain and strain rates, as well as thermal softening in

regions which experience large deformations. These complicating effects are ignored

in the following discussion in order to simplify the analysis. However, the model

presented here is still applicable for materials which moderately harden (or soften) if

an effective (average) flow stress is used for the strength of these materials. These

flow stresses should be taken from the corresponding stress–strain curves at high

strain values. As discussed in Chap. 1, the Kolsky bar test is most appropriate for the

determination of these flow stresses at the relevant strain rates which the targets

experience during penetration.

3.2.1 Impact at the Ordnance Velocity Range

With the observations discussed in Sect. 3.1, we can construct the analytical model

for the deep penetration of rigid long rods in terms of their properties (density,

length and nose shape), and those of the target (strength and elastic moduli). The

model ignores the entrance phase effect and assumes that the deceleration of a rigid

rod is constant throughout the whole penetration process. This means that the

retarding force (F), which the target exerts on the rod, is also constant during its

penetration. The retarding force can be expressed by the resisting stress (Rt), which

the target exerts on the rod, multiplied by its cross section area (pr2). Thus, for a rod
with mass M, an effective length of Leff and radius r, one can write:

F ¼ Ma ¼ rpLeff � p r2a ¼ const ¼ p r2Rt (3.7a)

where the effective length of the rod is defined by: Leff ¼ M/pr2rp. The constant

deceleration of the rod is related to the resisting stress (Rt) through:

a ¼ Rt

rpLeff
(3.7b)

The inverse dependence of the rod’s deceleration on its density and length has

been already demonstrated by the simulations presented above. We have also seen

that the rod’s deceleration depends on its nose shape and on the strength of the

target. Thus, we may assume that the resisting stress (Rt) depends on these

parameters as well. Inserting the above relation for the constant deceleration in

the corresponding expression for the penetration depth, (3.4a), results in the fol-

lowing penetration equation for the rigid long rod:

P ¼ rpLeff V
2
0

2Rt
(3.8a)

and the normalized penetration is given by:

P

Leff
¼ rpV0

2

2Rt
(3.8b)
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Several points should be noted here. According to this equation the penetration

depth of a rigid rod does not depend on the density of the target. It is only the target

strength which determines the penetration depth, through its resisting stress (Rt). In

fact, its Young’s modulus also plays an important role in determining the value of

Rt, as will be shown below. The nose shape of the rod plays an important role in

determining its deceleration and one may expect that Rt depends on the rod’s nose

shape as well. The influence of the entrance phase was ignored throughout the

analysis. Thus, the predicted penetrations through (3.8) are expected to underesti-

mate the experimental data for low impact velocities.

The simple penetration equation derived above is based on the target’s resistance

to penetration (Rt) which has to be determined for each rod/target combination.

A well established theoretical model for Rt is still lacking, although several

attempts were made over the years, as will be discussed below. The procedure

which will be described now for the determination of Rt can be referred to as a

“numerically based” model. With this approach the “data” is obtained through

numerical simulations by varying each parameter at a time. For the present case

consider the simulation results of Rosenberg and Dekel (2009a) for rods with

different nose shapes. These simulations resulted in the rod’s deceleration for

different target materials and strengths. These decelerations were inserted into

(3.7b) and the corresponding values of Rt were determined for the various rod/

target combinations. Simulation results for Rt values are given in Table 3.2, for

rigid rods with different nose shapes impacting aluminum and steel targets.

The simulations of Rosenberg and Dekel (2010b) were aimed at finding

a general relation between Rt and the relevant parameters of the target (Yt, E), for

rods with different nose shapes. The strength of the aluminum and steel targets

in these simulations was varied within a large range, Yt ¼ 0.05–0.8 GPa. The

resulting Rt values were presented through the dependence of Rt/Yt on ln(E/Yt),

for the different rod/target combinations, as shown in Fig. 3.9.

As is clearly seen, these Rt values follow a linear relation between the

normalized values Rt/Yt and the corresponding values for ln(E/Yt), according to:

Rt

Yt

¼ 1:1 ln
E

Yt

� �
� f (3.9)

where f depends on the nose shape of the rod, having the values of: f ¼ 1.15, 0.93

and 0.2, for the 3CRH ogive, the conical and the spherical nosed rods, respectively.

The values of Young’s modulus for steel and aluminum in these simulations were

Table 3.2 Values of Rt (in GPa) for different targets and rod nose shapes

Nose shape Aluminum targets Steel targets

Yt ¼ 0.4 GPa Yt ¼ 0.8 GPa Yt ¼ 0.4 GPa Yt ¼ 0.8 GPa

Ogive 1.87 3.12 2.28 3.96

Spherical 2.25 3.87 2.63 4.71

Conical 1.95 3.30 2.36 4.14
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E ¼ 200 and E ¼ 73 GPa, respectively. The ogive nosed rods in these simulations

were of 3CRH and the conical nosed rod had a nose length of three rod radii.

Different cone lengths and ogive radii are expected to result in different Rt values,

as will be shown in Sect. 3.4.

In order to asses the validity of this numerically-based model we compare its

predictions with experimental data for rigid L/D ¼ 10 steel rods, having different

nose shapes, impacting 6061-T651 aluminum targets. These experiments are

described in Forrestal et al. (1988) and in Piekutowski et al. (1999). The dynamic

stress–strain curve of the 6061-T651 aluminum alloy, as obtained from the Kolsky

bar system in our lab, is given in Fig. 1.14. It is clear that a flow stress of Yt ¼ 0.42

GPa represents an average value for the dynamic strength of this material at large

strains. Inserting this value of Yt in (3.9), together with E ¼ 69 GPa for this alloy,

results in the values of Rt ¼ 1.87, 2.27 and 1.97 GPa for its resisting stresses against

rods with ogive, spherical, and conical nose shapes, respectively. Inserting these

Rt values in (3.8) results in the corresponding relations for the penetration depths

of these rods into 6061-T651 aluminum targets. These relations, together with the

data from Piekutowski et al. (1999) and Forrestal et al. (1988), are shown in

Fig. 3.10.

The experiments of Piekutowski et al. (1999), with the ogive nosed rods, were

described earlier and their results are given in Table 3.1 and Fig. 3.1. With the

corresponding value of Rt ¼ 1.87 GPa, we get from (3.8b) the predicted penetration

relation for this rod/target pair: P/Leff ¼ 2.12 V0
2 (where V0 is given in km/s).

The excellent agreement between this relation and the experimental results of

Piekutowski et al. (1999) is shown in Fig. 3.10a. The experiments of Forrestal

et al. (1988) included both spherical and conical nosed rods. For the spherical nosed

rods we find, from (3.8b) that the penetration equation is: P/Leff ¼ 1.76 V0
2, and the

agreement with the experimental results of Forrestal et al. (1988) is shown in

Fig. 3.10b. In a similar way, the penetration equation for the conical nosed rods,

according to the model, is: P/Leff ¼ 2.04 V0
2 and its agreement with the data from

Forrestal et al. (1988) is shown in Fig. 3.10c. The agreement between the predicted
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penetration formulas and the experimental data for these rods with the different

nose shapes, strongly enhances the validity of the penetration model presented here.

The penetration capabilities of rigid rods with the different nose shapes are

related to their corresponding Rt values as given by (3.9), which was derived

through the numerical simulations of Rosenberg and Dekel (2010b). The specific

choice for this relation was motivated by the fact that similar relations were

obtained for the resisting stresses on rigid rods, by the models of Tate (1986) and

Yarin et al. (1995). These models follow the flow field of the target material around

a rigid projectile which has the shape of a Rankine ovoid. This particular shape for

a body of revolution enables a closed analytical solution for the potential function

which determines the velocity field around the body. The shape of the Rankine

ovoid is shown in Fig. 3.11, together with the equation which describes its surface.

The projectile’s radius, at a large distance from its nose, is R.

The analysis by Tate (1986) resulted in the following expression for the resisting

stress on the ovoid-shaped rod:

Rt ¼ Yt
2

3
þ ln

2E

3Yt

� �� �
(3.10a)

which can be rewritten as:

Rt

Yt
¼ ln

E

Yt
þ 0:26 (3.10b)

The analysis of Yarin et al. (1995), for an incompressible elastic–plastic solid,

resulted in the following expression for the resisting stress on the ovoid-shaped rod:

Rt

Yt
¼ ln

3G

44=9Yt

� �� �
¼ ln

G

Yt
þ 0:482 (3.10c)

where G is the shear modulus of the target material.
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Fig. 3.11 The shape of the Rankine ovoid
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It is interesting to note that Tate’s model, (3.10b), results in Rt values which are

very close to those derived from (3.9) for the spherical nosed rod. For example, steel

targets (E ¼ 200 GPa) with compressive strengths of Yt ¼ 0.5, 1.0 and 1.5 GPa,

result in the following values from Tate’s model: Rt ¼ 3.13, 5.56 and 7.73 GPa,

respectively. The corresponding values, from (3.9) for the spherical nosed rod are:

Rt ¼ 3.2, 5.63, and 7.77 GPa, which are practically the same as those from Tate’s

model. This is the expected result since the ovoid shape is similar to the spherical nose.

Using a value ofG ¼ 80GPa for the shearmodulus of steel, the analysis ofYarin et al.

(1995) results in somewhat lower values for Rt, by about 12.5%, for these steel targets.

3.2.2 High Velocity Impact: The Cavitation Phenomenon

Up to this point we have analyzed experimental data and simulation results for rigid

rods impacting semi-infinite targets at the ordnance range of impact velocities. We

have seen that, except for the entrance phase, these rods experience a constant

resisting stress (Rt) which depends on the target’s strength and its Young’s modu-

lus, as well as on the nose shape of the rod. The simple expression, (3.8a and 3.8b),

has been shown to account for penetration depths of rigid steel rods into aluminum

targets. The question which we have to ask at this point is whether these con-

clusions hold for higher impact velocity as well. Before answering this question we

have to introduce the concept of cavitation, which has an important role for high

velocity impacts. In a short summary of his early work during WWII, Hill (1980)

used the term cavitation, from fluid mechanics, to describe situations for which the

diameter of the penetration channel is larger than the diameter of the projectile. His

analysis is based on the assumption that the retarding force on the projectile should

be expressed as the sum of two terms. The first term is related to the strength of the

target and the second to its inertia. The main conclusion from Hill’s analysis is

that cavitation occurs at all impact velocities for both conical and spherical nosed

projectiles. In contrast, for an ogive-nosed projectile, cavitation takes place only

when its impact velocity is above a certain threshold (Vcav). The onset of cavitation

means that the projectile “invests” some of its energy in expanding the channel’s

diameter. According to Hill’s analysis the force on the ogive nosed projectile, at

low impact velocities (V0 < Vcav) should be constant, with no cavitation in the

penetration channel. On the other hand, at higher impact velocities the resisting

force on the projectile depends on its velocity through the target inertia term. At

these velocities the diameter of the crater is larger than that of the projectile

since cavitation takes place for V0 > Vcav. This is an important observation since

it relates the constant diameter of the penetration channel with a constant resisting

stress which the target exerts on the projectile. In summary of Hill’s assumptions,

for ogive nosed projectiles the inertia of the target should be added to its resisting

stress only at the high impact velocities (V0 > Vcav). In contrast, for both spherical

and conical nosed projectiles the inertia should be added at all impact velocities,

resulting in the cavitation phenomenon at each shot. As we discuss below, this
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assumption is in sharp contradiction with both experimental observations and

numerical results. However, the notion of cavitation at high impact velocities is

correct for all nose shapes, as will be demonstrated here.

Post-mortem pictures of the 6061-T6 aluminum targets, in the experiments of

Forrestal and his colleagues, showed no cavitation for rods with either spherical or

conical nose shapes, at impact velocities up to 1.2–1.4 km/s. At higher impact

velocities the rods failed by plastically deforming or by breaking and eroding.

For ogive–nosed rods, the penetration channels in the experiments of Piekutowski

et al. (1999) showed no cavitation for velocities up to about 1.82 km/s. At impact

velocities above 2.0 km/s these rods broke up as a result of the high impact

pressures. Thus, there is no evidence for cavitation in the aluminum targets which

were impacted by these rods with different nose shapes. Some of the post-mortem

radiographs, from Forrestal et al. (1988) and Piekutowski et al. (1999), are shown in

Fig. 3.12. Clearly, the channel diameters in these experiments were the same as the

diameters of the rods. Moreover, the simulation results of Rosenberg and Dekel

(2009a) for conical and spherical nosed rods did not show a cavitation phenomenon

in aluminum targets for this range of impact velocities. Thus, the conclusion of Hill

(1980) that cavitation is induced at all impact velocities for conical and spherical-

nosed projectiles, has been refuted by both the experimental results of Forrestal and

his colleagues and by the numerical simulations of Rosenberg and Dekel (2009a).

In order to investigate the issue of cavitation, Rosenberg and Dekel (2009a)

performed 2D simulations for rigid steel rods, impacting steel and aluminum

targets at high velocities. These simulations showed that a certain threshold

velocity (Vcav) exists for every rod/target pair. For impact velocities below

Vcac, the diameter of penetration channel was equal to the rod’s diameter. On

the other hand, for impact velocities above Vcav the diameter of the penetration

Ogive Nose,   V0=1.817km/sec

Spherical nose,   V0=1.12km/sec

Conical nose, V0=1.37km/sec

Fig. 3.12 Post mortem radiographs of conical, spherical and ogive nosed rods in aluminum targets
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channel was larger than that of the rod. These cavitations take place at the initial

part of the channel, which becomes narrower as the rod slows down at deeper

penetrations. A close examination of the penetration and velocity histories in

these simulations showed that when the velocity of the rod reaches the threshold

value (Vcav), the diameter of the channel is exactly equal to that of the rod.

Figure 3.13 shows the shape of the channel at low (V < Vcav) and high rod

velocities (V > Vcav) in these simulations:

The simulations of Rosenberg and Dekel (2009a) showed that the threshold

impact velocity (Vcav) depends on the nose shape of the rod and on the strength and

density of the target, and it does not depend on the density of the rod. The highest

values of Vcav were obtained for ogive nosed rods and the lowest for flat nosed rods.

These simulations led to a simple relation for the value of Vcav in terms of the

density of the target (rt), its resistance to penetration (Rt), and the nose shape of the

rod (b), which is given by:

brtV
2
cav ¼ Rt (3.11)

The nose shape factor was found to have the following values: b ¼ 0.15, 0.24,

0.5 and 1.25, for the 3CRH ogive, conical, spherical and flat nose shapes, respec-

tively. The conical head of the rods in these simulations had a length which was

three times the rod radius. Table 3.3 lists several values for Vcav which were

obtained in these simulations for the various nose shapes and different targets.

Note the high values of Vcav for the 0.4 GPa aluminum targets, which account for

the absence of cavitation in all of the experiments by Forrestal and his colleagues

with 6061-T651 aluminum targets, as discussed above

Rapoport and Rubin (2009) followed the analysis of Yarin et al. (1995) and

showed that their model also predicts a cavitation threshold behavior, at Vcav ¼
1.97 km/s, for the ovoid nosed projectile penetrating an aluminum target with

strength of 0.4 GPa.

V<Vcav

V>Vcav

Fig. 3.13 The cavitation phenomenon

3.2 The Penetration Model for Rigid Long Rods 63



The qualitative explanation for these observations is relatively simple. As long

as the velocity of the projectile is lower than Vcav, the lateral velocity imparted by

the projectile to the target is not high enough to overcome its strength and the

channel diameter remains the same as that of the projectile. At higher impact

velocities, the lateral momentum is high enough to initiate the cavitation phenome-

non in the target. As a result, the projectile invests an extra amount of energy in

order to open the cavity, in addition to the energy needed for its advancement. In

other words, the inertia of the target (rtV
2) starts to play an important role at high

impact velocities. The immediate consequence of these observations is that for

V0 > Vcav, the deceleration of the rod cannot be constant. This is clearly seen

in Fig. 3.14, which shows the simulation result for the deceleration history of an

L/D ¼ 10 spherical-nosed steel rod, impacting a 0.4 GPa aluminum target at

2.5 km/s (V0 > Vcav.). Note that at about 180 microseconds after impact, the

deceleration reaches a constant level, since the velocity of the rod has reached

the value of Vcav at this time. With these observations we can construct now the

analytical model for the penetration depths of rigid rods at high impact velocities.

In order to derive an expression for the penetration depth of a rigid rod at impact

velocities above Vcav, one has to divide the process into two parts. The first part

starts with the impact at V ¼ V0 and ends when the rod slows down to V ¼ Vcav.

Table 3.3 Values for Vcav,

(in km/s) for rods of different

nose shapes and different

targets

Nose shape Aluminum (0.4 GPa) Steel (0.4 GPa)

Ogive 2.17 1.385

Spherical 1.3 0.82

Conical 1.73 1.115

Flat 0.85 0.525
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Fig. 3.14 The deceleration history for an impact of a spherical nosed projectile at V0 > Vcav
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During this phase the inertia of the target has to be added to its strength related term

(Rt), in order to account for its increased resistance to penetration due to cavitation.

The second part of the process starts when V ¼ Vcav and ends at V ¼ 0. The

deceleration of the rod is constant during this phase, as discussed above, and the rod

penetrates to a certain depth (Pc) which is derived below. The two penetration

regimes are shown schematically in Fig. 3.15.

We start the analysis by considering the second penetration regime, with the

constant deceleration of the rod. Inserting V ¼ Vcav in (3.8a), the penetration depth

(Pc) in this regime is given by:

Pc ¼ PðVcavÞ ¼
rpLeff V

2
cav

2Rt
(3.12a)

Using the expression for Vcav from (3.11), we get:

Pc ¼
Leffrp
2brt

(3.12b)

or, in its normalized form:

Pc

Leff
¼ rp

2brt
(3.12c)

This simple equation gives the maximal penetration depth (Pc), for a given

rod/target pair, which can be achieved with no cavitation. The equation highlights

the relevant parameters for Pc, namely, the density of the target and the rod, the

effective length of the rod, and its nose shape factor (b). It is interesting to note that Pc
does not depend on target strength. This result can be understood by realizing that the

strength of the target is responsible for two opposing effects. On the one hand,

the penetration depth of a given rod decreases with target strength. On the other

hand, the cavitation threshold increases with target strength, and the no-cavitation

range of impact velocities is larger for the stronger target. The fact that Pc in (3.12c)

does not depend on target strength means that the two effects cancel each other.

V=Vcav

Pc

Fig. 3.15 The two penetration regimes for a high velocity impact
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In order to get an estimate for the values of Pc for some practical cases, consider

a steel rod impacting an aluminum target, with a density ratio of rp/rt ¼ 2.85.

Since b ¼ 0.5 for a spherical nosed rod, and b ¼ 0.15, for ogive nosed rod, we get

Pc ¼ 2.85Leff and Pc ¼ 9.5Leff for these rods, respectively. The large value of Pc
for the ogive nose rod accounts for the fact that the penetration channels in the

experiments of Piekutowski et al. (1999) showed no sign of cavitation even for an

impact velocity of 1.82 km/s, with a penetration depth of nearly 7.0Leff. The value

of Vcav ¼ 2.17 km/s, from the simulations of the ogive nosed rod impacting the

0.4 GPa aluminum target, means that the rods in these experiments could penetrate

without cavitation even at higher impact velocities. However, at an impact velocity

of 2.0 km/s, these rods started to break and erode and the cavitation phenomenon

could not be demonstrated in these experiments.

We now consider the first penetration stage, with impact velocities above the

cavitation threshold. At these velocities the target’s resistance to penetration has to

include its inertia, as discussed above. Thus, the resisting stress (S) on the rod for

these velocities should be given by the sum of two terms. The first term is the

strength related resistance to penetration (Rt), and the second is a velocity depen-

dent term which is due to the inertia of the target. A natural choice for the resistance

to penetration would be:

S ¼ Rt þ Brt V
2 � Vcav

2
� �

(3.13a)

where B is a geometric factor which is related to the nose shape of the rod.

A reasonable assumption is that the two shape factors, B and b, are related, and

a possible choice would be that B ¼ b/2. Inserting this relation in (3.13a), together

with the definition of Vcav through (3.11), result in:

S ¼ 1

2
Rt þ 1

2
brtV

2; for : V � Vcav (3.13b)

which results in the expected value of S ¼ Rt for V0 ¼ Vcav. This relation can be

written in the form:

S ¼ 1

2
Rt 1þ V=Vcavð Þ2
h i

(3.13c)

The resisting force on the rod is obtained by multiplying this expression for S by

the cross section of the rod (pr2). Inserting this force in the equation of motion,

(3.7a), and integrating between V ¼ V0 and V ¼ Vcav, results in the following

relation for the penetration depth at the first stage of penetration, from V ¼ V0 to

V ¼ Vcav:

P

Leff
¼ rpV

2
cav

Rt
� ln 1þ x

2

� �
(3.14a)

where the parameter x is defined by:

x ¼ V0

Vcav

� �2

(3.14b)
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Adding the penetration depth for the low velocity stage, as given by (3.12a),

results in the following expression for the total penetration of a rigid projectile, at an

impact velocity above the cavitation threshold:

P

Leff
¼ rpV

2
cav

2Rt
� 1þ 2ln

1þ x

2

� �� �
for: V0 � Vcav (3.15a)

With the definition of Pc in (3.12a), the total penetration depth can be written in a

more compact form:

P

Pc
¼ 1þ 2 ln

1þ x

2

� �
for: x � 1:0 (3.15b)

Using the above expressions for Pc and Rt it is easy to show that the penetration

depth in the low velocity range is given by:

P ¼ rpLeff
2brt

� V0

Vcav

� �2

for: V0 � Vcav (3.16a)

which, in its normalized form, is given by:

P

Pc
¼ V0

Vcav

� �2

¼ x for: x � 1:0 (3.16b)

As was noted above, the values of Vcav are quite high for both ogive and conical

nosed rods impacting aluminum and steel targets. At these impact velocities even

high strength rods lose their rigidity by deforming or shattering. This is the reason

for the absence of experimental data which show a clear cavitation thresholds and it

is quite difficult to validate the analysis discussed above by using experimental

data. Instead, Rosenberg and Dekel (2009a) compared the predictions from the

model with numerical simulations for various rods, impacting both aluminum and

steel targets at velocities above their corresponding values of Vcav. This comparison

is shown in Fig. 3.16 demonstrating an excellent agreement between the model’s

predictions and the simulation results.

The penetration efficiency of rigid projectiles, at impact velocities above Vcav,

is smaller than that for the low velocities, since the P ¼ P(V0) curve is getting

shallower with increased velocities. This is the expected result since an increasing

amount of the projectile’s energy is spent on enlarging the penetration channel

laterally. In contrast, for impact velocities below Vcav, the kinetic energy of the
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projectile is spent only on forming the necessary channel for its passage. As

discussed above, Hill (1980) noted that a penetration process with no cavitation

must be achieved by a constant resisting stress, which depends on target strength. He

defined this stress as “the mean work to form a unit volume of the resultant cavity by

progressive penetration”. In fact, Hill identified the constant resisting stress with the

no-cavitation type of penetration. This is exactly what was found in the simulations

of Rosenberg and Dekel (2009a) for impact velocities below the corresponding

thresholds of all the rigid rods with different nose shapes. Both works conclude that

the penetration process without cavitation is related to a constant resisting stress. The

only difference between them is due to Hill’s assumption that cavitation occurs at all

impact velocities for both conical and spherical nosed projectiles. The numerical

simulations of Rosenberg and Dekel (2009a) showed that a cavitation threshold

exists for every nose shape. These simulation results are substantiated by the

experimental results of Forrestal and his colleagues for rigid rods of spherical and

conical nose shapes. No cavitation was observed in these experiments, which were

performed at impact velocities as high as 1.2–1.4 km/s, in sharp contrast with Hill’s

prediction. It is important to note that Hill’s prediction is based on the assumption

that the resisting force on rods with these nose shpes, is dependent on target inertia

for all impact velocities. This assumption has been a common practice by many

workers who followed the penetration model of Goodier (1965), as discussed in the

next section.
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Fig. 3.16 Comparing the simulation results with the analytical predictions for V0 � Vcav
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3.3 The Cavity Expansion Analysis

Several penetration models which are based on the work of Goodier (1965) have

been suggested during the last decades. These models assume that the resistance to

penetration of a rigid projectile should include the inertia of the target for all impact

velocities, through an expression such as: S ¼ C þ BrtV
2, where B is some nose

shape factor. The strength related constant C in Goodier’s model was determined by

the threshold pressure which is needed to expand a small cavity in a large elasto-

plastic body, as derived by the analysis of Bishop et al. (1945). Note that the third

author of this classical work, the Nobel laureate Sir Neville Mott, worked for the

war ministry in the UK during the years of World War II, and contributed important

insights to the dynamic response of solids under impulsive loadings. The cavity

expansion analysis of Bishop et al. (1945) was developed in order to account for the

relatively high force which is needed to push a conical nosed rigid punch into

a metallic block. This analysis resulted in threshold stresses in the range of 3–4

times the strength of the solid, which are needed to expand a small cavity against its

resisting strength. These factors were in good agreement with indentation stresses

of various metals, as measured by the sharp nosed hard punches. The use of this

analysis, and the subsequent dynamic expansion analysis of Hill (1950), for termi-

nal ballistics models was made for the first time by Goodier (1965). There are two

issues in Goodier’s model which have to be carefully reexamined, namely, the

addition of target inertia to the resisting stress for all impact velocities, and the

choice of the cavity expansion model for the value of the strength related term (C)

in his expression for the resisting stress.

Goodier based his model on penetration data from Hermann and Jones (1961),

for various metallic spheres impacting thick metallic targets at velocities up to

about 1.5 km/s. Goodier found that the values for the strength term (C), as derived

by the cavity expansion analysis, are too low in order to account for the penetration

depths of these spheres, which were treated as rigid bodies in his analysis. Thus,

he added the target’s inertia term, in order to have a better agreement with the

experimental data. However, the spheres in these experiments were made of copper,

aluminum, soft steel and lead. Obviously, these materials are not strong enough

to warrant their rigidity at this range of impact velocities. All of these spheres

deformed heavily during impact and penetration, which was the main reason for

their low penetration depths. Thus, the addition of target inertia to its penetration

resistance, for all impact velocities, was based on a flawed interpretation by

Goodier of the data he used for modeling. The second issue concerns the assump-

tion that the strength related term for the target’s resistance to penetration can be

derived from the cavity expansion analysis of Bishop et al. (1945). As will be

demonstrated below, the cavity expansion analysis results in much lower threshold

pressures than the corresponding Rt values, which are obtained by experimental

results and numerical simulations. They are also much lower than the values

derived by analytical models such as those of Tate (1986) and Yarin et al. (1995),

which follow the target’s motion around the projectile’s nose.
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The cavity expansion analysis of Bishop et al. (1945) resulted in closed form

expressions for the minimal pressures which are needed to expand a small cavity,

either spherical or cylindrical, in a large elasto-plastic solid. The analysis showed

that these threshold pressures depend on the Young’s modulus (E), Poisson’s ratio

(n) and the strength (Y) of the solid, through the following relations:

Psph ¼ 2Y

3
1þ ln

E

1þ nð ÞY
� �

For the spherical cavity (3.17a)

and

Pcyl ¼ Yffiffiffi
3

p 1þ ln

ffiffiffi
3

p
E

� �
2 1þ nð ÞY

" #
For the cylindrical cavity (3.17b)

Both expressions were obtained for a solid which is incompressible in its

plastic range. For a work-hardening material the threshold pressures have an

additional term, related to the hardening modulus of the material, which is the

slope of the stress–strain curve of the solid in its plastic range of response. Hill

(1950) derived the corresponding expression for the spherical cavity in a solid

which is compressible in both its elastic and plastic regions. The resulting

expression from his analysis replaces the term (1 þ n) by the term 3(1�n), in
the logarithmic expression of (3.17a). Thus, according to Hill (1952), the critical

(minimal) pressure which is needed to expand a spherical cavity in a large

compressible solid, is given by:

Psph ¼ 2Y

3
1þ ln

E

3 1� nð ÞY
� �

(3.18a)

Rosenberg and Dekel (2008) performed numerical simulations of the cylindrical

cavity expansion process, from which they determined the threshold pressures

which are needed to expand this cavity in compressible solids. These simulations

showed that the term (1 þ n) in (3.17b) should be replaced by 3(1�n) for the

compressible solid, which is the same replacement as for spherical cavities. Thus,

the threshold pressure to expand a cylindrical cavity in a compressible elasto-plastic

solid, according to these simulations, is given by:

Pcyl ¼ Yffiffiffi
3

p 1þ ln

ffiffiffi
3

p
E

� �
6 1� nð ÞY

" #
(3.18b)

These analytical expressions for the compressible solids result in threshold

pressures which are much lower than the Rt values which are derived from the

numerically based model of Rosenberg and Dekel (2009a), (3.9), for the spherical
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and ogive nosed rigid rods. They are also lower than the threshold stresses obtained

by the analytical models of Tate (1986) and Yarin et al. (1996), for the ovoid shaped

rigid rod. As an example, consider the threshold pressures obtained by (3.18),

Psph ¼ 3.7 GPa and Pcyl ¼ 3.12 GPa, for a steel target (E ¼ 200 GPa, n ¼ 0.29)

with strength of Y ¼ 1.0 GPa. These values are, indeed, much lower than the

corresponding value of Rt ¼ 5.6 GPa, for a spherical nosed rod penetrating this

steel target. Thus, the threshold pressures, as derived from the cavity expansion

analysis, are bound to underestimate the resisting stresses which are exerted on

rigid projectiles. These differences between the values of Rt for rigid rods and the

threshold pressures from the cavity expansion analysis, are due to the different

situations for which they are applied. The cavity expansion analysis accounts for

cases where the material around the cavity is moving perpendicularly to the surface

of the cavity. This is a one-dimensional problem where the material motion is

very different than the complex motion along flow lines, which characterizes the

penetration of rigid rods.

In all the models discussed here the functional dependence of the normalized

threshold pressures (Pthresh/Y) on the relevant properties of the solid can be

written as:

Pthresh

Y
¼ K1ln

E

Y
þ K2 (3.19)

where K1 and K2 have different values in these models. Thus, K1 ¼ 2/3 and 0.577,

for the spherical and cylindrical cavity expansion models, respectively. On the

other hand, K1 ¼ 1.1 according to the numerically based model of Rosenberg and

Dekel (2009a), (3.9), and K1 ¼ 1.0 according to the analysis of Tate (1986). The

values for K2 depend on the nose shape of the rigid rod, according to the numeri-

cally based model presented above, and it depends on Poisson’s ratio of the solid,

according to both the cavity expansion models and Tate’s model. The functional

similarity of the expressions for Pthresh/Y is not surprising, since all the analyses

presented here deal with the pressures which have to be applied inside the solid,

in order to “push” it against a resisting stress which depends on its strength. The

differences between the corresponding values of resisting stresses are related to the

details concerning the actual flow of the material, as discussed above.

The numerical simulations of Rosenberg and Dekel (2008) were aimed at

a better understanding of the cavity expansion process, in order to highlight the

differences between this process and the penetration of rigid rods. They performed

numerical simulations with small spherical cavities in large steel, aluminum and

lead specimens, having strengths in the range of 0.5–1.5 GPa. In each simulation

a certain pressure was applied inside the spherical cavity. The threshold value was

defined as the pressure above which a steady-state velocity was imparted to the

cavity wall. The values of these critical pressures for spherical cavities in
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aluminum, steel, and lead targets were in excellent agreement with those predicted

by the analysis of Hill (1950), according to (3.18a). This agreement is shown in

Fig. 3.17 and it demonstrates the usefulness of numerical simulations in verifying

analytical models. On the other hand, the cavity expansion model has been well

established for many years, and the agreement shown in Fig. 3.17 can be considered

as a demonstration for the validity of these numerical simulations.

The numerical simulations of Rosenberg and Dekel (2008) were also used in

order to find a relation between the velocity of the cavity’s wall and the applied

pressure (Pdyn) on the wall. These relations for steel, aluminum and lead, with

strengths of 0.5, 1.0 and 1.5 GPa, are shown in Fig. 3.18a. The different curves

shown in this figure can be normalized to a single curve, as shown in Fig. 3.18b.

The normalization presentation of these simulation results can be given by:

Pdyn ¼ Pspher þ 1:1875rV2 (3.20)

where Pspher is the threshold pressure which is needed to open the spherical cavity,

as given by (3.18a). It is worth noting that this equation applies for very different

metals which were used in these simulations, and it should be accounted for by

a proper analytical model for the dynamic cavity expansion process. In fact, such

a model for the dynamic expansion of a spherical cavity in an incompressible solid,

was derived by Hopkins (1960). His result includes terms which are related to

the expansion velocity of the cavity and to its acceleration. Assuming a constant
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expansion velocity (V) the dynamic term, according to this analysis, is equal to 3/2

(rV2). The numerical factor in this expression is higher than the corresponding

factor in (3.20), probably because the analysis of Hopkins (1960) was made for

an incompressible solid, while the materials in the numerical simulations are inher-

ently compressible. The analytical results of Masri and Durban (2005) show that

this coefficient depends on the Poisson ratio of the solid (n) and it is, indeed, smaller

than 1.5 for every solid with a finite value of n.
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3.4 The Optimal Nose Shape

Several workers attempted to find an optimal nose shape for rigid projectiles which

should result in maximal penetration depths. They start their analysis by writing an

expression for the force on the projectile’s nose, and minimize it with respect to the

relevant parameter which describes the nose shape. This was done, for example, by

Jones et al. (1998) who included the inertia of the target (rtV
2) as well as its

strength, for the resisting force. The conclusion from this analysis is that the optimal

nose shape has a small blunt section at the tip of the nose which turns into a conical

shape all the way to the cylindrical shank of the projectile. These nose shapes were

not tested experimentally and, to our knowledge, no simulations were performed to

enhance the claim that they are, indeed, optimal. It was shown above that the

target’s resisting stress is constant for impact velocities below the corresponding

threshold (Vcav), and that the inertia term plays a role only for V0 > Vcav. For

a constant resisting stress there is no reason to expect an optimal nose shape, and

one may assume that a sharper nose enhances the penetration capability of the rigid

penetrator. The only question here is which of the sharp nose shapes, the cone or the

ogive, is more efficient as far as rigid penetrations are concerned.

In order to answer this question we conducted a series of simulations for ogive

and conical-nosed rigid steel rods, impacting aluminum targets with strength of

0.4 GPa. The sharpness of the rod’s nose can be defined as the ratio of its length (‘)
to its diameter (D). These ratios were varied in the range of ‘/D ¼ 0.25–3, where

‘/D ¼ 0.5 for an ogive nose is, in fact, the spherical nose shape. This ratio is equal

to 2.95 for a 9CRH ogive nose and it compares with the ratio of ‘/D ¼ 3.0 for the

conical nose, which was the sharpest nose we simulated. The main output from

these simulations was the constant deceleration of the rod (a), from which we

derived the corresponding value of Rt, through the relation: Rt ¼ rpLeffa. The

simulations were performed with impact velocities in the range of 0.75–1.0 km/s.

Figure 3.19 shows the resulting values of Rt, as a function of the nose sharpness
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Fig. 3.19 The effect of nose sharpness on the target’s resistance to penetration

74 3 Rigid Penetrators



(‘/D). We also added the point corresponding to a flat nosed rod (‘/D ¼ 0), at

Rt ¼ 2.46 GPa, from our earlier simulations.

One can clearly see that the results for the two nose shapes practically fall on

a single curve. The main conclusion from these simulations is that sharper noses

experience less resistance and penetrate more, as expected, while the details of the

nose shape (ogive or cone) are much less important. It is also clear that the benefit of

sharper noses is decreasing with increased sharpness, and it seems that values of

l/D > 3.0 will not add much to the penetration capability of rigid penetrators.

3.5 The Penetration of Short Projectiles

We have mentioned above that the penetration process of short projectiles is

different than that of long rods, because of the enhanced effect of the impact face

on the penetration depths of short projectiles. In fact, it was shown that the impact

face dominates the penetration characteristics of ogive nosed rods for about six rod

diameters. The effect is even more important for short projectiles impacting at

velocities in the ordnance range, since they penetrate to depths of a few projectile

diameters only. These projectiles are not expected to experience a constant decel-

eration during penetration. The present section deals with this issue in order

to highlight the influence of the entrance phase. We shall present a numerically

based model which accounts for the influence of the entrance phase. It will be

shown that the predictions from this model are in good agreement with experi-

mental data for short projectiles, demonstrating the usefulness of such numerically-

based models.

3.5.1 The Influence of the Entrance Phase

Rosenberg and Dekel (2009b) followed the influence of the entrance phase in a

more quantitative manner, through simulations for the penetration process of rigid

projectiles with different nose shapes. Simulation results for the penetration

histories of L/D ¼ 3, D ¼ 6 mm ogive-nosed projectile impacting a 0.4 GPa

aluminum target are shown in Fig. 3.20a. Impact velocities of V0 ¼ 0.5, 1.0 and

1.5 km/s, resulted in penetration depths of: 17, 41.5, and 78.5 mm, respectively.

A penetration depth of 17 mm is less than three projectile diameters, and is well

within the dominance range of the entrance phase. Even for the 1.0 km/s impact, the

penetration depth of 41.5 mm is very close to the six projectile diameters, which is

the dominance range of the entrance phase. Thus, we do not expect a constant

deceleration for these impacts, as is clearly manifested by the deceleration histories

in Fig. 3.20b.

Figure 3.20b shows that a constant deceleration was obtained only for the

highest impact velocity (1.5 km/s), at about 25 microseconds after impact. This
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time corresponds to a penetration depth of 36 mm in this simulation, which is

exactly equal to six projectile diameters, the dominance range of the entrance

phase. A close examination of the early part in the deceleration history, for the

1.5 km/s impact, shows that the entrance phase consists of two stages. During the

first stage, up to about t ¼ 7 ms, the projectile experiences a fast change in its

deceleration, which is due to the embedment process of its nose in the target.

The second stage, which lasts until t ¼ 25 ms, is due to the entrance phase effect,

as discussed above. The simulations of Rosenberg and Dekel (2009b) showed that

the entrance phase takes less time for blunt projectile (either spherical or flat nosed),

because their noses are shorter and their corresponding embedment times are
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smaller. In fact, these simulations showed that the dominance range of the entrance

phase for the spherical nosed projectile extends to about three projectile diameters

only. However, its influence range extends to much larger depths, as is also the case

with the ogive nosed projectiles. One may consider the influence range of the

entrance phase as the range beyond which its dominance range plays a negligible

part in the process. These issues will be further highlighted in the next sections.

In order to have a quantitative assessment for the influence of the entrance

phase, one can use the penetration formula (3.8a) to derive an effective (average)

resisting stress (Reff), and an effective deceleration (aeff) for the projectile,

according to:

Reff ¼
rpLeff V

2
0

2P
(3.21a)

aeff ¼ V2
0

2P
(3.21b)

Using the corresponding penetration depths in the simulations presented above

and the effective length of the projectile Leff ¼ 14.4 mm, results in the following

values for the effective resisting stresses: Reff ¼ 0.84, 1.37 and 1.63 GPa for the

impacts at V0 ¼ 0.5, 1.0 and 1.5 km/s, respectively. These values are substantially

smaller than the value of Rt ¼ 1.87 GPa, which is the resisting stress exerted by a

0.4 GPa aluminum target on an ogive-nosed projectile at deep penetration. The

increasing trend in Reff, demonstrates the diminishing weight of the entrance phase

with increasing impact velocities. However, even for the highest impact velocity the

average deceleration is lower than the asymptotic value by 13%, because the pene-

tration depth at this velocity is only twice the dominance range of the entrance phase.

In order to further demonstrate the strong effect of the entrance phase, Rosenberg

and Dekel (2009b) performed several simulations with aluminum targets which

have a cylindrical hole around their symmetry axis, as shown in Fig. 3.21.

These holes were 50 mm deep (about eight times the projectile diameter) and

their diameter was equal to the projectile’s diameter (6 mm). The basic idea behind

these simulations was to reduce the effect of the free impact surface by moving the

impact area deep into the target. Thus, upon impact the projectile should experience

a resisting stress (deceleration) which is much closer to that at deep penetrations.

Fig. 3.21 The target with a central hole
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Deceleration histories of the ogive nosed projectile in both targets, with and

without the hole, are shown in Fig. 3.22 for two impact velocities, V0 ¼ 1.0 and

1.5 km/s. One can clearly see that the effect of the entrance phase diminished by the

addition of the hole, and the deceleration histories reach their asymptotic values

shortly after impact. As expected, the penetration depths into the targets with the

holes were lower than the corresponding depths in the flat targets. The differences

diminished with increasing impact velocities, but even for the highest impact

velocity (1.5 km/s) the depth of penetration into a regular target is higher by 5%

than the corresponding depth in the target with the hole. The same trend was found

in the simulations for the spherical nosed projectile. The corresponding differences

between flat targets and those with a hole were much lower, due to the smaller

dominance range of the entrance phase for these nose shapes.

A quantitative estimate for the strong effect of the entrance phase can be gained

by analyzing the experimental results of Brooks and Erickson (1971). They shot

ogive nosed tungsten carbide projectiles at 4340 steel targets with a Brinell hard-

ness of 294BHN. These L/D ¼ 4.92 projectiles, with a diameter of 8.86 mm, stayed

rigid even at an impact velocity of 1.34 km/s. This set of experiments is particularly

interesting since the high density of the projectiles (14.72 g/cm3) resulted in

relatively deep penetrations, well beyond the dominance range of the entrance

phase. In order to asses the effect of the entrance phase we calculate the effective

deceleration of the projectile for each experiment, through (3.21b). With increasing

impact velocities these decelerations are expected to increase towards their asymp-

totic value at deep penetration. Table 3.4 lists the relevant data from the experi-

ments of Brooks and Erickson (1971), together with the effective decelerations

(aeff), in units of 10�3 mm/ms2, as calculated by (3.21b)

Table 3.4 The data from Brooks and Erickson (1971) and the effective decelerations

V0 (m/s) 434 568 691 805 920 1,027 1,138 1,343

P (mm) 24.1 34.3 44 52 64 75.5 87 112

P/D 2.72 3.87 5.0 5.87 7.22 8.52 9.82 12.64

aeff 3.91 4.7 5.43 6.23 6.61 7 7.44 8.05
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Fig. 3.22 Deceleration histories for the ogive-nosed projectile in a regular target and in a target

with a hole
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Clearly, the effective decelerations increase with impact velocity but they do

not reach a constant value, since the entrance phase is affecting the process in all

of these experiments. This is the expected result since even the highest impact velocity

resulted in a penetration depth of P ¼ 12.6D, which is only twice the dominance

range of the entrance phase. In order to have an estimate for the asymptotic decelera-

tion of this projectile at deep penetrations, consider the target’s flow stress of about

Yt ¼ 1.0 GPa in these experiments. Inserting this value in (3.9) one obtains a value of

Rt ¼ 4.68 GPa for the resisting stress, which this target should exert on an ogive

nosed projectile at deep penetration. From the dimensions of the projectile and its

mass (30.9 g) one gets Leff ¼ 34 mm, for its effective length. Inserting the values for

Rt, rp and Leff in (3.7b), results in a value of a ¼ 9.35∙10�3 mm/ms2 for the asymptotic

value of the deceleration for this projectile/target combination. This value is higher by

17% than the maximal value for the effective deceleration in these experiments, as

given in Table 3.4. These examples demonstrate the significant effect of the entrance

phase on the penetration process of short projectiles. It is clear that the entrance phase

influences their penetration depths much beyond its dominance range. On the other

hand, there are situations where the penetration depths are much higher than 6D, even

for short projectiles, and the penetration formula (3.8a) should predict the correct

penetration depths for these impacts. Obviously, such cases involve targets with low

values of Rt, which can be penetrated to large depths, well beyond the influence range

of the entrance phase.

In order to demonstrate this issue, consider the impact of a 0.500AP projectile at a

large Plexiglas block, with an impact velocity of V0 ¼ 0.9 km/s. Its penetration

depth, as measured in our lab, was P ¼ 190 mm which amounts to P ¼ 17D for the

D ¼ 11 mm hard steel core of this projectile. This penetration depth is well beyond

the dominance range of the entrance phase (P ¼ 6D), and the model presented

above should account for it. The values of Young’s modulus for Plexiglas is about

E ¼ 5.5 GPa and its dynamic compressive strength is near Yt ¼ 0.35 GPa.

Inserting these values in (3.9) and noting that the hard steel core of the 0.500

projectile has an ogive shape, with f ¼ 1.15 in (3.9), we obtain a value of

Rt ¼ 0.66 GPa for the resisting stress of Plexiglas. Inserting this value, together

with Leff ¼ 38.2 mm for the hard steel core, in (3.8a) results in a predicted

penetration of P ¼ 185 mm, which is very close to the experimental result of

P ¼ 190 mm. The excellent agreement between model and experiment, for this

L/D ¼ 3.5 projectile, is the result of its deep penetration in the target, as discussed

here. Note that the value of Vcav for this projectile/target pair as calculated by (3.11)

is Vcav ¼ 1.55 km/s, and no cavitation was expected for this shot (at V0 ¼ 0.9 km/s)

as was, indeed, the case.

Another set of data which was affected by the entrance phase is given by

Forrestal et al. (1991) for L/D ¼ 5, 10 and 15 spherically nosed steel rods,

impacting 6061-T651 targets at velocities in the range of V0 ¼ 0.25–1.0 km/s.

The normalized penetration depths, for the three types of rods, are shown in

Fig. 3.23 and it is clear that the results for the L/D ¼ 10 and 15 rods fall around

a single curve. In contrast, the L/D ¼ 5 rods resulted in considerably higher values

of P/L. Since their maximal penetration depth was only P ¼ 9.5D, the entrance
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phase is expected to influence all the penetrations of these short rods. On the other

hand, the maximal penetrations for the L/D ¼ 10 and 15 rods were P ¼ 18D and

P ¼ 23D, respectively, which are well beyond the entrance phase dominance.

Figure 3.23 also includes the predicted penetration curve for the spherical nosed

rod impacting the 6061-T651 aluminum targets, given by: P/L ¼ 1.76 V0
2, which

was calculated for Fig. 3.10b. This curve accounts for the data of the L/D ¼ 10

and 15 rods, while the data for the L/D ¼ 5 rods lies significantly above this curve.

This is a clear demonstration for the effect of the entrance phase, and we shall

compare these results with the predictions of the numerically based model in the

next section.

3.5.2 A Numerically Based Model for the Entrance
Phase Effect

The influence of the entrance phase complicates the analysis to such a degree that it

is very difficult to construct an analytical model for the penetration process of short

projectiles. Thus, a different approach is suggested here which is based on numeri-

cal simulations. The recent improvements with hydrocodes enable one to construct

numerically-based models for terminal ballistics. Obviously, the validity of these

models should be checked by comparing their predictions with experimental

results, as will be demonstrated in this case. The effect of the entrance phase will

be quantified through an effective resisting stress (Reff), as defined by (3.21a). We

first rewrite this equation and obtain a general expression for the normalized

penetration depth of a rigid projectile:

P

Leff
¼ rpV

2
0

2Reff
with: Reff � Rt (3.22a)
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It is clear that Reff should increase with impact velocity towards its value of Rt at

deep penetrations. Rewriting (3.22a) we obtain:

P

Leff
¼ P

D
� D

Leff
¼ rpV

2
0

2Rt
� Rt

Reff
(3.22b)

which leads to the following relation:

P

D
� q ¼ rpV

2
0

2Rt
� Leff
D

� I where: q � Reff

Rt
(3.23)

Up to this point we have only defined two new parameters, q and I. The

parameter q, as defined by the ratio Reff/Rt, expresses the effect of the entrance

phase. Its value is always smaller than 1.0 and it is expected to approach this value

at deep penetrations. The parameter I is a measure for the penetration power of the

particular projectile into the given target. In fact, I is equal to the normalized

penetration (P/D) of the projectile without the entrance phase effect, according to

the constant deceleration model presented above. All the terms which determine the

value of I are well defined for a given projectile/target pair and none of them depend

on the details of the entrance phase.

Several workers have used similar parameters in order to account for their

penetration data. Haldar and Hamieh (1984) presented penetration data for concrete

targets using empirical relations between P/D and a parameter which they called the

Impact Factor. This factor was defined through the mass (M), the diameter (D) of

the projectile, and its impact velocity, according to:

Impact Factor ¼ N
MV2

0

D3fc
(3.24)

where fc is the unconfined compressive strength of the concrete, and N is a nose shape

factor. It is easy to see that the impact factor as defined by (3.24) is similar to the

parameter I as defined by (3.23), since the term M/D3 is equal to the term rpLeff/D.

The two definitions differ by the expression for the target strength. Haldar and

Hamieh (1984) use the target’s compressive strength (fc), while the resistance to

penetration (Rt) is used in our definition. In addition, the target strength and the nose

shape parameter appear separately in the definition of the impact factor through

(3.24), while by our definition both of them are lumped together in Rt. Chen and Li

(2002) also used an impact factor to account for the penetration depths of rigid rods in

semi-infinite targets. Their impact factor includes a target strength term which is

derived from the cavity expansion analysis. They also used a nose shape parameter in

a similar way to that proposed by Haldar and Hamieh (1984). Thus, all the relevant

parameters which influence the penetration depth of a given projectile are lumped

into these closely related impact factors. As far as our approach is concerned, the

impact factor is not a free parameter since it is the expected penetration efficiency (P/

D) of the rigid projectile according to the constant deceleration model. The basic idea

behind our approach is to account for the lower resisting stresses at the entrance phase

through a universal relation between q and I. This will be achieved by a numerically-

based model as described below.
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The model is based on analyzing simulation results for the penetration depths of

L/D ¼ 3 projectiles, impacting a given target at several velocities. With these

penetration depths, the corresponding values for Reff and q can be calculated, in

order to determine the influence range of the entrance phase. As a next step, general

relations between P/D and the impact factor (I) will be constructed, for both ogive

and spherical nosed projectiles. The main assumption behind the analysis is that

these relations can be treated as universal for all the projectiles with similar nose

shapes. This assumption will be validated by the close agreement between the

model’s predictions and experimental data.

The simulations were performed for D ¼ 6 mm rigid steel projectiles, with

ogive (3CRH) and spherical noses, having effective lengths of Leff ¼ 14.5 and

17.1 mm, respectively. These short projectiles impacted an aluminum target with

strength of 0.4 GPa, at velocities in the range of V0 ¼ 0.1–2.0 km/s, for the ogive

nosed projectile, and V0 ¼ 0.1–1.25 km/s, for the spherical nosed projectile. These

velocity ranges were chosen in order to avoid the cavitation phenomenon, which

complicates the analysis. Each simulation resulted in the corresponding value of P,

from which Reff values were determined through the relations given above. With

the known values of Rt for both nose shapes, the curves for q ¼ Reff/Rt vs. impact

velocity, were constructed as shown in Fig. 3.24. As expected, the values for q

increase asymptotically from q ¼ 0 at V0 ¼ 0, towards a value of q ¼ 1.0 for high

impact velocities, as Reff approaches its asymptotic value of Rt.

These simulation results are presented in Fig. 3.25 in terms of P/D as a function

of qP/D ¼ I, and as is clearly seen the two curves are very close to each other. This

important result means that all the sharp nosed projectiles, conical and other ogives,

should follow the curve derived here for the 3CRH ogive nosed projectile. These

curves will be treated as universal relations which account for the entrance phase

effect for sharp and spherical nosed projectiles.

Fig. 3.24 Simulation results for the parameter q as a function of V0 for both nose shapes
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In order to verify that these curves are not dependent on the density of the target,

an additional set of simulations was performed, for the ogive-nosed projectile

impacting a 0.4 GPa steel target. The results of these simulations are shown in

Fig. 3.26, together with those for the 0.4 GPa aluminum target, and it is clear that

both sets of simulations results fall on a single curve.

The two curves in Fig. 3.25 rise very sharply for low I values (up to about

I ¼ 1.0) and then increase more gradually for the higher values of I. These trends

will be represented by different relations between P/D and I for the two regimes.

For large values of I (I > 1.0) the following fits were chosen to represent the

simulation results:

Fig. 3.25 Simulation results for the relation between P/D and I for the two nose shapes

Fig. 3.26 Simulation results for ogive-nosed projectiles impacting 0.4 GPa steel and aluminum

targets
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P

D
¼ 1:32þ 1:2 I � 0:008 I2 For sharp nosed projectiles (3.25a)

P

D
¼ 0:65þ 1:3 I � 0:025 I2 For spherical nosed projectiles (3.25b)

It is interesting to note that the curves corresponding to these expressions meet

the diagonal line P/D ¼ I at I ¼ 30 and I ¼ 14, for the sharp and spherical nosed

projectiles, respectively. These are the corresponding influence ranges of the

entrance phase for these projectiles. The influence range for the sharp nosed

projectile (P/D ¼ 30) is about twice as large as that of the spherical nosed projectile

(P/D ¼ 14). The same factor was obtained for the dominance ranges of the entrance

phase, P ¼ 6D and P ¼ 3D, for the ogive and spherical nosed projectiles, respec-

tively. The values, of I ¼ 30 and I ¼ 14, define the applicability range of the

numerically based model, which accounts for the entrance phase effect. For higher

values of the impact factor (I) one should use the simple penetration relation of

(3.8). In order to have a qualitative estimate for the influence of the entrance phase,

consider the two intermediate cases where I ¼ 20 for an ogive nosed projectile, and

I ¼ 10 for the spherical nosed projectile. Using (3.25) we find that P/D ¼ 22.1 and

P/D ¼ 11.15, for the ogive and spherical nosed projectiles, respectively. These

values are about 10% higher than their corresponding impact factors, demonstrating

the significance of the entrance phase even for relatively high impact factors. The

experimental penetration depths are expected to be higher than those calculated

through (3.8) by 10% for ogive and spherical nosed projectiles having impact

factors of I ¼ 20 and I ¼ 10, respectively.

The P/D ¼ f(I) curves for the low values of I (I � 1.0), are shown in Fig. 3.27.

The fact that the curve for the ogive nosed projectiles is much higher than that of the

spherical nosed ones is due to the larger dominance range of the entrance phase for

the ogive nosed projectiles, as discussed above.

The following expressions were chosen to represent the relations between P/D

and I, for the low values of I (I � 1.0):

Fig. 3.27 Simulation results for the low values of the impact factor (I)
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P

D
¼ 2:5 I0:5 For sharp nosed projectiles (3.26a)

P

D
¼ 1:9 I2=3 For spherical nosed projectiles (3.26b)

Inserting the definition of I, from (3.23), into these expressions results in the

following relations between P/D and V0, for the low range of impact factors

(I � 1.0):

P

D
¼ 1:77

rpLeff
RtD

� �0:5

V0 For sharp nosed projectiles (3.27a)

P

D
¼ 1:2

rpLeff
RtD

� �2=3

V0
4=3 For spherical nosed projectiles (3.27b)

These relations predict a linear dependence of P/D on impact velocity for the

sharp nosed projectile and a V0
4/3 dependence for the spherical nosed projectile, at

low values of the impact factor (I � 1.0).

In order to demonstrate the validity of the equations derived above, we compare

their predictions with experimental data for several projectile/target combinations.

The data of Brooks and Erickson (1971), as given by Table 3.4 above, is a good

case for such a validity check because both the projectile and the target are

different from those used in the simulations presented above. These were ogive-

nosed tungsten-carbide projectiles, with rp ¼ 14.72 g/cm3, D ¼ 8.86 mm and

Leff/D ¼ 3.84, and the targets were 4340 steel with hardness of 294 Brinell,

which corresponds to Rt ¼ 4.68 GPa. Inserting these values of Rt, rp and Leff/D

in (3.23), we get for this projectile/target pair: I ¼ 6.04∙V0
2, where the velocity is

given in km/s.. The values of I for each experiment in this set are listed in Table 3.5.

These values were inserted in (3.25a) in order to obtain the corresponding values of

P/D. The predicted penetration depths (in mm) are compared with the experimental

data in Table 3.5. The good agreement between the two sets enhances the validity of

the numerically-based model.

Consider the experimental results from Forrestal et al. (1991), for the L/D ¼ 5

spherical-nosed steel rods impacting aluminum targets, which were presented in

Fig. 3.23. Due to the entrance phase effect these short rods resulted in higher values

for their normalized penetrations (P/L), as compared with the L/D ¼ 10 and 15

rods. We wish to compare now the predictions from the numerically-based model

Table 3.5 Comparing the model’s predictions with the data of Brooks and Erickson (1971)

V0 (km/s) 0.434 0.568 0.691 0.805 0.920 1.027 1.138 1.343

I 1.14 1.95 2.88 3.91 5.11 6.37 7.82 10.89

P (calc) 23.7 32.2 41.7 52.2 64.2 76.5 90.5 119

P (exp) 24.1 34.3 44 52 64 75.5 87 112
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with the experimental results for these short rods. Using (3.23) with the following

values: rp ¼ 8.0 g/cm3, Leff/D ¼ 5.34, and Rt ¼ 2.27 GPa for the 6061-T651

aluminum target (E ¼ 69 GPa, Yt ¼ 0.42 GPa), we find that for this rod/target

combination: I ¼ 9.39∙V0
2. Using (3.25b), for spherical nosed projectiles, results in

the predicted penetration curve shown in Fig. 3.28, together with the experimental

results. The excellent agreement between the model’s predictions and the experi-

mental data strongly enhances the validity of the numerically-based model.

The penetration process of a long rod can be influenced by the entrance phase

even at moderate impact velocities, when the target has a high strength, resulting in

relatively low impact factors. This is the case with the experiments of Forrestal

et al. (1992) for ogive nosed steel rods impacting 7075-T651 aluminum targets at

velocities up to about 1.0 km/s. The dynamic flow stress of this aluminum alloy

is about Yt ¼ 0.7 GPa, and with E ¼ 73 GPa for its Young’s modulus, a value

of Rt ¼ 2.77 GPa is obtained from (3.9), for this rod/target pair. Together

with rp ¼ 8.02 g/cm3, Leff ¼ 77.8 mm and D ¼ 7.11 mm, (3.23) results in

I ¼ 15.84 V0
2 for the impact factor in this case. We have already seen that an

impact factor of I ¼ 20 for ogive nosed rods results in a correction of 10% in their

penetration depth due to the entrance phase effect. The low velocity experiments of

Forrestal et al. (1992) are expected to be significantly influenced by the entrance

phase. The predicted penetration depths for these experiments are given in

Table 3.6, together with the experimental results from Forrestal et al. (1992). We

also added the calculated penetration depths from (3.8), ignoring the entrance phase

effect. This equation results in very low penetration depths as compared with the
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Fig. 3.28 Comparing the model’s predictions (curve) with the data (squares) for the L/D ¼ 5

spherical nosed rods impacting 6061-T651 aluminum targets
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experimental data, demonstrating the strong effect of the entrance phase. This effect

is especially strong in this case where ogive nosed rods impacted high strength

targets at low velocities. On the other hand, the agreement between the measured

penetration depths and those predicted by (3.25a) is very good, demonstrating the

validity of the numerically based model for the entrance phase effect.

Finally, we compare the predictions from the numerically based model with the

penetration data for 0.3” APM2 projectiles, impacting 6061-T6 aluminum targets

from Chocron et al. (1999). They used a modified projectile which consisted mainly

of the hard steel core, with D ¼ 6.17 mm and Leff ¼ 22.4 mm. For these aluminum

targets (E ¼ 69 GPa and Yt ¼ 0.42 GPa) and ogive-nosed projectiles, we have:

Rt ¼ 1.87 GPa, from (3.9). Inserting these values in (3.23) results in: I ¼7.6 V0
2,

for this projectile/target combination. With (3.25a) we calculate the penetration

depths of these steel cores, as shown in Fig. 3.29, and find that the agreement

between model and data is very good.

Table 3.6 Comparing calculated and measured penetration depths (in mm) for the 7075-T651

aluminum targets

V0 (km/s) 0.372 0.695 0.978 1.067

P (exp) 26 70 127 147

P (from 3.25) 27.8 71.3 125.5 144.5

P (from 3.8) 15.6 54.4 107.7 128
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Fig. 3.29 The model’s prediction (curve) and the data (circles), for the hard cores of 0.3”APM2

projectiles impacting 6061-T6 targets
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3.6 The Impact of Spheres

The entrance phase regime introduces an inherent complexity to the analysis of

the penetration data for compact rigid projectiles, such as spheres and L/D ¼ 1

cylinders, since their penetration depths are well within the dominance range of the

entrance phase. Another complicating issue concerns the role of target density. In

the previous sections we have seen that, as far as rigid penetrators are concerned,

the relevant target properties are its strength and Young’s modulus, which deter-

mine its resistance to penetration. The density of the target does not play a role

because the initial shock waves, which are generated upon impact, have negligible

effect on the penetration process of rigid projectiles. Obviously, this assertion is

much less accurate for short projectiles having a blunt nose shape, and the transient

shock phase can have a non-negligible effect on their penetration process. In fact,

the initial penetration velocity of a thin plate impacting a given target depends on

the ratio of their acoustic impedances (the products of their density and sound

velocity). Since sound velocities in most metals have similar values, we expect the

density ratio to play an important role on the early deceleration of these projectiles.

Indeed, experimental data for spherical projectiles impacting different metallic

targets show a significant dependence of their penetration depths on their density

ratio (rp/rt). These complicating factors are the main reason for the lack of

analytical models for these cases. Instead, the experimental data has been presented

through empirical relations for the dependence of the normalized penetration depth

(P/D) on impact velocity and on the density ratio. Obviously, such relations can be

used only as an interpolation tool. A comprehensive review of such studies for

a large range of impact velocities is given in the survey of Hermann and Jones

(1961). Most of the data in this review is concerned with the hypervelocity range

where the spheres are heavily deforming. However, several sets of data include the

impact of rigid spheres, which are presented empirically as P/D ¼ f(rp/rt,Yt)∙V0
n,

where the values for the exponent are around n ¼ 1.5.

3.6.1 Rigid Sphere Impact

The complexity of the interaction between an impacting sphere and a semi-infinite

target can be overcome by using numerical simulations, in order to estimate the

dependence of the normalized penetration depths (P/D) on the relevant parameters.

We performed several sets of simulations, for various rigid spheres impacting

aluminum and steel targets of different strengths. The results of these simulations

showed that, indeed, the density of the target plays an important role in determining

the penetration depths of these spheres. However, it turned out that the dependence

of the penetration depths on the density ratio is very complex. Even the exponent n,

in the expression for P/D as a function of V0, turned out to depend on the density

ratio. Thus, it was practically impossible to derive simple relations to account for
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the penetration depths of rigid spheres, from these simulations. Still, for a limited

set of experiments one can have some useful information, as we show next.

Consider the simulation results for a rigid steel sphere impacting an aluminum

target with strength of 0.4 GPa, as shown in Fig. 3.30. The maximal impact velocity

in this set of simulations was V0 ¼ 1.25 km/s, in order to limit the discussion to the

no-cavitation range (V0 < Vcav). The normalized penetration depths (P/D) seem to

follow a relation of the sort: P/D ¼ kV0
n. A value of n ¼ 4/3 for the exponent was

chosen for the sake of consistency with (3.27b), which was derived from the

numerically based model for spherically nosed projectiles, at low values of the

impact factor (I). As shown in Fig. 3.30, the simulation results for steel spheres

impacting the 0.4 GPa aluminum target, follow an empirical relation of the form:

P

D
¼ k1V0

4=3 (3.28)

where k1 ¼ 1.85 for this sphere/target combination, and V0 is given in km/s.

The value of the multiplying constant (k1) depends on the strength of the target

and on the density ratio (rp/rt), as discussed above. At this stage we assume that the

functional dependence of P/D on target strength should be similar to that given by

(3.27b), as discussed above. We replace the term Rt in (3.27b) by Yt, since the

penetration resistance at very low penetration depths is expected to be governed by

Yt rather than by Rt. Thus, we write:

P

D
¼ k2

V0
2

Yt

� �2=3

(3.29)
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Fig. 3.30 Simulation results for rigid steel sphere impacting 0.4 GPa aluminum target
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with a new constant (k2) which is assumed to depend on the densities of the sphere

and the target. Inserting the value of Yt ¼ 0.4 GPa for the aluminum target in

these simulations, we find that k2 ¼ 1.0 for the impact of rigid steel spheres at the

0.4 GPa aluminum target.

In order to check the validity of this result consider the experiments of Weimann

(1974), who shot hard steel spheres at semi-infinite 2024-T351 aluminum targets.

The diameter of these spheres ranged between 3 mm and–20 mm and their impact

velocities reached 1.5 km/s. The flow stress of this aluminum alloy varies between

0.55 GPa and 0.65 GPa and an average value of Yt ¼ 0.6 GPa, results in the

following expression for the normalized penetration in this case:

P

D
¼ 1:4V0

4=3 (3.30)

where V0 is given in units of km/s. The good agreement between this expression

and the normalized penetrations of the rigid steel spheres of Weimann (1974) is

shown in Fig. 3.31.

Another important result from Weimann’s experiments concerns the crater’s

diameter, measured at the impact face, for rigid steel spheres with D0 ¼ 12.7 mm

impacting the 2024-T3 aluminum targets. The crater diameter (Dc) should be equal

to that of the sphere for impact velocities below the cavitation threshold (Vcav). For

higher velocities the cavitation phenomenon should result in an increase of the crater
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Fig. 3.31 Comparing the model’s predictions with the data for hard steel spheres impacting 2024-

T3 aluminum targets
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diameter with impact velocity. Using (3.9) with Yt ¼ 0.6 GPa for the flow stress of

the 2024 aluminum, results in a value of Rt ¼ 3.05 GPa, for the resisting stress

which this target exerts on rigid spheres. From (3.11) one gets an estimated value of

Vcav ¼ 1.48 km/s for a spherically nosed projectile (b ¼ 0.5) impacting these

aluminum targets. Thus, a plot of the experimental results for the crater diameters

as a function of impact velocity, is expected to show a marked increase near this

value of impact velocity. The experimental results of Weimann (1974) for the

normalized crater diameters (Dc/D0), at their impact face, are shown in Fig. 3.32.

The crater diameters are relatively constant for impact velocities in the range of

V0 ¼ 0.5–1.5 km/s, and they increase markedly for higher impact velocities. For

impact velocities below 0.5 km/s these spheres did not penetrate more than half of

their diameter and their crater diameter was less than that of the sphere.

The expected plateau at Dc/D0 ¼ 1.0 for impact velocities below Vcav is, in fact,

increasing slightly, and the increase in Dc/D0 for higher velocities is not an abrupt

one as predicted by the model. These trends are probably due to effects which are

not accounted by the model. Such an effect is the temperature increase of the target

as a result of high velocity impacts. An impact at 1.5 km/s of a steel sphere on an

aluminum target creates a shock wave which induces a temperature rise of about

200� in the target. This temperature change can lower the flow stress of the target

material around the crater, resulting in a decrease in the value of its Rt value and,

consequently, a lower value for Vcav. Still, the overall shape of the Dc/D0 curve in

this figure is in general agreement with the expected trend, according to the model

presented in this chapter.
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Fig. 3.32 The normalized diameters of the craters at the impact face for the 12.7 mm rigid spheres
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3.6.2 The Impact of Non-rigid Spheres

A large portion of the published data for the penetrations of spheres is actually

given for deforming spheres. In order to have an estimate for the difference between

the penetration capabilities of rigid and deforming spheres consider the data of

Weimann (1974), who used 12.7 mm steel spheres which were hardened to differ-

ent levels. These spheres impacted 2024-T351 aluminum targets at velocities up to

1.5 km/s. The results for the fully hardened and for the half-hardened spheres are

shown in Fig. 3.33. Note the lower penetrations of the half hardened (soft) spheres,

which flattened to various degrees with increasing impact velocity. Thus, the

deformation of these spheres has a strong effect on their penetration capability.

We also added the experimental results from the survey of Hermann and Jones

(1961) for steel spheres impacting 2024-T3 aluminum targets. These experimental

results were used by Goodier (1965) for his penetration model of rigid spheres,

as described above. Obviously, the penetration depths of these spheres are signifi-

cantly lower than those of the rigid spheres in the experiments of Weimann (1974).

In fact, they are even lower than the data for the half hard spheres in Weimann’s

experiments.

The methodical study of Weimann (1974) resulted in another important

observation which concerns the volumes of the craters formed by rigid and

deforming spheres. The experiments with rigid spheres of diameters in the range

of D ¼ 3–20 mm, resulted in the following relation between crater volume (Vol)

and impact velocity:
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Fig. 3.33 The effect of sphere hardness on its penetration efficiency
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Vol mm3
� � ¼ 1:14D3V0

2 (3.31)

where D is in mm and V0 in km/s. This relation shows that the crater volume is

proportional to the initial kinetic energy of the projectile, which is the expected

result since no energy was dissipated in deforming or breaking the spheres.

Weimann (1974) also measured the crater volumes in experiments with

deforming steel spheres having different hardness. The crater diameters in these

experiments were larger than those with the rigid spheres and their penetration

depths were smaller, as expected. However, the data for all the different hardness

spheres, including the rigid ones, followed the same linear relation between the

volume of the crater (Vol) and the initial kinetic energy of the sphere (Ek),

according to:

Vol: mm3
� � ¼ 0:554 Ek joulesð Þ (3.32)

This result means that the energy spent on plastically deforming the softer

spheres is too small to have an appreciable influence on their penetration process.

The high velocity impact of very hard spheres results in their shattering, rather

than their deformation, due to the low ductility of strong metals. One may expect

that a hard sphere impacting a given target will shatter at a well defined velocity,

with some loss of its penetration capability. Such reductions in penetration depth

with impact velocity have been reviewed by Hermann and Jones (1961) for

tungsten-carbide spheres impacting various targets. The data for these spheres

impacting two types of aluminum targets is shown in Fig. 3.34. Note that the
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Fig. 3.34 The penetration depths of tungsten-carbide spheres in two aluminum targets
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strength of the 2014-T6 alloy (0.5 GPa) is higher by an order of magnitude than the

strength of the 1100 F aluminum targets, resulting in the significant difference

between their corresponding penetration depths.

The threshold impact velocities for sphere shattering are practically the same for

the two types of aluminum targets, and one may conclude that these thresholds

depend on target density rather than on its strength. Indeed, the data for tungsten-

carbide spheres impacting several targets, in Hermann and Jones (1961), shows

a decreasing tendency of the shattering threshold velocity (Vshatt) with increasing

target density. The range of velocities, from the onset of penetration decline to that

where the penetration is as deep as that at the threshold, is known by the name of

“shatter range” in the military literature.

The relation between the threshold velocity for shattering (Vshatt) and the density

of the target was further investigated by Senf (1974), for hardened steel spheres. He

found that these thresholds are related to the target’s density by a simple equation :

rtV
2
shatt ¼ const (3.33)

The experimental results of Senf (1974) are shown in Fig. 3.35 for a large

number of different targets, together with the curve which fits them, rtVshatt
2 ¼ 7.8

GPa, as obtained by Senf (1974). One can use this value in order to define

a threshold shattering pressure through a Bernoulli type of relation: Pshatt ¼
rtVshatt

2/2 ¼ 3.9 GPa. This value is higher by a factor of 2 than the compressive

strength of the hard steel spheres which were used in this study (Yt ¼ 1.9 GPa).
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However, the shattering of these spheres should be related to their dynamic tensile

strengths (spall), rather than their compressive strength. A spall strength of 3.9 GPa

is a very reasonable value for steel with a compressive strength of 1.9 GPa. The

shattering of high strength projectiles deserves further analysis due it is importance

for both armor and anti-armor designs.

3.7 The Effect of Friction

One of the less understood issues in the field of terminal ballistics concerns the

friction between the projectile and target surfaces, at the high sliding velocities

which characterize the penetration process. It is usually assumed that friction

effects are small, even negligible, which is the main reason for the scarcity of

basic studies concerning this issue. Friction between the projectile and the target is

manifested by the nose coloring of the recovered projectile which has often a snow-

cap characteristic. The area of this snow-cap can be reduced by lubricating the

projectile but its appearance is an indication for surface melting during penetration.

Metallurgical examination of the target material near the crater surface shows

that a thin layer has reached the melting point, which is also an indication for

frictional forces.

One of the more interesting studies in this field is that of Kraft (1955) who

measured the friction forces on a spinning conical-nosed projectile. He used

a torsion-type Kolsky bar system in order to measure the torsional adhesion of

the projectile during penetration. The system consisted of a long metallic bar with

several strain gauges glued to its surface, at different locations and different

orientations. Longitudinal strain gauges were glued near the impact point, while

gauges oriented at 45o to the bar’s axis were glued farther along the bar. With this

arrangement the longitudinal and shear waves in the bar could be separated easily

and the effect of the torsional forces could be determined. The conical nosed hard

steel projectiles were fired from a spirally rifled 0.3” gun. The strain gauge records

which followed the torsion effects, showed a clear difference between spinning and

non-spinning projectiles. The measured torque was compared with predictions from

a theoretical model, which was based on the assumption that friction arises from

molten surfaces. It turned out that the energy consumed by the torsional friction

forces amounts to about 3% of the total energy consumption of the rigid projectile.

These results agree with other experiments, where the projectiles had different

surface finish and lubrications, resulting in friction-induced energy losses of three

to four percent.

A closely related issue concerns the influence of friction on the projectile’s

cylindrical body (the shank) during its penetration process. In order to have an

estimate for the effect of this frictional force Rosenberg and Forrestal (1988)

performed a series of experiments with long conical-nosed steel rods having

different shank designs (but the same mass) as shown in Fig. 3.36.
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These rods were shot at 25.4 mm thick 6061-T651 plates, and their residual

velocities were determined. Clearly, the reduced-shank design avoids frictional

forces on the shank, so that any difference between their residual velocities should

be attributed to friction acting on the rod’s shank. Residual velocities were deter-

mined for impact velocities in the range of 0.3–0.9 km/s and the results are shown in

Fig. 3.37. The residual velocities of the reduced-shank rods were somewhat higher,

indicating that friction on the regular rods was small but not negligible. For the

same reason, the Vbl value for the reduced-shank (arrowhead) rod was somewhat

lower, as seen in this figure.
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Fig. 3.36 The two rod
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A set of deep penetration experiments, with spherical nosed steel rods having

cut-back shanks, was performed by Forrestal et al. (1988). The resulting penetration

depths of these rods were very close to those for the regular rods, indicating that the

friction on the rod’s shank is very small in such experiments.

3.8 Concrete Targets

The penetration depths of rigid rods impacting semi-infinite concrete targets were

analyzed by Rosenberg and Dekel (2010a). They arrived at the same conclusion as

for metallic targets, namely, that the deceleration of these rods in semi-infinite

concrete targets is constant, for penetration depths beyond the dominance range of

the entrance phase. In order to demonstrate this finding, consider Table 3.7, which

lists the relevant data from the experiments of Frew et al. (1998). In these

experiments L/D ¼ 10 ogive nosed steel rods impacted concrete targets, having

a compressive strength of fc ¼ 58.4 MPa. The table lists the average decelerations

(aav) of these rods through the relation: aav ¼ V0
2/2P. The inferred (average)

decelerations in this set of experiments are clearly velocity independent, except

for the low velocity shots which resulted in lower decelerations due to the entrance

phase effect.

In order to calculate the resisting stress which these concrete targets exerted on

the rods, we use their effective length Leff ¼ 282.6 mm and an average value of

their inferred decelerations: a ¼ 2.53∙10�4 mm/ms2. Inserting these values in the

relation Rt ¼ rp∙Leff∙a, we find that Rt ¼ 0.566 GPa for these concrete targets.

It is interesting to check whether the numerically-based model presented above,

for the effect of the entrance phase in metallic targets, accounts for the depths of

penetration of the two low velocity shots in Table 3.7. We first calculate the

relation: I ¼ 64.3 V0
2, for this rod/target combination, using rp ¼ 7.85 g/cm3

Leff/D ¼ 9.27, and Rt ¼ 0.566 GPa, as derived above. With this relation for impact

factor, we obtain I ¼ 12.73 and 21.92 for the low velocity shots with V0 ¼ 0.445

and 0.584 km/s, respectively. Using these values of I in (3.25a), we obtain the

Table 3.7 The data from

Frew et al. (1998), and the

resulting inferred

decelerations

V0 (km/s) P (mm) aav (10
�4 mm/ms2)

0.445 460 2.15

0.584 790 2.16

0.796 1,230 2.57

0.972 1,960 2.41

0.980 1,950 2.46

0.992 1,960 2.51

1.176 2,670 2.59

1.225 2,830 2.65
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predicted values of P ¼ 466.5 and P ¼ 726 mm for these shots. For the V0 ¼ 0.445

km/s experiment the agreement is excellent (about 1%), while the model under

predicts the data by 8% for the higher velocity shot. Based on this example, as well

as on other low velocity impacts on concrete targets, we conclude that the numeri-

cally based model for the entrance phase effect accounts also for the data of

concrete targets.

The experiments of Forrestal et al. (1996), with ogive nosed steel rods impacting

grout targets with a compression strength of fc ¼ 21.6 GPa, resulted in a value of

Rt ¼ 0.37 GPa from the inferred decelerations of these rods. The agreement

between the constant resisting stress model and the data for these targets is shown

in Fig. 3.38.

This agreement enhances the claim that the deep penetration of rigid rods in

concrete targets is achieved by a constant deceleration. Such agreements were

demonstrated by Rosenberg and Dekel (2010a) for other concrete targets with

higher compressive strengths. The values of Rt for the different concrete targets

in the experiments of Forrestal et al. (1994, 1996) and Frew et al. (1998), were

calculated by the same manner and were related to the concrete’s unconfined

compressive strength (fc) through:

Rt ¼ 0:22 ln fcð Þ � 0:285 (3.34)

where Rt is given in GPa and fc in MPa. This relation holds for concrete and grout

targets, with unconfined compressive strengths in the range of fc ¼ 13–100 MPa, as

shown in Fig. 3.39.
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It is interesting to note that concrete and concrete-like materials, have been

considered by many workers to be strain rate sensitive, especially at rates of

102–103 s�1, through dynamic strength measurements with the Kolsky bar

system. In contrast, the analysis of Li and Meng (2003) showed that the apparent

increase in concrete strength at these strain rates is due to inertia effects, rather

than a real strengthening mechanism. This is the expected result since, according

to Li and Meng (2003), there is no physical basis for the strain-rate sensitivity of

concrete and concrete-like materials. The penetration experiments of Canfield

and Clator (1966) support this claim, although in a non-direct way. In these

experiments, ogive-nosed hard steel projectiles impacted reinforced concrete

targets at velocities up to 820 m/s. The L/D ¼ 2.16 ogive-nosed projectiles

were of two different scales, the full scale with D ¼ 76 mm and the 1:10 scale

with D ¼ 7.6 mm. A lot of care was put in manufacturing the scaled targets in

order ensure that all the relevant parameters, such as the aggregate size and the

diameter of the reinforcing bars, are properly scaled. The resulting normalized

penetrations (P/D) from the two sets of experiments of Canfield and Clator

(1966), are evenly scattered around a single curve, as shown in Fig. 3.40.

Thus, according to these results, the process of deep penetration in concrete

targets is geometrically scaled. This finding enhances the claim of Li and Meng

(2003) that concrete is not a strain-rate sensitive material, since rate sensitivity is

expected to result in a measurable size effect in experiments with these different

scales. The most important issue here is that scaled experiments with concrete

targets can be used in order to obtain relevant information about their terminal

ballistics properties.
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3.9 The Deep Penetration of Deforming Rods

The deep penetration of rigid penetrators has a rather limited application since most

of the practical cases involve eroding rods and shattering projectiles. Before we

discuss the penetration of eroding rods we wish to explore the range where these

rods deform rather than erode. Thus, we consider a rod which is rigid at low impact

velocities, but at a certain threshold velocity (Vd) it deforms during penetration. For

these impact velocities the length of the rod is shortening and the diameter of its

front portion becomes larger than its original diameter. As a result, the rod loses its

penetration capability and its penetration depths are decreasing with increasing

impact velocities. This deformation phase takes place in a narrow range of impact

velocities, as we shall see here. The threshold velocities depend on the properties of

the rod (strength and nose shape) and on the strength of the target. At higher impact

velocities, above another threshold velocity, rod erosion sets in and the penetration

process becomes that of an eroding rod. This complex behavior was noted by

Brooks (1974) in his work on short projectiles impacting steel targets. He termed

the second threshold velocity, from deforming to eroding projectiles, as the hydro-

dynamic transition velocity (VHT). The model of Tate (1977) for the hydrodynamic

transition velocity in long rod, assumes that this transition occurs when the

rod’s erosion rate is equal to the velocity of the “plastic wave front” in the rod,

which results in its gross plastic deformation.

The transition from rigid to deforming rods is analyzed here through experimen-

tal results and numerical simulations. These will be also used to construct an

analytical model for the transition velocity. We shall consider rods of intermediate
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strength (Yp) which is somewhat lower than the resistance of the target to penetra-

tion (Rt). Consider first the results of Forrestal and Piekutowski (2000), for the

penetration depths of spherically-nosed steel rods impacting 6061-T651 aluminum

targets, as shown in Fig. 3.41. The general trend of the data shows that the transition

from rigid to eroding rod behavior does not take place at a well-defined threshold

velocity. Instead, there is a certain range of impact velocities between the two

regimes, which corresponds to heavily deforming rods with no mass loss. The

penetration depths in this regime, which is marked by the shaded area in the figure,

decrease with increasing impact velocities. Thus, the actual sequence of impact

events with increasing impact velocities, is as follows (1) at low impact velocities

the rod penetrates as a rigid body up to a certain threshold velocity (Vd) which

corresponds to the onset of its deformation, (2) for higher impact velocities the rod

is deforming with no mass loss, resulting in reduced penetrations with increasing

impact velocities, (3) at a certain impact velocity rod erosion sets in and for higher

impact velocities the penetration depths are increasing again.

The post-mortem radiographs in Fig. 3.42, from Forrestal and Piekutowski

(2000), show three residual steel rods which impacted the aluminum targets at

velocities just below and above the onset of rod deformation and its erosion.
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The residual rod in the intermediate velocity shot, at V0 ¼ 1,037 m/s, is heavily

deformed at its front part, with a diameter of about 1.5 times that of its undeformed

back part. An impact velocity of 1,193 m/s resulted in an eroded rod with a much

lower penetration depth, as is clearly seen in the radiograph at the right hand side.

These features were investigated by Rosenberg and Dekel (2010b) through

numerical simulations for steel rods, with strengths between 1.2 GPa and

2.0 GPa, impacting semi-infinite aluminum targets with strengths in the range of

0.4–0.6 GPa. The simulations were carried out for impact velocities which corre-

spond to the rigid and the deforming-rod phases, with the aim to better understand

the deformation mechanism. These observations were used to construct an analyti-

cal model for the transition velocity from rigid to deforming rod behavior. The

constitutive model for both rod and target materials was the simple von-Mises

criterion, with well defined strength values and without strain hardening or strain

rate effects. This choice of constitutive relation is in accord with the stress–strain

relations of the high strength rods which were used by Forrestal and Piekutowski

(2000), and with the stress–strain curve of the 6061-T651 aluminum targets.

Figure 3.43 shows the deformation process of a 2.0 GPa steel rod as it penetrates

the 0.4 GPa aluminum target, for an impact velocity of 1.2 km/s. One can clearly

see that the deformation takes about 160 microseconds, after which the rod reaches

its final shape, with a clear distinction between the deformed and undeformed parts.

Note the similar shape of the deformed rod in this simulation and that of the residual

rod in the experiment with V0 ¼ 1.037 km/s, as shown in Fig. 3.42.

A close examination of the nose deformation process in this simulation shows

that after about 30 microseconds the diameter of the rod’s nose reached its final
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value. This is, roughly, the time which is needed for the rod to penetrate through the

dominance range of the entrance phase. Thus, the continued growth of the nose

diameter is probably due to the increasing resisting stress which the target exerts in

this range. As the rod penetrates deeper the length of its plastically deformed part

continues to grow until about 160 microseconds after impact. At this time the

velocities of its nose and tail attain similar values, as shown in Fig. 3.44.

The velocity of the rod’s tail is decreasing through a series of steps, having a well

defined amplitude, in a similar way to that of a rigid rod. The elastic waves which

reverberate in the rigid and the deforming rods are different in two respects. The

first difference is in their amplitude which, for a rigid rod, is equal to the target’s

resistance to penetration (Rt). For the impact discussed here the strength of the rod

is Yp ¼ 2.0 GPa and the target’s resistance to penetration is Rt ¼ 2.24 GPa. Obvi-

ously, the rod cannot carry an elastic wave with amplitude which is higher than its

strength. The amplitude of the velocity steps in Fig. 3.44 is Dv ¼ 0.1 mm/ms which,
according to (3.6b), corresponds to stress steps of s ¼ 2.0 GPa, exactly the strength

of the rod (Yp) in this simulation. Thus, the deceleration of the rigid part of

a deforming rod is controlled by its strength, rather than by the target’s resistance

to penetration. Another issue concerns the time durations of these velocity steps,

which are equal to the transit time of the elastic waves between the rod’s tail and the

propagating boundary of its deforming front. Obviously, these times are getting

shorter at each reverberation due to the propagating plastic front.

The deceleration of the deforming rod is expected to be much higher than that of

a rigid rod because of these shorter stress reverberations, as is clearly seen in

Fig. 3.45. The deceleration achieved a constant value at about t ¼ 80 ms, when its

front and tail velocities are still varying in a very different manner, as seen in

Fig. 3.44. The value of this constant deceleration is higher by a factor of two than
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the deceleration of a rigid rod with the same initial dimensions, since its effective

length is smaller by the same factor.

The next sets of simulations were performed by Rosenberg and Dekel (2010b) in

order to determine the threshold velocities for rod deformation. Figure 3.46 shows

the simulation results for the penetration depths of both spherical and ogive nosed

L/D ¼ 20 steel rods, with strengths of 1.6 and 2.0 GPa, impacting aluminum targets

with strength of 0.4 GPa. Note that the values for Rt of this aluminum target are:

Rt ¼ 2.24 and 1.87 GPa, for the spherical and ogive nosed rods, respectively. Thus,

these simulations deal with cases where the rods’ strengths are close to the resisting

stresses of the target. The figures also include the penetration curves for the

corresponding rigid rods, using the model presented above. These curves help in

determining the onset for the gross deformation of the rods, as their penetration

depths start to decrease with impact velocity.

The transition velocity from rigid to deforming rod increases with rod strength,

as expected. Moreover, the transition velocities for the ogive nosed rod are higher,

by a factor of about two, than those for the spherical nosed rod of the same strength,

in agreement with the experimental results of Forrestal and Piekutowski (2000). In

addition, the velocity range where rod deformation takes place is getting narrower

with increasing rod strength, which was also found experimentally by Forrestal and

Piekutowski (2000).

In order to construct an analytical model for the deformation threshold velocity

(Vd) Rosenberg and Dekel (2010b) considered the effect of the confining stresses

which the target exerts laterally on the rod’s nose. Such stresses can prevent the

deformation of the rod, or postpone it to higher impact velocities. This idea was

suggested by Segletes (2007) in order to account for the deformation pattern of
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spherical nosed tungsten-alloy rods perforating aluminum plates. His basic assump-

tion was that once the rod’s nose is embedded in the target, its bulging is constrained

by the surrounding material which exerts these lateral stresses. In order to validate

the effect of these laterally confining stresses, Rosenberg and Dekel (2010b)

performed several simulations for spherical nosed steel rods impacting aluminum

targets which had a cylindrical hole around their symmetry axis. The diameter of

these holes was 6 mm (as the rod’s diameter) and their depths varied between 6 mm

and 30 mm. The rods in these simulations had strength of 2.0 GPa and their impact

velocity was 1.2 km/s. Table 3.8 lists the resulting penetration depths, as well as the

final nose diameters of the rods in these simulations. The results from the reference

simulation, with a flat-faced target, are added for the sake of comparison. It is

evident that the lateral confinement of the rod’s nose limits its mushrooming and

enhances its penetration capability. This confining effect is significant even for the
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nosed rods and (b) ogive-nosed rods
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6 mm hole (one rod diameter), since the final nose diameter in this simulation is

considerably smaller than that for the impact on a flat target.

The penetration depths of the rod in these simulations should be compared with

those for a rigid rod impacting targets with holes of different depths. As was shown

above, such impacts should results in smaller penetration depths with increasing

hole depths, due to the diminishing effect of the free impact face. The fact that

the deforming rod penetrates deeper with increasing hole depth, strongly supports

the assumption of Segletes (2007) concerning the role of the lateral stresses.

Apparently, the effect of these stresses is strong enough to overcome the higher

resisting stresses at the deeper depths.

The model of Rosenberg and Dekel (2010b) is based on the assumption that the

onset of rod deformation takes place when the pressures on both sides of the rod/

target interface are equal. On the rod side the pressure is equal to the effective

strength of the rod Yeff, which includes the lateral support from the target (Hlat). On

the target side, the pressure at the interface is given by the target’s effective

resistance to penetration (Reff) and the dynamic (inertia) contribution, brtV
2,

where b is the nose shape factor which was defined above. Thus, the basic equation

of this model is:

Yeff ¼ Yp þ Hlat ¼ Reff þ brtV
2
d (3.35)

Rosenberg and Dekel (2010b) noted that since the deformation process starts

right after impact, the target resistance term (Reff) cannot assume its value at deep

penetration (Rt). As will be shown in Chap. 5, the resistance of the target at the very

early stage of penetration is equal to 3Yt. Thus, the effective resistance term (Reff)

was chosen as the average of these two resisting stresses, namely, 3Yt and Rt. For

the confining lateral stress they assumed a value of Hlat ¼ 3Yt through some

simplifying assumptions. These considerations led to the following expression for

the threshold velocity (Vd) between rigid and deforming rod behavior:

Vd ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Yp � D
brt

s
(3.36)

Table 3.8 Simulation results

for steel rods impacting

aluminum targets with a hole

Hole depth (mm) Final nose

diameter (mm)

Penetration depth (mm)

0 8.65 213

6 6.91 213.2

12 6.82 222.4

18 6.78 225.3

24 6.76 226

30 6.74 228
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The nose shape factors are b ¼ 0.5 and b ¼ 0.15 for the spherical and ogive

nosed rods, respectively. The large difference between these values accounts for the

much higher values of Vd for the ogive nosed rod as obtained in the simulations.

This was also the case for several sets of experiments with rods having these nose

shapes, as shown by Rosenberg and Dekel (2010b). The term D in (3.36) is due to

the averaging scheme for the resisting stresses within the entrance phase. Since the

range of influence of this phase is different for the ogive and spherical nosed rods,

their corresponding expressions for D are somewhat different, as given by:

D ¼ ðRt � 3YtÞ=2 For spherical nosed rods (3.37a)

D ¼ ðRt � 4YtÞ=2 For ogive nosed rods (3.37b)

These simple relations were found to account for all the values of Vd obtained by

the simulations of Rosenberg and Dekel (2010b), and for the experimental data of

Vd from several studies, such as Piekutowski et al. (1999) and Scheffler (1997). For

example, the ogive nosed rods used by Piekutowski et al. (1999) were of two types

of steel, the VAR 4340 with strength of 1.14 GPa, and the AerMet 100 with strength

of 1.72 GPa. These rods were shot at 6061-T651 aluminum targets, which have a

dynamic flow stress of Yt ¼ 0.42 GPa. Inserting these values of Yp in (3.36),

together with the corresponding value of Rt ¼ 1.87 GPa, results in Vd ¼ 1.57

and 1.98 km/s for the two rods. These predicted values are in excellent agreement

with the experimental results of Vd ¼ 1.58 and 1.92 km/s for the Yp ¼ 1.14 and

1.72 GPa rods, respectively.

3.10 The Transition to Finite-Thickness Targets

As was stated above, the semi-infinite target has a tutorial role in the field of

penetration mechanics. In most of the actual situations the targets are either

perforated, or they are thick enough to stop the projectile near their back surface.

In these cases the back surface of the target plays an important role through its

interaction with the projectile, as we shall see in the next chapters. This interaction

lowers the resisting stresses on the penetrator as it approaches the back surface of

the target. Moreover, the interaction can induce various failure modes in the rear

part of the target, which further lower the resisting forces on the penetrator. The

immediate result of these back surface interactions is that the thickness of the plate

which is needed to stop a given projectile, is always larger than the penetration

depth of the projectile in a semi-infinite target. This issue was studied by Senf and

Weimann (1973), with 12.7 mm rigid steel spheres impacting finite plates of 2024-

T3 aluminum. They found that the ratios of the penetration depths into the semi-

infinite targets (Pn), and the thicknesses of the finite plates which are needed to stop

these spheres (HBL), are about 0.73. One should note that the values of HBL depend
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on the specific criterion chosen for plate perforation. Thus, different values may

appear in the literature for the Pn/HBL ratio even for the same projectile/target

combinations. This issue was pointed out by Dehn (1986) who reviewed a large

number of projectile/target combinations and quotes values of Pn/HBL ¼ 0.33–0.9

for this ratio.

Kinard et al. (1958) investigated this issue at much higher impact velocities

(1.2–4 km/s) by impacting aluminum spheres at aluminum targets and steel spheres

at copper targets. These spheres perforated plates which were 1.5 times thicker than

their penetration depth in semi-infinite targets (Pn). Thus, their experiments resulted

in Pn/HBL ¼ 0.67. They also found that the penetration depth (P) at a given impact

velocity is strongly dependent on the plate thickness (H). These experimental

results were summarized, empirically, by the relation:

P

H
¼ 1:3 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P� Pn

Pn

r
(3.38)

With this relation it is possible to predict the penetration depth of a spherical

projectile in a given target, if its penetration into a semi-infinite target is known.

The minimal plate thickness which is needed to stop a given projectile is obtained

by setting P/H ¼ 1 in (3.38), resulting in a ratio of Pn/HBL ¼ 0.63. Another set of

experiments, with relatively soft L/D ¼ 1 steel cylinders impacting armor steel

targets, both finite and semi-infinite, is given by Hohler and Stilp (1990). Impact

velocities reached 4.0 km/s and the semi-infinite penetrations were substantially

smaller than the corresponding values for HBL. The corresponding ratios (Pn/HBL)

increased gradually from about 0.33 to 0.68, for impact velocities in the range of

1.0–4.0 km/s.
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Chapter 4

Plate Perforation

4.1 General Description

The process of plate perforation is the most important issue in terminal ballistics for

armor engineers who seek to optimize the weight and cost of their protective

designs. This subject has been the focus of a large number of studies which

concentrate on two issues (1) the ballistic limit velocity for a given projectile/

plate combination and (2) the projectile’s residual velocity and mass, as a function

of its impact velocity. The perforation process is influenced by the back surface of

the target which, together with the impact face, results in a time-varying force on

the projectile during perforation. Different modes of perforation are possible and

their energy absorption capabilities have to be carefully analyzed, especially when

the process involves more than a single mode. For example, when thin plates are

perforated they tend to stretch and bend around the impact area, absorbing a

significant part of the projectile’s kinetic energy through these deformations. On

the other hand, several failure modes can take place during perforation of thick

plates such as spalling, petalling, discing, and plugging. These failure modes

depend on several factors such as the impact velocity, the properties of the plate

material, and the loading geometry (plate thickness, projectile diameter and its nose

shape). These issues have been discussed by Wilkins (1978), Woodward (1990),

Corbett et al. (1996), Liu and Stronge (2000) and others. These inherent

complexities call for different analytical approaches to the process of perforation,

as compared with the deep penetration of rigid penetrators which were discussed in

Chap. 3.

Some of the failure modes in perforated plates are shown in Fig. 4.1, from

Wingrove (1973), demonstrating the wealth of phenomena that take place by

changing the nose shape of the projectile. In this work, 2014-T6 aluminum plates

10 mm thick were impacted by hard steel projectiles, 7 mm in diameter, with

different nose shapes. This aluminum alloy is known to behave in a semi-brittle

manner due to its high strength. The picture on the left side of the figure shows the

plug formed through a shearing process, by the impact of a flat-ended projectile at

Z. Rosenberg and E. Dekel, Terminal Ballistics,
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180 m/s. The diameter of the plug is equal to that of the projectile and its thickness

is somewhat smaller than the plate’s thickness. The spherical nosed projectile

induced a cone-shaped plug with a thickness of about half the plate thickness, as

seen in the middle picture. The ogive-nosed projectile induced a failure through the

discing phenomenon, which is evidenced by the detached plates at the back of the

target. Discing is a common failure mode for high strength materials, and it is due to

the bending of the back part of the plate. This bending induces tensile failure along

weak planes parallel to the face of the plate, as discussed by Woodward (1990).

Wingrove (1973) measured the resisting stress which the plate exerts on the flat

ended projectile, during a quasi-static perforation process, by continuously monitor-

ing the load in an Instron machine. He found that this force is increasing up to a point

where the penetration is about 3.5 mm, after which it decreases gradually until the

breakout of the projectile. This means that the process of plug formation is over by

the time the projectile is at a distance of about one diameter from the back surface of

the target. We shall discuss this issue when we analyze the perforation of plates by

flat-ended projectiles. These pictures demonstrate the wealth of different failure

modes which take place during perforation, complicating the analysis as far as

engineering models are concerned. The present chapter deals with perforation

processes for which a reasonable understanding exists through numerical simulations

and analytical models. A comprehensive review of various analytical models for

plate perforations has been given by Corbett et al. (1996). We shall focus on

perforation processes of metallic plates by rigid projectiles of different nose shapes

(sharp, spherical and blunt). The perforation of non rigid projectiles will be discussed

in Chap. 5, where we deal with the penetration process of eroding penetrators.

The perforation of ductile metallic plates by sharp nosed projectiles is the

simplest process for analytical modeling, since it is achieved by the so-called

ductile hole enlargement mechanism. This interaction will be discussed in detail

in the next section. The perforation of thin plates is characterized by the dishing

process, through which the plate is heavily stretched and bent (globally deformed)

in a large area around the impact point. At certain impact conditions the large

bending of thin plates is followed by a petalling phenomenon, which results in a

fracture of the deformed plate around the perforation hole. The petalling process

was analyzed by Landkof and Goldsmith (1985), Atkins et al. (1998) and

Wierzbicki (1999) by considering the energy involved in hoop stretching. Since

Flat Spherical Ogive

Fig. 4.1 Failure modes during plate perforation by rigid projectiles of different nose shapes
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our main interest is focused on terminal ballistics for armor applications we shall

not discuss the petalling process in thin plates, and the interested reader is referred

to these articles. The perforation of plates by blunt projectiles is much more

complex since several failure modes take place during this process, and the

borderlines between the corresponding regimes are unclear. The specific type of

failure depends on the normalized thickness of the plate (H/D), where D is the

diameter of the projectile. This ratio is often used in order to classify a target as

either thin or thick, as we shall see here.

4.2 The Perforation of Ductile Plates by Sharp Nosed
Rigid Projectiles

The perforation of ductile plates by sharp nosed projectiles is considered as the

simplest perforation process, since it does not involve a failure mechanism in the

plate. The passage of the projectile through the plate is achieved by pushing the

target material to the side, through the so-called ductile hole enlargement mecha-

nism. Such a process, for a conical nosed steel projectile perforating an aluminum

plate, is shown in Fig. 4.2 from Woodward (1978). One can see that a significant

amount of target material has been pushed along the projectile’s direction of

motion, creating the front and back “lips” in the target. The aluminum plate

shows no bending and there is no evidence for material failure inside the plate itself.

Rosenberg and Dekel (2009b, 2010c) followed the forces which act on the

projectile during such perforations by using numerical simulations. In order to

simplify the analysis the constitutive relations of the plate materials were based

on the simple von-Mises yield criterion without the complicating effects of strain

rate and strain hardening. Since most materials show a certain amount of strain

hardening, we recommend that the strength of such materials, in the numerical

simulations, will be taken as their dynamic flow stresses. These are the high strain

values of their stress–strain curves as determined by Kolsky bar system. As

discussed in Chap. 1, these tests are characterized by strain rates in the range of

103–104 s�1, which are the relevant rates for impact velocities at the ordnance range.

Fig. 4.2 A conical nosed projectile perforating a mild steel plate
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We start the analysis by considering the deceleration characteristics of the rigid

projectile as obtained by the numerical simulations of Rosenberg andDekel (2009b).

These simulations for a conical nosed tungsten projectile with D ¼ 8.3 mm and

Leff ¼ 25.6 mm, impacting aluminum plates with strength of 0.4 GPa, followed the

experiments of Forrestal et al. (1990). The simulation results for the residual

velocities of the projectiles were very close to the experimental data for all the

plate thicknesses. Thus, they were used by Rosenberg and Dekel (2009b) in order to

highlight the physics of the perforation process. The first issue which can be

demonstrated with such simulations concerns the nature of the deceleration histories

for these projectiles during perforation. The deceleration histories for the conical-

nosed projectiles impacting plates of different thicknesses at V0 ¼ 800 m/s, are

shown in Fig. 4.3a. It is clearly seen that, except for the H ¼ 100 mm plate, these

decelerations do not reach a constant level, due to the combined influence of the

front and back free surfaces. Even for the 100 mm plate, with H/D ¼ 12, a constant

deceleration is achieved only for a very short time, which terminates at about

t ¼ 120 ms, as shown in Fig. 4.3a. This time marks the onset of the influence of

the plate’s back surface, and it is clear that even for the thickest plate the perforation

is achieved mostly through a time-varying deceleration. In contrast, the deceleration

of this projectile in a semi-infinite target reaches a constant value after about 100 ms,
as shown in Fig. 4.3b. This is the time duration for a penetration depth of about 6D

which is the dominance range of the entrance phase for sharp nosed penetrators, as

discussed in Chap. 3.

Rosenberg and Dekel (2010c) found that the back surface starts to exert its

influence on the projectile when it is about three diameters away from this surface.

Since the dominance range of the impact phase is 6D, we may conclude that the

thickness of a finite plate should be at least 10D, in order to exert its full resisting

stress. Even for these large thicknesses most of the penetration process is achieved

through a non constant deceleration, as shown in Fig. 4.3. Due to these time-varying

decelerations, a simple analytical model for finite plate perforation is difficult to

construct. This is the main reason for the fact that researchers use integral

approaches, which are based on energy and momentum conservations, such as the

model of Recht and Ipson (1963). This is a relatively simple model which accounts

for a vast range of experimental data for both rigid projectiles and long rods. This

model, which will be termed the RI model, is described below and its validity will

be demonstrated through both experimental results and numerical simulations.

The RI model assumes that the reduction in the projectile’s kinetic energy as a

result of plate perforation is equal to the work invested in the target in order to open

a hole for the passage of the projectile. The kinetic energy of the plate and the

energy invested in its bending or stretching, are ignored by the RI model. Thus, the

energy balance between the projectile’s kinetic energy, before and after perforation,

and the work invested in the target (Wp), is given by:

1

2
MV2

0 ¼ 1

2
MV2

r þWp (4.1a)
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Fig. 4.3 The deceleration histories of a short projectile impacting several aluminum plates at

800 m/s
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where V0 and Vr are the impact and the residual velocities, respectively.

By definition, for an impact at the ballistic limit velocity the residual velocity is

equal to zero, and one can write:

1

2
MV2

bl ¼ Wp (4.1b)

Combining the two equations results in the following relation:

V2
r ¼ V2

0 � V2
bl (4.2a)

and its normalized version:

Vr

Vbl
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V0

Vbl

� �2

� 1

s
(4.2b)

This simple equation has been found to be extremely successful in accounting

for the data concerning sharp nosed rigid penetrators perforating ductile plates, as

was shown by Rosenberg and Dekel (2009b). Figure 4.4 summarizes experimental

results from Forrestal et al. (1987, 1990) and Piekutowski et al. (1996), for ogive

and conical nosed steel rods perforating aluminum plates. One can clearly see that

the model’s predictions are in excellent agreement with the data for a large range of

impact velocities. The nature of (4.2b) leads to an asymptotic approach of Vr to V0

with increasing impact velocities, since the work needed to perforate the target is

getting much smaller than the kinetic energy of the projectile

The numerical simulations of Rosenberg and Dekel (2009b) for different

projectiles, targets, and impact velocities support the basic assumption of the RI
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Fig. 4.4 The agreement between the RI model, (4.2), and data from several sources
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model, that the energy spent on perforating a given plate, is practically independent

on the impact velocity. In order to demonstrate this issue consider the simulation

results for the conical nosed tungsten projectile perforating a 12.7 mm aluminum

plate, with strength of 0.4 GPa. For impact velocities of V0 ¼ 300, 500 and 800 m/s,

the simulations resulted in residual velocities of Vr ¼ 207, 449 and 769 m/s,

respectively. Using (4.2a) we get the inferred value of Vbl ¼ 217.1, 220, and

220.5 m/s for these simulations, respectively. Thus, one can claim that the inferred

ballistic limit of this projectile/target combination is Vbl ¼ 218.8 � 1.7 m/s. The

small variation in the value of Vbl enhances the claim that the work needed to

perforate this plate, as inferred by (4.1b), is practically independent on impact

velocity. Similar results were obtained with simulations for the other plate

thicknesses, which resulted in small variations (less than 2%) in the inferred values

of Vbl at different impact velocities. In conclusion, these simulation results support

the main assumption behind the RI model, as manifested by (4.1a and 4.1b). They

also demonstrate the usefulness of numerical simulations for the validation of basic

assumptions behind analytical models.

The main significance of the RI model, as manifested by (4.2a and 4.2b), is that

there is no need to perform many experiments in order to determine the Vr(V0)

curve for a given projectile/plate combination, if the perforation is achieved by the

ductile hole enlargement process. In fact, one has to determine the value of Vbl,

accurately enough, and then use (4.2b) to derive the residual velocity for any impact

velocity. Thus, the whole physics of this perforation process is manifested by the

value of Vbl for the given projectile/plate pair. The value of Vbl can be determined

by a single experiment in which the impact and residual velocities are measured to a

great accuracy, by inserting these velocities in (4.2a). With this inferred value of Vbl

the normalized curve of Vr/Vbl as a function of V0/Vbl is obtained through (4.2b). It

is important to note that the normalized equation has a very steep slope for impact

velocities slightly above the ballistic limit velocity. In fact, the curve is practically

perpendicular to the horizontal axis at V0 ¼ Vbl. Thus, small variations in material

properties may cause a large scatter in the measured residual velocities at this range,

as is often the case with the experimental results. By analyzing the various sources

for experimental errors, Rosenberg and Dekel (2009b) recommended that the single

experiment, for the determination of Vbl, should be performed at an impact velocity

of about 1.5Vbl. Such an impact velocity is beyond the steep rise of the Vr(V0) curve,

and it is not high enough to be in the range where small errors in the measured

residual velocity cause large variations in the inferred ballistic limit velocities.

In order to demonstrate the importance of these issues consider the data of Dey

et al. (2004) concerning the perforation of 12 mm thick plates, of three different

steels, by ogive nosed steel projectiles with Leff ¼ 80 mm and D ¼ 20 mm. The

plates were made of the Weldox 460E, 700E, and 900E steels. Four experiments

were performed for each type of steel at impact velocities above the corresponding

ballistic limits, and several experiments were performed below these limits. Dey

et al. (2004) determined the values of Vbl by averaging the lowest impact velocity

which resulted in plate perforation, and the highest velocity for which there was no

perforation. This is the accepted technique to determine the value of the ballistic
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limit velocity, as explained in Chap. 1. With these values of Vbl they fitted their data

for Vr/Vbl through an empirical relation which is different than the physically based

relation of the RImodel, (4.2a).Wewish to emphasize that such an empirical fit does

not serve the science of terminal ballistics, even when it results in a better agreement

with the data, as compared with the physically based model. The impact velocities in

most of the experiments of Dey et al. (2004) were only slightly higher than the

corresponding Vbl values, and repeated experiments with the same impact velocities

did not result in the same residual velocities. These facts led to the result that the data

did not adhere to the RI model, and Dey et al. (2004) used empirical fitting

procedures. A physically-based approach to these experiments is suggested here.

The first step in the data analysis process is to determine the inferred value of Vbl

for each experiment through (4.2a), and average these values in order to determine

the value of Vbl for each plate. This procedure results in the following values:

Vbl ¼ 282.0, 317.6, and 312.5 m/s for the 460E, 700E, and 900E steel plates,

respectively. These inferred ballistic limits are slightly different than those deter-

mined by Dey et al. (2004) which were Vbl ¼ 290.6, 318.1, and 322.2 m/s, but they

are consistent with the physically-based RI model. Moreover, these values for the

inferred ballistic limits can highlight important issues concerning the perforation

mechanisms of the different plates. As an example, consider the inferred values of

Vbl for the 700E and the 900E steels which result in a non-monotonic change of Vbl

with target strength. This trend indicates that the perforation process of the hardest

steel plate cannot be described by the ductile hole enlargement process, probably

because of some failure mechanism which took place during its perforation. The

same non-monotonic trendwas also observed for the conical nosed projectiles in this

study, and it was even more pronounced in the experimental results for the flat ended

projectiles. As we shall see below the perforation process by the ductile hole

enlargement mechanism should result in a monotonic increase of Vbl with both

plate thickness and its strength. In summary, by analyzing the data through the

physically-based RI model one can follow such deviations from the ductile hole

enlargement process, as described here. The following discussion concentrates on

the ductile hole enlargement process in metallic plates, with the aim of establishing a

relation between the compressive strength of the plate material and its resistance to

peroration. Such a relation will lead to an analytical model for the ballistic limit

velocity of a given projectile/plate pair, in terms of their relevant physical properties.

There have been several attempts at constructing analytic models for the ballistic

limit velocity which are based on the work invested in the target during perforation.

This issue has been thoroughly analyzed by the great physicists, the Nobel laureate

Hans A. Bethe (1941) and G.I. Taylor (1948), who worked at the war ministries in

the U.S and England during the second world war. Short summaries of their work

can be found in Woodward (1978) and in Corbett et al. (1996), for the resisting

stress which has to be overcome in order to open a hole in a metallic plate. In order

to simplify their analysis, Bethe and Taylor assumed plane stress conditions in the

plate and that the diameter of the hole is of the order of the plate thickness (H).

The expressions which they obtained for this work (Wp) were similar to each other

but differed by their numerical factors, according to:
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Wp ¼ pr2H � 2Yt Bethe 1941½ � (4.3a)

Wp ¼ pr2H � 1:33Yt Taylor 1948½ � (4.3b)

where Yt is the strength of the plate material and r is the radius of the hole which is,

in fact, the radius of the perforating projectile.

One can interpret these equations as defining the effective stresses which resist

the opening of the hole, which are equal to 2Yt and 1.33Yt according to the analyses

of Bethe and Taylor, respectively. These values are lower than the threshold

pressures which are needed to open a spherical or cylindrical cavity in a large

elasto-plastic solid, as calculated (also during WW II) by Bishop et al. (1945). As

described in Chap. 3, the cavity expansion analysis results in values of the order of

(3–4)Yt for these threshold pressures. The values obtained from Eqs. 4.3 are much

lower than the resisting stresses on a rigid projectile during its penetration in a semi-

infinite target, which amount to Rt ¼ (5–6)Yt, as derived in Chap. 3. The low

resisting stresses from (4.3) are due to the fact that the stress state in a finite

thickness plate is close to a plane stress, where the stress normal to the plate is

zero. On the other hand, the three dimensional state of stress in a semi-infinite target

is closer to a plane strain situation, which results in much higher resisting stresses.

Rosenberg and Dekel (2010c) presented a numerically-based approach in order

to derive the effective resisting stress on the perforating projectile, by using 2D

numerical simulations. Their basic idea was to replace the actual time-varying

stresses by a constant (effective) stress, which results in the same energy loss for

the projectile. This effective resisting stress (sr) was defined through the equation

of motion for the rigid projectile as it perforates a plate of thickness H:

F ¼ M
dV

dt
¼ MV

dV

dx
¼ pr2sr ¼ const: (4.4)

where M is the projectile’s mass and r is its radius. Integrating this equation

between the boundaries: V0 ¼ Vbl at x ¼ 0, and V ¼ 0 at x ¼ H, results in:

MV2
bl

2
¼ p � r2Hsr (4.5a)

Using the definition of Leff, through M ¼ rppr
2Leff, and rearranging (4.5a), lead

to the following relation for Vbl:

Vbl ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
2Hsr
rpLeff

s
(4.5b)

This simple equation can be used in order to derive the ballistic limit velocity for

any projectile/plate pair, if the corresponding value of sr is known. In principle, one

can determine the value for Vbl even without performing a single experiment if a

reliable model is constructed for sr, in terms of the relevant parameters for the

projectile and the target plate. One of these parameters is, obviously, the thickness
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of the plate (H). The dependence of sr on H should be quite strong, considering the

values which sr attains for the extreme cases of thin and thick plates, as discussed

above. A plausible assumption is that the relevant measure for the plate thickness is

the ratio H/D, where D is the diameter of the projectile. Thus, thin plates are those

with H/D � 1.0, plates of intermediate have H/D � 1, and thick plates are those

with H/D � 1.0.

The analytical model of Thomson (1955) for thin plates, gives the lower bound

on sr by considering the perforation process through the dishing mechanism, which

is shown schematically in Fig. 4.5. According to Thomson’s model the resisting

stress on the projectile approaches the value of sr ¼ Yt/2 for very thin plates. The

dishing mode of perforation involves also plate stretching and bending, which have

to be analyzed through further modeling, as in Woodward and Cimpoeru (1998).

We can summarize the analytical expressions for the resisting stresses from the

models presented above. According to Thomson’s model the limiting value of the

resisting stress is equal to sr ¼ Yt/2 for very thin plates. For intermediate plate

thicknesses, of the order of the projectile’s diameter, the models of Bethe (1941)

and Taylor (1948) result in values in the range of sr ¼ (1.33–2)Yt. As the thickness

of the plate increases its free surfaces become less influential, and sr should

approach values of Rt ¼ (5–6)Yt, as derived in Chap. 3. Thus, by moving from

very thin plates to very thick ones, the effective resisting stresses (sr) are expected

to increase by an order of magnitude. A reasonable assumption is that the proper

measure of a plate’s resistance to perforation is the normalized stress sr/Yt, where

Yt is the compressive strength of the plate material. The following discussion of the

perforation process by the hole enlargement process, is aimed at determining the

relations between the normalized effective stress (sr/Yt) and the normalized thick-

ness of the plate (H/D).

The best way to perform a rigorous parametric study for these relations is

through numerical simulations with well defined variations for each parameter.

This was done by Rosenberg and Dekel (2010c) who constructed a numerically-

based model for sr, through a large number of simulations with different projectile/

plate combinations. With these simulations they were able to determine the depen-

dence of sr on the plate’s thickness and on the strength of the plate material. The

results were analyzed in terms of the relation between the normalized parameters

sr/Yt and H/D, for steel and aluminum plates of different strengths and thicknesses

in the range of H/D ¼ 0.026–15. The nose shapes of the projectiles were either

conical or ogival with various sharpness, in order to cover a large range of sharp

nosed projectiles. The value of sr for each projectile/target combination was

Fig. 4.5 Schematic description of the dishing process in thin plates
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determined through the following steps (1) Several simulations with impact

velocities above Vbl resulted in the corresponding values for the residual velocities

(Vr). (2) These values of Vr were inserted in (4.2a) and the inferred ballistic limit

velocity was obtained. (3) This inferred Vbl was inserted in 4.5b, and the value of

sr was determined for the particular projectile/plate pair. The normalized values of

sr/Yt as a function of H/D, for all the different projectile/plate combinations, are

shown in Fig. 4.6.
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Fig. 4.6 The simulation results for sr/Yt vs. H/D. (a) Thick plates with H/D 	 1.0 and

(b) intermediate and thin plates with H/D 
 1.0
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The simulation results can be grouped into three families according to their

corresponding values for H/D. For thin plates (H/D 
 1/3), the results follow a

straight line with a relatively steep slope, which is given by:

sr
Yt

¼ 2

3
þ 4

H

D

� �
for :

H

D

 1

3
(4.6)

For intermediate plate thicknesses (1/3
H/D
1.0), the results fall on a horizon-

tal line, according to:

sr
Yt

¼ 2:0 for :
1

3

 H

D

 1:0 (4.7)

Since sr ¼ 2Yt for this range of plate thicknesses, a simple relation is obtained

for their Vbl values from (4.5b), as follows: Vbl ¼ 2(HYt/rpLeff)
0.5.

For the thick plates with H/D	1, the values of sr increase asymptotically

towards their corresponding Rt values for semi-infinite targets. Rosenberg and

Dekel (2010c) chose the following relation between (sr/Yt) and (H/D), to represent

their numerical results for these plates:

sr
Yt

¼ 2:0þ 0:8 ln
H

D

� �
for :

H

D
	 1:0 (4.8)

Several points are worth noting here. The numerical results of sr for all the

projectile/plate combinations are within �5% of these expressions. Thus, the

maximum error in determining Vbl, through (4.5b) should be �2.5%, which can

be considered as a reasonable agreement between model and data. Rosenberg and

Dekel (2010c) showed that such an agreement is, indeed, obtained between the

predicted Vbl values and several sets of experimental data, as will be demonstrated

below. The constant value of sr/Yt ¼ 2.0, for the intermediate plate thicknesses

with 1/3<H/D<1.0, is exactly the value calculated by Bethe (1941) as given by

(4.3a). This agreement is very satisfying since Bethe’s analysis deals with plates of

intermediate thicknesses, where H � D. The constant plateau in the values of sr/Yt

for the intermediate plate thicknesses is probably due to the plane stress conditions

which characterize the stress state of these plates. The transition to the plane strain

condition takes place, apparently, at a value of H/D ¼ 1.0. Obviously, these

observations need further analytical modeling. The asymptotic increase in sr/Yt

with H/D for thick plates is quite expected since the values of sr should approach

the corresponding values of Rt ¼ (5–6)Yt, which were derived in Chap. 3. As was

mentioned above, according to the model of Thomson (1955) the limiting value of

sr, for diminishing plate thicknesses, is Yt/2. This value is close to the limiting

value of 2/3Yt from these simulations, as given by (4.6). One may wonder about the
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physics behind a mechanism which assigns a finite resisting stress to a plate whose

thickness approaches zero. A qualitative explanation can be given by considering

the fact that as the plate is getting thinner, a larger area is participating in the dishing

process, resulting in a non vanishing value for the energy absorbed by the dishing

process.

The simulations for thin plates (H/D
1/3) showed that the plates were heavily

bent and that a dishing process characterized the perforated area, as expected. In

fact, for a normalized plate thickness of about H/D ¼ 1/3, the perforation process

changed from dishing to the ductile hole enlargement, as shown in Fig. 4.7. These

simulations were performed for aluminum plates perforated by an ogive nosed

projectile, with D ¼ 6 mm. The plate thicknesses were H ¼ 1.5, 1.8 and 3 mm,

corresponding to normalized values of H/D ¼ 0.25, 0.3 and 0.5, respectively. The

ductile hole enlargement in the thicker plate (H/D ¼ 0.5), is characterized by very

small plate bending and by the appearance of front and back “lips” around the hole.

The dishing process is clearly evident for the thinner plate (H/D ¼ 0.25), and to a

lesser extent for the H/D ¼ 0.3 plate. Considering these simulation results, one may

conclude that the value of H/D ¼ 1/3 marks the transition in the perforation

mechanism from dishing to ductile hole enlargement. Due to the scatter in the

simulation results, as shown in Fig. 4.6b, this value should be viewed as an average

value for different projectile/plate combinations.

In conclusion, the results from this numerically-based model are in agreement

with the analytical models of Thomson (1955) and Bethe (1941), and with the

expected increase of sr for very thick targets. The numerical simulations covered a

large variety of projectiles and plates and the resulting relations for sr, as given by

(4.6, 4.7 and 4.8), can be used for the derivation of Vbl values for many projectile/

plate combinations, through (4.5b). In order to demonstrate the predictive capabil-

ity of this numerically based model for Vbl, in conjunction with the RI model for

H/D=0.25 H/D=0.3 H/D=0.5

Fig. 4.7 The change from dishing to the hole enlargement process with increasing plate thickness
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Vr/Vbl we compare their predictions with several sets of experimental data from

different sources, which cover a large range of H/D and Yt values.

Consider first the experiments of Borvik et al. (2004) for conical nosed steel

projectiles, with Leff ¼ 80 mm and D ¼ 20 mm, perforating 5083-H116 aluminum

plates with thicknesses in the range of H ¼ 15–30 mm. The corresponding H/D

ratios ranged between H/D ¼ 0.75–1.5. The experimental data for the normalized

velocities, Vr/Vbl vs. V0/Vbl are given in Fig. 4.8. The ballistic limit velocities, as

obtained by these experiments, were: Vbl ¼ 216.8, 249, 256.6, and 314.4 m/s for

the H ¼ 15, 20, 25, and 30 mm plates, respectively. The predicted curve for Vr/Vbl

in terms of V0/Vbl from (4.2b) of the RI model is also shown in this figure, and it is

clearly seen that this model accounts for the experimental results.

In order to check the ability of the numerically-based model to account for the

experimental values of Vbl, the flow stress of the aluminum plates has to be known.

The different plates which were used by Borvik et al. (2004) had different flow

stresses, as depicted by their corresponding stress–strain curves in Borvik et al.

(2009). Thus, the following values for Yt were considered in the model: Yt ¼ 0.48

GPa for the 15 mm plate, Yt ¼ 0.45 GPa for the 20 mm and 30 mm plates, and

Yt ¼ 0.4 GPa for the 25 mm plate. Inserting these values in (4.7) for the 15 mm and

20 mm plates, and in (4.8) for the 25 mm and the 30 mm plates, result in the

following values for the effective resisting stresses: sr ¼ 0.96, 0.9, 0.87 and

1.06 GPa, for the H ¼ 15, 20, 25 and 30 mm plates, respectively. Inserting these

values of sr in (4.5b) results in the predicted values of: Vbl ¼ 214, 239.5, 263.2 and

318.2 m/s, for the 15, 20, 25 and 30 mm plates, respectively. These values are in

excellent agreement with the corresponding experimental value of Borvik et al.

(2004): Vbl ¼ 216.8, 249, 256.6, and 314.4 m/s. As far as these experiments are

concerned, the RI model for the residual velocities, and the numerically-based

model for Vbl from Rosenberg and Dekel (2010c), successfully account for the

data of sharp nosed projectiles perforating ductile metallic plates.

Cheeseman et al. (2008) determined Vbl values for relatively thick 2139-T8

aluminum plates, with compressive strength of Yt ¼ 0.5 GPa, which were impacted
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by 0.300APM2 and 0.500APM2 projectiles. The normalized thicknesses of the alumi-

num plates were in the range of: H/D ¼ 3.6–6.6, for which (4.8) has to be used in

order to determine the effective resisting stress (sr) for each plate. This value is then

inserted in (4.5b) in order to derive Vbl for the specific projectile/plate pair. The

model’s predictions were calculated for the hard steel cores of these projectiles, with

D ¼ 6.2 mm, Leff ¼ 22.4 mm for the 0.300 core, and D ¼ 10.8 mm, Leff¼ 34.8 mm

for the 0.500core. Table 4.1 shows the excellent agreement between the predicted Vbl

values and the experimental V50 values from Cheeseman et al. (2008).

Gupta et al. (2007) used thin (0.5–3.0 mm) plates of 1100-H12 aluminum, with

strength of Yt ¼ 0.28 GPa, which were perforated by ogive nosed hollowed steel

projectiles, with D ¼ 19 mm and Leff ¼ 23.6 mm. This is a case study for very low

H/D values, ranging from 0.0263 to 0.158. The predicted values of sr were calculated

by (4.6), which applies for normalized thicknesses in the range of H/D
1/3. Table 4.2

shows the agreement between the predicted Vbl values and the experimental data

which were bounded by the highest impact velocity with no perforation (V1), and the

lowest impact velocity with perforation (V2). The good agreement between model’s

predictions and experimental results enhances the validity of the numerically-based

model for very low H/D values, where dishing is the main perforation mechanism.

Up to this point both the simulations and the experiments dealt with materials

which behave in an ideal elastic-perfectly plastic manner, obeying the von-Mises

yield criterion. Many metals and alloys experience a significant strain-hardening

effect, without having a well-defined value for their flow stress. In order to investi-

gate the effect of strain-hardening on the perforation process, Rosenberg and Dekel

(2010c) performed a series of numerical simulations for conical nosed rigid steel

Table 4.1 Comparing the model’s predictions for Vbl (in m/s) with the data from Cheeseman

et al. (2008)

0.300 projectiles 0.500 projectiles

H (mm) V50 (exp) Vbl (pred) H (mm) V50 (exp) Vbl (pred)

25.2 682.6 672 39 657.3 653

32.3 783.2 780 40 668 663.4

39 860.9 876 40.9 677.4 673

40.9 893 902 52.1 785.4 783.3

57.2 819.5 830

64.1 873.5 884.5

Table 4.2 Comparing the model’s predictions for Vbl with the data from Gupta et al. (2007)

H (mm) H/D V1 (m/s) V2 (m/s) Vbl (pred)

3.0 0.158 90.4 96.9 108.4

2.5 0.1315 79.4 96.7 94.6

2.0 0.105 67.2 83.7 81

1.5 0.079 54.3 62.9 66.4

1.0 0.0526 45.3 51.3 51.5

0.71 0.03 38.4 44.3 41.4

0.5 0.0263 33.7 40.7 34.1
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projectiles perforating stainless steel plates of the 304 alloy. This material exhibits a

significant hardening effect with a strength increase from 0.34 GPa at yield, to

about 2.5 GPa at failure. Material constants for these simulations were taken from

Steinberg’s model, as given in the code library, according to: Y ¼ Y0(1 + bpep)
n,

with Y0 ¼ 0.34 GPa, bp ¼ 43, and n ¼ 0.35. These simulations, for various plate

thicknesses, were analyzed by the method described above. Namely, the impact and

residual velocities were used to determine Vbl for each plate thickness, and this

value was inserted in (4.5b) in order to derive the corresponding value of sr. The

results of these simulations, in terms of sr as a function of H/D, are shown in

Fig. 4.9. Obviously, the values for sr were not normalized in this presentation, since

Yt does not have a well defined value for this strain hardening steel. Figure 4.9a

presents the simulation results for the whole range of plate thicknesses, and

Fig. 4.9b is an expanded view of the results for plate thicknesses in the range of

H/D
1.5.
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Fig. 4.9 Simulation results for 304 stainless steel plates perforated by conical-nosed rigid

projectiles
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All the features observed for the elastic-perfectly plastic solid are also evident for

the strain-hardening 304 steel. These features include the fast rise ofsr with H/D for

low values of H/D, a constant plateau for H/D ¼ 0.4–1.5, and the subsequent

increase of sr for H/D>1.5. The fact that the transition from dishing to the hole

enlargement process takes place at about H/D ¼ 0.4, rather than at H/D ¼ 1/3, is

probably due to the strain hardening property of this steel. The same argument holds

for the span of the plateau region which extends to H/D ¼ 1.5, rather than to

H/D ¼ 1.0 for the elastic-perfectly plastic plates.

The simulations resulted in a value of sr ¼ 1.66 GPa at the plateau between

H/D ¼ 0.4 and H/D ¼ 1.5. Assuming that the same ratio of sr/Yt ¼ 2.0 also holds

for strain hardening materials, we obtain an effective strength of Yeff ¼ 0.83 GPa

for the 304 stainless steel. This is an intermediate value between the values of

Y0 ¼ 0.34 GPa and Ymax ¼ 2.5 GPa, representing an average strength for the

different elements in the plate around the expanding hole. Extrapolating the straight

line in the lower range of H/D, to the limit of H/D ¼ 0, results in a value ofsr ¼ 0.55

GPa. This value corresponds to a ratio of sr/Yeff ¼ 2/3 for the limiting stress of very

thin plates, which is the same ratio for the elastic-perfectly plastic plates.

A linear fit through the simulation results for H/D
0.4, as shown in Fig. 4.9b,

gives a slope of 3.33 which is somewhat lower than the corresponding slope of 4.0

for the von-Mises materials. One can conclude that these results account for the

response of other strain-hardening materials, and that their sr/Yeff values for thin

plates are bounded between (4.6) and the corresponding relation for the 304 steel:

sr
Yeff

¼ 2

3
þ 3:33

H

D
for H=D 
 0:4 (4.9)

Obviously, the exact values for Yeff depend on the parameters which describe the

stress–strain curve of the plate material (Y0, Ymax, bp and n), and more work is

needed through analytical modeling, in order to account for these numerically-

derived relations.

The analysis presented here applies for ductile plates which experience no failure

during the perforation process. When quasi-brittle plates, such as the strong aluminum

alloys 2024-T351 or 7075-T651, are impacted by sharp nosed rigid projectiles theymay

experience significant failure, with large pieces of material sheared off their back sides

through scabbing and discing. An example for such a discing process, in 2014-T6

aluminum plate impacted by an ogive nosed projectile, was shown in Fig. 4.1. Such a

failure results in a reduced effective thickness of the target, which lowers its ballistic

limit velocity. This was the case with the experiments of Borvik et al. (2010), who

impacted ogive nosed projectiles with Leff ¼ 80 mm and D ¼ 20 mm, at 20 mm thick

7075-T651 aluminum plates. Cross sections of these plates showed that a large volume

from their back side was detached through this brittle failure. The resulting value for the

ballistic limit velocity for this plate was Vbl ¼ 208.7 mm. This value is much smaller

than the corresponding value of Vbl ¼ 249 mm for a 20 mm thick 5083-H116 alumi-

num plate perforated by a conical nosed projectile of similar dimensions, as determined
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by Borvik et al. (2004). Thus, in spite of an increase by a factor of nearly two in their

strength, the value ofVbl for the stronger 7075 alloy is lower (by about 15%) than that of

the ductile 5083 plate, due to the back surface failure of the quasi-brittle aluminum.

The damaged volume at the back of a brittle plate is directly related to the diameter

of the impacting projectile. Thus, the failure in the 7075-T651 aluminum plates is

expected to be less important for perforation tests with smaller projectiles, and the

results of these experiments are expected to follow the trends discussed above.

In particular, the ballistic limit velocities of plates with large H/D values and different

strengths, should be proportional to their corresponding strengths through (4.5b). This

was, in fact, the result obtained by Forrestal et al. (2010) for 20 mm and 40 mm

aluminum plates of 7075-T651 and 5083-H116 alloys, which were impacted by 0.300

AP projectiles. For example, the experimental values of Vbl were 513 and 633m/s, for

the 20 mm plates of the 5083 and 7075 alloys, respectively. Thus, the stronger plate

resulted in a higher value for Vbl against the hard steel cores of the 0.3
00 AP projectile

(D ¼ 6.17mm), as expected by the model.We can also compare the predictions from

the numerically-based model, with these experimental results. Using (4.8) one obtains

for these 20mm plates (with H/D ¼ 3.24) a value ofsr/Yt ¼ 2.94 for the normalized

resisting stress. The corresponding stress–strain curves for the two alloys show

that their flow stresses are 0.4 and 0.68GPa, for the 5083 and 7075 alloys, respectively.

Thus, the resisting stresses of these projectile/plate pairs are sr ¼ 1.176 and

1.716 GPa, and with (4.5b) we get the predicted values of Vbl ¼ 517.5 and 639 m/s,

for the 5083 and 7075 plates, respectively. These values are in excellent agreement

with the experimental results, strongly enhancing the validity of the numerically-

basedmodel.Moreover, this agreement supports the claim that the quasi-brittle nature

of thick plates does not affect their ballistic performance.

One of the practical questions in armor design is whether a laminated target is

more efficient, as compared with a monolithic target of the same total thickness. In

order to highlight this issue, for the case of sharp nosed projectiles perforating

ductile targets, consider a set of N plates each of thickness h, separated so that the

projectile exits each plate before impacting the subsequent one. The residual

velocity of the projectile as it exits from each plate is equal to its impact velocity

at the next one. Thus, one can write the energy balance, (4.2a), for each plate and

obtain a set of N equations:

V2
ri ¼ V2

0i � V2
bli (4.10a)

where

Vri ¼ V0ðiþ1Þ (4.10b)

Summing up these equations and noting that identical plates (thickness and mate-

rial) have the same Vbl values, we find that the final residual velocity is given by:

V2
r ¼ V2

0 � NV2
blðhÞ (4.11a)
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where Vbl(h) is the value for a plate of thickness h. Thus, the ballistic limit velocity

of this widely-spaced laminated target is given by:

VblðN � hÞ ¼
ffiffiffiffi
N

p
� VblðhÞ (4.11b)

One can estimate the efficiency of a laminated target by considering its Vbl value

in comparison with that of a monolithic target of the same total thickness (H). This

estimate can be made by comparing the terms (srH)
0.5 and (srh)

0.5 which appear in

(4.5b) for Vbl. If sr has the same value for the monolithic plate (of thickness H) and

for the single plate in the laminate (of thickness h), the two targets should have the

sameVbl values. This situation occurs only when both H/D and h/D are in the plateau

range forsr, with normalized thicknesses between1/3 and 1.0. For all the other cases

sr(H) is higher than sr(h), and the monolithic target should have a higher value for

Vbl than the laminated one. An intermediate case is obtained when the plates are

closely packed and they support each other during perforation. Thus, one can write:

VblðHÞ	VblðN�hÞclosely packed	VblðN�hÞwidely spaced¼
ffiffiffiffi
N

p
VblðhÞ (4.12)

A quantitative estimate for these inequalities can be obtained by considering an

example for a plate of thickness H ¼ 4D, which is split in several ways. For the

monolithic plate, with H/D ¼ 4, we find from (4.8) thatsr ¼ 3.11Ywhich, by (4.5b),

results in Vbl ¼ 5(YD/rpLeff)
0.5 for this plate. For the sake of simplicity let us define

the termV* ¼ (YD/rpLe)
0.5, so that for themonolithic plate (withH ¼ 4D)we obtain

Vbl ¼ 5 V*. The value of Vbl for a target composed of two plates, each of thickness

2D, should beVbl ¼ 4.52V*, according to (4.11b).We have used (4.8) to calculatesr

for theH ¼ 2Dplate, and inserted this value in (4.5b) to find thatVbl ¼ 3.2V* for this

plate. Repeating the same procedure for a target composed of two plates, of thickness

D and 3D, results inVbl ¼ 4.61V* for this pair. Obviously, the same value is obtained

for the two ordering possibilities. Finally, for a target consisting of four plates, each of

thickness H ¼ D, we find that Vbl ¼ 4 V*. These examples give an estimate of the

expected reductions in Vbl for different plate laminations, as compared with the

value of Vbl for the monolithic plate. These estimates also show that the ordering of

the plates plays no role, as far as their Vbl values are concerned. As mentioned above,

these estimates are relevant for sharp nosed projectiles perforating ductile targets

through the hole enlargement process. On the other hand, perforations by blunt

projectiles may result in different ordering of the ballistic efficiency, as will be

discussed in Sect. 4.4. Dey et al. (2007) reviewed much of the published data

on laminated targets and concluded that they show contradicting results. These

discrepancies can be explained, at least partly, by the fact that these works included

projectiles of different nose shapes and targets with different H/D values.

In order to demonstrate the validity of the analysis presented here, consider the

experiments of Dey et al. (2007). They shot ogive nosed steel projectiles, with

D ¼ 20 mm and Leff ¼ 80 mm, at plates of Weldox 700E steel, and determined

the ballistic limit velocities for several plate configurations. The three different
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setups, and their corresponding Vbl values, were (1) monolithic plates, 6 mm and

12mm thickwith Vbl ¼ 198m/s and 318m/s, respectively, (2) twowidely separated

6 mm plates with Vbl ¼ 280 m/s, and (3) two closely packed 6 mm plates with

Vbl ¼ 288 m/s. The value of Vbl ¼ 280 m/s for the two widely spaced 6 mm

plates, is equal to exactly √2 ¼ 1.414 times the value of Vbl ¼ 198 m/s for the

single 6 mm plate, as predicted by (4.11b). For the closely packed 6 mm plates,

the experimental value of Vbl ¼ 288 m/s is somewhat higher than Vbl ¼ 280 m/

s for the widely spaced plates, as expected by the inequality 4.12.

Ben-Dor et al. (2006) summarized the results of several studies concerning the

ballistic performance of monolithic and layered targets of the same total thickness.

In general, these works support the observations discussed above as depicted by

inequality 4.12. For example, Almohandes et al. (1996) impacted monolithic and

layered mild steel targets having total thicknesses in the range of 8–14 mm, with a

standard 0.300 projectile. They found that monolithic plates were more effective than

laminated targets, for all configurations. The difference in performance diminished

with impact velocity and the effectiveness of the laminated targets, whether in

contact or spaced, decreased with the number of plates comprising each target.

Another set of experiments, with aluminum and steel targets, was performed by

Gupta and Madhu (1997). They determined their ballistic efficiencies against

0.300AP projectiles through residual velocities measurements. The experimental

results showed that for plates with thicknesses of H/D>1.0, there is no significant

change in the ballistic performance due to layering. For thinner plates they found

that the layered targets resulted in higher residual velocities, thus, lower ballistic

limits, as compared with the monolithic targets, in accord with the analysis

presented above. In addition, spaced plates resulted in somewhat lower ballistic

limits than the closely stacked targets. Similar results were obtained by Marom and

Bodner (1979) for aluminum plates. The monolithic target performed better than

the closely stacked one but its performance was somewhat lower than that of a

widely spaced laminate. These results for widely spaced laminates can be explained

by considering the fact that the projectile is deflected by the individual plates, and

these deflections are further enhanced by successive impacts. In conclusion, the

laminated targets should be less effective against sharp nosed projectile, as com-

pared with monolithic targets of the same total thickness. In Sect. 4.4 we arrive at a

different conclusion for the perforation of these targets by blunt nosed projectiles.

4.3 Plate Perforation by Spherical Nosed Projectiles

This is an intermediate case between the impacts of sharp and flat-nosed projectiles.

It has been observed, empirically, that spherically nosed projectiles perforate a

ductile plate in a similar way to that of a sharp nosed projectile, as long as the plate

is not too thin. This was shown, for example, by Borvik et al. (2002) who shot hard

steel projectiles, with D ¼ 20 mm, at 12 mm plates of Weldox 460E steel, and

found that the ballistic limit velocities for the conical and spherically nosed
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projectiles were practically the same. A close examination of the sectioned plates

indicates that their perforations were achieved through the ductile hole enlargement

for both nose shapes. The only difference between the two sets of experiments was

due to the ejection of a small plug from the target ahead of the spherical nosed

projectile, which is a common feature for perforations by blunt projectiles. Thus,

the perforation process by a spherical nosed projectile is, indeed, an intermediate

case between blunt and sharp nosed projectiles. An important property of the

experimental Vr(V0) curves for blunt projectiles is that they do not tend asymptoti-

cally towards the Vr ¼ V0 line, as is the case with sharp nosed projectiles. Instead,

the data asymptotically approach a straight line below the Vr ¼ V0 line, with an

offset which increases with plate thickness. This offset is due to the presence of the

plug, and its magnitude is related to the kinetic energy of the plug, which has to be

accounted for in the energy balance equation of these perforations.

In order to construct a simple model for the residual velocities of spherically

nosed projectiles we follow the energy balance relation in a similar manner to that

with sharp nosed projectiles, as given by (4.1a). The only difference is due to the

kinetic energy of the plug which has to be accounted for, and one can write:

1

2
MV2

0 ¼ 1

2
MV2

r þ
1

2
mV2

r þWp (4.13)

where m is the mass of the plug, which is assumed to move at the same velocity as

the exiting projectile (Vr). This is only a rough approximation since these plugs

move ahead of the projectile at a higher velocity.

At the ballistic limit velocity we have Vr ¼ 0 which results in MVbl
2/2 ¼ Wp as

in (4.1b), and we obtain:

Vr

Vbl
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

1þ m=M

s
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V0

Vbl

� �2

� 1

s
(4.14)

This equation accounts for the asymptotic approach of the experimental Vr(V0)

curves to straight lines which are offset below the Vr ¼ V0 line. The magnitude of

this offset depends on the mass ratio m/M, as is evident by (4.14).

For thin plates, with H 
 D, one may assume that the plug thickness is equal to

that of the plate and that its diameter is close to that of the projectile. For this case

the mass ratio is given by:

m

M
¼ rtH

rpLeff
¼ l (4.15)

where Leff is the effective length of the projectile.

Inserting this value in (4.15) results in the following expression for the residual

velocity:
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Vr

Vbl
¼

ffiffiffiffiffiffiffiffiffiffiffi
1

1þ l

r
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V0

Vbl

� �2

� 1

s
(4.16)

When the projectiles are rigid spheres, with an effective length of Leff ¼ (2/3)D,

the equation takes the form:

Vr

Vbl
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

1þ 3rtH
2rpD

vuuut �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V0

Vbl

� �2

� 1

s
(4.17)

In order to demonstrate the validity of this analysis we show in Fig. 4.10 a compari-

son between measured and calculated values of Vr(V0) for the experiments of Senf

and Weimann (1973). In these experiments hard steel spheres, with D ¼ 12.7 mm,

perforated 2024-T3 aluminum plates with thicknesses in the range of H ¼ 3–25 mm.

The following experimental values of Vbl were used in (4.17): Vbl ¼ 0.2, 0.34, 0.5,

0.66 and 0.95 km/s, for the H ¼ 3, 6, 10, 15 and 25 mm plates, respectively.

Figure 4.10 shows that the predicted curves account for the experimental results and

that they approach the straight lines which are offset from the Vr ¼ V0 line by the

predicted distance.

Another set of measurements which can be used to demonstrate the applicability

of this model, is given by Borvik et al. (2002) for hemi-spherical nosed steel

projectiles, with Leff ¼ 80 mm and D ¼ 20 mm, perforating 12 mm thick Weldox
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Fig. 4.10 Comparing predicted and measured residual velocities for hard steel spheres perforating

aluminum plates
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460E steel plates. Choosing a value of Vbl ¼ 285 m/s for this projectile/target

combination, the comparison between the measured and calculated values of Vr,

from (4.16), is given in Table 4.3.

The mass of the plug and its velocity which were measured in these experiments

are different than those assumed by the model. In fact, the plugs were cup shaped

rather than cylindrical, and their thicknesses ranged between (0.5–0.7)H, where H is

the plate thickness. The smaller thickness of these plug indicate that the perforation

process started with a ductile hole enlargement, and the plugs were formed when

the projectiles reached depths of (0.3–0.5)H. The velocities of the plugs in these

experiments were higher than the residual velocities of the projectiles by factors

which ranged between 1.07 and 1.64. Thus, their kinetic energies were in the range

of 0.6–1.8 times the values which are calculated by assuming that their thickness is

H, and that their velocities are equal to Vr, as assumed by the model. The error

introduced by these simplifying assumptions is not large since the mass of the plug

was only 15% of the projectile’s mass in these experiments.

In conclusion, the perforation model for spherical-nosed projectiles is similar to

the RI model for sharp nosed projectiles, except for the presence of the plug. Once

the value of Vbl is determined, the model accounts for the residual velocities of the

projectile and the ejected plug, assuming that they move at the same velocity. An

analytical model for the value of Vbl is still needed, and a numerically based model

may be the easiest approach. Another issue which has to be resolved concerns the

actual thickness of the plug ejected from plates which are perforated by spherically

nosed projectiles. For very thin plates (H/D<<1), one may assume that the plate

and plug thicknesses are the same, and that the plug’s velocity is close the residual

velocity of the projectile. The situation is more complicated for intermediate and

thick plates (H/D	1.0) since the plug’s thickness can be much smaller than the

thickness of the plate. The initial stage of perforation in these cases is achieved

through the ductile hole enlargement process, while the final stage is due to shear

plugging. Thus, an analytical model which accounts for these perforations should

involve the two mechanisms. Such a model was proposed by Bai and Johnson

(1982) for flat ended projectiles, and it will be described in the next section.

4.4 Plate Perforation by Blunt Projectiles

The perforation of plates by blunt projectiles is the most complicated perforation

process due to the various failure mechanisms which can initiate in the plate, such

as spalling, discing, and plugging by shear instabilities. In addition, stretching and

Table 4.3 Predicted and measured residual velocities (in m/s) for spherically nosed projectiles

V0 300 326.7 362.9 420.6 452

Exp Vr 97.2 154.8 220.2 284.3 325.1

Calc Vr 88.2 148.9 209.5 287.7 327.1
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bending of thin plates should be taken into account since they absorb a significant

amount of energy from the projectile. Several failure mechanisms can take place

simultaneously during perforation, further complicating the analysis. These

complexities were discussed by Awerbuch and Bodner (1974), Woodward and

De-Morton (1976), Shadbolt et al. (1983), Liss et al. (1983), Ravid and Bodner

(1983), Woodward (1987), Liu and Stronge (2000) and Woodward and Cimpoeru

(1998). According to these studies, the perforation process consists of several stages

which include initial compression and early penetration, bulge formation, plug

formation, and its ejection. The transitions between consecutive stages were deter-

mined analytically in these models by applying basic principles from plasticity

theory. A concise review of several models is given in Corbett et al. (1996). In the

present section we focus on some of the more common failure mechanisms which

affect the perforation process by flat nosed projectiles.

The spall failure which was described in Chap. 2, is due to the reflection of the

impact shock wave from the back surface of the target. The size and velocity of

the spalled layer depend on the intensity of the impact and on the spall strength of

the target material. Usually, spalling is obtained by high velocity blunt projectiles

impacting plates of intermediate thickness, as seen in Fig. 2.5. The process itself

takes place while the projectile is still at the early stages of perforation, and its

immediate consequence is to reduce the effective thickness of the plate ahead of the

projectile. The discing failure mechanism is due to the bending and stretching of the

plate, as explained byWoodward (1990). This bending can induce tensile failures at

weak planes in the plate, which coalesce to form large discs or rings, as seen in the

picture at the right side of Fig. 4.1.

Plugging takes place for plates of thin and intermediate thickness, which are

easily sheared by the high strains in the plate around the periphery of the projectile.

However, even for thick plates, with H/D>1, plugging occurs at the later stages of

perforation when the projectile is at a distance of about D from the back surface of

the plate. As discussed by Woodward (1990), a blunt projectile starts its perforation

process through the ductile hole enlargement process and, at a certain depth, the

penetration mode changes to the plugging mechanism which is less “costly” for

the projectile. He analyzed a situation where the projectile is inside the target and

the remaining thickness to be penetrated is h. In order to penetrate an extra depth of

dh by the ductile hole enlargement process, the projectile has to invest an increment

of work (dW) which is given by:

dW ¼ p
2
D2Ytdh (4.18)

Note that this expression is derived through the analysis of Bethe (1941) for the

work which is needed to open a hole in the target, (4.3a). According to this approach

the effective resisting stress which the target exerts on the projectile is equal to 2Yt.

According to Woodward (1990), the incremental work which is needed to shear a

plug of thickness h along a distance of dh, by overcoming a shear stress of t ¼ Yt/√3,
is given by:
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dW ¼ pffiffiffi
3

p YtDhdh (4.19)

Equating the two expressions results in a threshold thickness of h ¼ (√3/2)D
where the penetration mode by plugging is more favorable. Thus, it is expected that

a blunt projectile impacting a thick target (H/D>1) will first penetrate by the ductile

hole enlargement process, pushing target material to the sides and compressing it in

front of the projectile. At a distance of about 0.87D from the free surface of the

target the process is expected to change to plug formation and its ejection. Plug

formation is due to the large shear strains which develop in the target at the

periphery of the projectile and extend to the target’s back surface. In a later work

Woodward and Cimpoeru (1998) assigned a value of 2.7Yt to the resistive stress on

the projectile during its early penetration. This value was adopted from the theory

of Tabor (1951) for the indentation of plates by a flat ended punch, and it results in a

transition from hole enlargement to plugging at distance of h ¼ 1.17D from the

back surface of the target. Thus, one may expect these transitions to occur at a

distance of the order of h ¼ D from the back surface, in accord with many

experimental results, and a few examples are given below.

Figure 4.11, from Woodward et al. (1984), shows sectioned aluminum plates

which were impacted by flat-ended rigid steel projectiles at different velocities. The

diameter of the projectile was 4.76 mm and the thicknesses of these 7039-T6

aluminum plates were 9 mm. It is clearly seen that up to an impact velocity of

about 260 m/s, the penetration is achieved through the ductile hole enlargement.

The target material is compressed ahead of the projectile and pushed to the side,

forming “lips” at the plate’s front and a visible bulge at its back. At an impact

velocity of 315 m/s, when the projectile is about one diameter from the target’s back

V0=196m/s V0=257m/s

V0=315m/s V0=353m/s

Fig. 4.11 Cross sections of

aluminum plates impacted by

blunt projectiles at different

velocities
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surface, the concentrated shearing develop to visible fractures around the plug,

which is going to be ejected at higher impact velocities. Two plugs are formed in

the plate at different locations and at different times. The upper plug with the

conical shape is the so called “dead zone”, which is formed early in the process, due

to the large shear strains which develop directly below the projectile. The more

familiar cylindrical plug is formed when the projectile is at a distance of about one

diameter from the back surface of the target, and its thickness is close to the

diameter of the projectile. This is the common perforation process for materials

which have high strength and relatively high failure strains. In contrast, low

strength plates deform considerably around their impacted area, avoiding the

shear failure.

Numerical simulations were performed in order to follow the perforation process

of steel plates having different thicknesses, by an L/D ¼ 3 rigid cylindrical projec-

tile with a diameter of 10 mm. The Johnson-Cook model was used for the constitu-

tive relation of the plate with Y0 ¼ 0.8 GPa. These simulations were performed in

order to follow the shearing process of these plates by flat-ended projectiles. In

addition, they demonstrate the importance of the failure mechanisms of the plate by

varying its maximal strain to failure (ef) and its spall strength (pmin). When

the equivalent strain of a given element in the simulation reaches the threshold

value (ef), its strength is reduced to zero at the subsequent time steps. In a similar

way, the assignment of a threshold spall pressure (pmin) in the code leads to an

immediate loss of strength in the element, if it experiences a tensile pressure which

is larger than pmin.

Figure 4.12 shows simulation results for the perforation process of the 10 mm

thick plate by the rigid steel cylinder, when the failure strain of the plate is ef ¼ 1.5.

The first stage of perforation is achieved through the ductile hole enlargement

process as described above. A bulge is evident in the plate already after 10 ms,
when the first sign of plate failure takes place, as observed for the aluminum plate in

Fig. 4.11. At 20 ms after impact the shear failure in the plate is already evident

through the cracks which move towards its back surface. These cracks form the

plug whose thickness is about 8.6 mm in this case. This thickness amounts to 0.86D

which is in excellent agreement with the predicted plug thickness by the model of

Woodward (1990), as discussed above.

The velocity history of the projectile in this simulation is shown in Fig. 4.13 and

it is clear that it contains new features which were not observed in the

corresponding velocity histories of sharp nosed projectiles. Particularly, the flat

levels in this velocity history are due to temporary detachments between the

t=0 10msec 20msec 30msec

V0=500m/s

Fig. 4.12 Simulation results for the perforation of a plate with H ¼ D
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projectile and the plate and they are unique for this mode of perforation. The first

plateau appears at about t ¼ 10 ms, which corresponds to the initiation of the shear

cracks in the plate around the projectile’s periphery. These features mean that the

deceleration history of the projectile is more complex than we have seen before,

with sharp nosed penetrators. Thus, a simple model for plate perforation, which is

based on its deceleration, should be much more difficult to construct.

Simulations results for other plate thicknesses are shown in Fig. 4.14. As is

clearly seen the plug in the H ¼ 5 mm plate is sheared off at an early time, and its

thickness is somewhat smaller than the plate’s thickness.
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Fig. 4.13 The velocity

history of the rigid steel

projectile perforating the

10 mm thick plate

t=0

V0=300m/s
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V0=700m/s

Fig. 4.14 Simulation results for perforation of a thin plate (H/D ¼ 0.5) and a thick plate

(H/D ¼ 1.5)
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The plug in the H ¼ 15 mm plate is formed at about 30 ms after impact, and it

seems to have sheared into a central plug and a surrounding ring. Similar features

were obtained by Borvik et al. (2003) for the perforation of Weldox-460E steel

plates, both experimentally and numerically. Their projectile’s diameter was

20 mm and for plates of thickness up to about 16 mm the plug’s thickness was

equal to the plate’s thickness. For thicker plates the plugs’ thicknesses tended

asymptotically to a value which was close to the diameter of the projectile, in

general agreement with the model of Woodward (1990).

The perforation process is quite different for materials which have a high

propensity for adiabatic shearing, such as the Ti/6Al/4V alloy. This was clearly

demonstrated by Woodward et al. (1984) by impacting rigid steel cylinders, with

D ¼ 4.76 mm, at 6 mm thick plates of this alloy. The plates developed adiabatic

shear failures even at low impact velocities, and the plugs were formed at the very

early stages of perforation, as shown in Fig. 4.15. Thus, plugging by adiabatic shear

is the expected mode of failure for materials with inherent tendency to localize their

shear bands, such as carbon steels and titanium alloys. The localization itself

weakens the material in and around the shear bands, due to the large temperature

increase which develop inside the bands.

The propensity of this titanium alloy to fail by adiabatic shearing is clearly

manifested by its dynamic stress–strain curve, as shown in Fig. 2.2. The failure

takes place when the compressive strain of the specimen, in the Kolsky bar system,

reaches a value of about 0.2. These early failures can be reproduced by numerical

simulations which incorporate low failure strains (ef) for the plate material. In fact,

these simulations can reproduce the basic features of adiabatic shear bands if the

cell size is small enough. In the simulations presented here the cell size was 50 mm,

which is close to the typical width of 20 mm for an adiabatic shear band.

Simulation results for the perforation of the 10 mm steel plate with strain to

failure values of ef ¼ 0.2, 0.5 and 1.0 are shown in Fig. 4.16. The L/D ¼ 3 steel

cylinder with D ¼ 10 mm impacted these plates at V0 ¼ 300 m/s and the JC model

with Y0 ¼ 0.8 GPa, was used for their constitutive relation, as above. One can

clearly see the strong effect which the failure strain parameter has on the perforation

process. In particular the low value of ef ¼ 0.2 results in an early plug formation

which is very similar to the plugging in the titanium alloy plate, as shown in

Fig. 4.15 Plugging in a

Ti/6Al/4V plate impacted

by a blunt projectile
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Fig. 4.15. In fact, this simulation shows that the plug acquires a high enough

velocity and it moves ahead of the projectile even before it is ejected from the

plate. The residual velocities of the projectiles in these simulations decreased with

increasing values of ef, as expected. Their resulting values were Vr ¼ 196, 123, and

0 m/s for the cases of ef ¼ 0.2, 0.5 and 1.0, respectively. The projectile did not

perforate the plate in the simulation with ef = 1.0, but we can see that the plug was

formed by the time of 30 msec. The large differences between the values of Vr are

due to the corresponding differences in the work which the projectile has to invest

in the target in order to perforate it. This issue will be discussed below when we

describe the analytical model of Recht and Ipson (1963) for Vr, and the model of

Bai and Johnson (1982) for the perforation work.

Finally, we wish to demonstrate the ability of numerical simulations to repro-

duce other failure mechanisms which take place during the perforation of thin

plates. The simulation results shown in Fig. 4.17 were obtained by using a different

failure threshold for the target material. This is the pmin threshold according to

which elements in the target fail when they experience a tensile strength which is

equal to the value of pmin. For the particular simulation discussed here we used a

value of pmin ¼ 0.8 GPa, which is equal to the yield strength of this steel. One can

clearly see the scabbing failure at the back of the plate as well as the cracks which

develop around the penetration channel. These cracks can be developed to the

t=10msec 20msec 30msec 40msec

ef=0.2

ef=0.5

ef=1.0

Fig. 4.16 Simulation results for the perforation of a steel plate having different strains to failure
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discing rings which were discussed by Woodward (1990), and they are very similar

to those in the 2014 aluminum plate which is shown at the right hand side of

Fig. 4.1.

Considering the different failure modes which were described here, it is clear

that a simple perforation model for blunt projectiles is not easy to construct.

Moreover, in many cases the strength of these blunt projectiles is not high enough

to guarantee their rigidity and they deform, erode or even shatter, at relatively low

velocities adding more complications to the analysis. As mentioned above, several

models were suggested over the years in order to account for the ballistic limit

velocities and the residual velocities of blunt projectiles perforating metallic plates.

However these multi-stage models are very complex since they rely on several

parameters, which have to be calibrated for each stage in the perforation process. In

contrast, the model of Recht and Ipson (1963) for the residual velocity of blunt

projectiles treats the process in an integral manner, using only energy and momen-

tum considerations. With this approach, the exact details of the failure modes are

not important since they are lumped in the value for the plastic work (Wp) at the

ballistic limit velocity. The basic assumptions of this model and its resulting

expression for the residual velocities are outlined next.

The model starts with the notion that the impact between the projectile and the

target is basically a plastic impact. As a first stage, the model considers the impact

of the projectile with a free plug with mass m, surrounded by the rest of the target

with no shearing processes. Conservation of momentum results in the loss of

projectile’s energy (Efn) due to this plastic impact, according to:

Efn ¼ m

M þ m
� 1
2
MV2

0 (4.20)

This “lost energy” is taken into account in the energy balance of the perforation

process, which takes the form:

1

2
MV2

0 ¼ 1

2
MV2

r þ
1

2
mV2

r þ Efn þWp (4.21)

t=10msec 20msec 30msec

V0=700m/s

Fig. 4.17 The failure characteristics of a 10 mm steel plate with pmin ¼ 0.8 GPa
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where Wp is the plastic work done on the target in order to push the plug out. For

V0 ¼ Vbl the residual velocity is zero and one can write:

1

2
MV2

bl ¼ Efn þWp (4.22)

These equations lead to the following relation for the residual velocity:

Vr ¼ M

M þ m
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V2
0 � V2

bl

q
¼ 1

1þ l
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V2
0 � V2

bl

q
(4.23)

where l ¼ m/M as defined by (4.15).

For the ballistic limit velocity one can write:

Vbl ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Wp M þ mð Þ

M2

r
(4.24)

Equation 4.23 is similar to the corresponding relation for the spherical nosed

projectile, (4.16), except for the fact that the square root of the mass ratio appears in

(4.16). For M � m, the two expressions result in very close values, which is

probably the main reason that (4.23) was used successfully for spherical nosed

projectiles as well. This equation does not consider the physical properties of the

target material such as its strength, hardening and rate sensitivities, and its failure

strain. These properties determine the work needed to perforate the plate (Wp), and

they are lumped into the value of Vbl, as is clearly evident by (4.24).

By writing (4.21) one assumes that the velocity of the plug is equal to the

residual velocity of the projectile. This is seldom the case and the plugs often

have much higher velocities than the projectiles. However, for relatively thin plates

the predictions from (4.23) should be in good agreement with the data for Vr, since

the difference between the actual and calculated kinetic energies of the plugs plays

a minor role in the total energy balance. In order to account for the actual velocity of

the plug (Vpl), we can define an effective plug mass (m*) in the following way:

m� ¼ m
Vpl

Vr

� �2

(4.25)

This effective mass of the plug should be inserted in (4.23) instead of its actual

mass (m), in order to have a better agreement with the data for Vr when the plug’s

velocity (Vpl) is significantly higher than the projectile’s residual velocity (Vr).

In order to demonstrate the validity of this approach, one needs a set of

experiments for which the velocities and the masses of the plugs were accurately

determined. This was done by Borvik et al. (1999) who shot rigid steel cylinders,

with L ¼ 80 mm and D ¼ 20 mm, at 12 mm thick Weldox 460E steel plate. The

data shows that the ratio Vpl/Vr decreases from a value of about 1.5 for impact
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velocities near the ballistic limit, to a value of about 1.2 for the highest velocity in

this work. Thus, an average value of Vpl/Vr ¼ 1.35 can be taken for this set of

experiments. The mass of the plug is given in Borvik et al. (1999) for each

experiment and their average value was m ¼ 27.8 g. This value is somewhat

lower than the value of m ¼ 29.7 g for a plug whose diameter is exactly equal to

that of the projectile, and its thickness is the same as that of the plate. Using a value

of Vbl ¼ 184.5 m/s for this set of experiments, as determined by Borvik et al.

(1999), we find a good agreement between the data and the model’s predictions for

Vr, as shown in Table 4.4. This agreement enhances the validity of the model, as

given by (4.23), with the correction for the effective plug mass as given by (4.25). It

is clear that there is a real need for an analytical model to account for the higher

velocities of these plugs which are ejected by flat ended projectiles.

Borvik et al. (2003) determined Vbl values and residual velocities for the same

projectiles perforating Weldox 460E plates with thicknesses in the range of

6–20 mm. In all of these experiments the plug velocity was higher than that of

the residual projectile by factors which were similar to those for the 12 mm plate, as

described above. Using the same analysis for the plates of thicknesses in the range

of 8–20 mm, shows that 4.23 and 4.25 account for all the data in Borvik et al. (2003)

as far as Vr ¼ Vr(V0) is concerned. On the other hand, the model does not account

for the data concerning the H ¼ 6 mm plates, because these thin plates experienced

a large permanent deflection which is not accounted for by the model.

The various models which were presented in this chapter resulted in similar

functional dependences of Vr on V0. In fact, Lambert and Jonas (1976) reviewed a

large number of perforation theories for non-deforming projectiles, and concluded

that they adhere to a basic form which is given by:

Vr

Vbl
¼ k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V0

Vbl

� �2

� 1

s
(4.26)

where k is an empirical constant which depends on the plug/projectile mass ratio. We

have seen that this equation can be derived by analytical considerations and that it

applies for the different cases discussed above. Thus, with k ¼ 1 (4.26) reduces to

(4.2) ofRecht and Ipson (1963), for sharp nosed projectiles.With k ¼ [M/(M + m)]0.5

this equation reduces to (4.16) for the spherical nosed projectile, and with k ¼ M/

(M + m) we get (4.23) for the flat-faced projectile.

In conclusion, the residual velocities of rigid projectiles can be accounted for by the

energy and momentum conservation equations without specifying the actual failure

modes of the plates. We emphasized the importance of using these physically-

based equations in order to account for the experimental data, rather than using

Table 4.4 Comparing the predicted values for Vr (in m/s) with the data from Borvik et al. (1999)

V0 303.5 285.4 244.2 224.7 200.4

Vr (exp.) 199.7 181.1 132.6 113.7 71.4

Vr (pred.) 202.4 182.3 134.4 107.7 65.7
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empirical best-fitting procedures. The situation becomes more complex when the

projectile loses mass through the process, in which case it is impossible to use such

energy andmomentumconsiderations.We shall discuss this issue in Chap. 5, wherewe

deal with plate perforations by eroding rods. The next issue which has to be addressed

now is that of determining the value of Vbl for blunt-nosed projectiles, through

analytical models such as the RI model. The model resulted in a general expression

for Vbl which is given by (4.24). The difficulty with this equation stems from the fact

that thework needed to perforate the plate (Wp) is not easy to derive analytically, aswill

be discussed below.

We have shown in Sect. 4.2 that numerical simulations can be used to derive a

numerically-based model for Vbl of sharp-nosed projectiles, perforating ductile

metallic plates through the hole enlargement process. It is more difficult to con-

struct such a model for the perforation process by blunt projectiles, because of the

various failure modes involved. Several attempts at deriving analytical expressions

for Vbl have been presented in the literature, for either thin or thick plates, as

discussed above. Borvik et al. (2003) tried to account for their experimental results

with some of these models. However, none of these models could account for the

experimental values of Vbl of all the plate thicknesses which were used in this study.

For thin plates, the values of Vbl could be accounted for by the model of Wen and

Jones (1996), which takes global bending into account. On the other hand, the

model of Bai and Johnson (1982) was more successful in accounting for the Vbl

values of thick plates. This is a physically-based model for flat-nosed projectiles

punching through plates of intermediate thickness, and it will be described next.

The model of Bai and Johnson (1982) addresses the work (Wp) needed to

perforate a plate of thickness H by a rigid punch having a diameter which is close

to the plate’s thickness. The analysis starts with a general expression for the

constitutive relation between the shear stress (t) and shear strain (g), of the plate

material, according to:

t ¼ t0 1� aTTð Þgn (4.27)

where t0, aT and the hardening coefficient (n) are material constants, and T is the

temperature. The effect of strain rate is not taken into account in this analysis. The

temperature is calculated according to the usual adiabatic assumption which

converts the plastic work increment, dWp = tdg, to a temperature increase through

rCvdT, where Cv is the specific heat of the plate material. Using these relations and

the definition of the instability strain (gi) as the strain for which dt = 0, Bai and

Johnson (1982) obtained the following relation for the critical shear strain:

gi ¼
nrCv

aTt0

� � 1
1þnð Þ

(4.28)

and for the maximum shear stress (tm) they obtained:
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tm ¼ t0 1� aTT0ð Þgin expð
�n

1þ n
Þ (4.29)

where T0 is the room temperature.

The analysis is based on the material parameters (n, gi, and tm) as well as on the
thickness of the plate (H) and on the diameter of the punch (D), and it follows the

plugging process via two consecutive stages. At first, the projectile is penetrating to

a certain depth, as in the hole enlargement process. During this stage the shear stress

in the target, around the periphery of the projectile, provides the main resistance to

penetration. This stress increases according to the strain hardening rule, (4.27), until

it reaches the value of tm, and the shear strain reaches its maximum value (gi). At
this point the projectile has penetrated a certain distance (Pi), which has to be

determined. The model assumes that beyond this point the target offers no further

resistance as a result of its shear failure. Thus, the equation of motion for the first

stage is:

ðM þ mÞ dV
dt

¼ �pDHtR (4.30)

where M and m are the masses of the projectile and the plug, respectively, and tR is

the shear stress in the target around the projectile’s periphery. The value of tR is

determined through the equations above and (4.30) is then integrated between

x ¼ 0 and x ¼ Pi, which is the depth of penetration when instability sets in. In

order to have an estimate of the strain distribution in the target around the punch’s

periphery, Bai and Johnson (1982) used the following expression for the shear

strain (g) in the plate at a distance r outside the punch radius (R):

g
gR

¼ R

r

� �1 n=

for r 	 R (4.31)

where gR is the target strain at r ¼ R, which is assumed to be the maximum value of

the shear strain. The resulting expression for the penetration depth (Pi), when the

strain reaches its instability point, is:

Pi

R
¼ n

1þ n
gR (4.32)

This equation results in values for Pi of the order of 0.3R, since the value of gR is

limited by the maximum strain (gi), which is around 1.0 for most ductile materials,

and the values of n are usually bound in the range of 0.3<n<05. Note that this value

of Pi corresponds to a value of 0.15D, which means that the plug’s thickness should

be equal to about 0.85D. This is practically the same value derived by the simple

approach of Woodward (1990), as discussed above. The second stage in the

perforation process starts when the depth of penetration reaches the value of Pi
and the shear strain has reached its maximal value (gi). High values of gi result in a
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delay in the appearance of the instability, which is of major importance for the

energy absorbed by the plate. Bai and Johnson (1982) derive equations for the

energy absorbed in the plugging process, from which they can have an estimate for

the ballistic limit velocities. The analysis results in two limiting cases for which Vbl

is proportional either to H(D/M)0.5 or to D(H/M)0.5. As is often found in practical

cases, the ballistic limit velocities do follow, empirically, one of these simple

relations. The most important outcome of this dimensionless analysis is that the

energy absorbed by the plate is dependent on n, gi and H/D. The end result is

demonstrated in Fig. 4.18, where the normalized absorbed energy (op) is plotted as

a function of the normalized plate thickness (H/D) for several pairs of (n,gi) values.
The normalized absorbed energy is defined by op ¼ 2Wp/pD

2Htm.
As is clearly evident in this figure, in order to achieve a better resistance to

plugging an increase of plate thickness is helpful only for materials with a high

failure strain. The energy absorbed by materials with low gi values increases only
linearly with the thickness of the plates. The expected ballistic limits for such plates

will vary as (H/rpLeff)
0.5. On the other hand, for materials with high values of gi, the

perforation energy is related to H2, and the ballistic limit velocities are expected to

be related to H(1/rpLeffD)
0.5. These plates will absorb much more energy under this

type of loading, which is the reason that materials with a high propensity for shear

banding, like the Ti/6Al/4V alloy, do not perform as well as metals which exhibit

high values of gi. These conclusions are substantiated by the numerical simulations

presented above for the perforation process of steel plates having different values of

the failure strain (ef). We have seen that this parameter plays a major role in

determining the time for plug formation which, in turn, determines the amount of

the projectile’s energy absorbed by the plate and its residual velocity.

A simplified version of this model was suggested by Woodward (1990), for

perforations through the plugging process. According to his model the work done

by the projectile in shearing a plug of thickness H and diameter D is Wp ¼ pDH2t,
where t is the shear strength of the plate material. This expression is obtained by

0 0.5 1 1.5 2
0

1

2

3

H/D

w
p

(n, g
i
)

(0.3, 2.0)

(0.1, 2.0)

(0.3, 0.25)

(0.1, 0.25)

Fig. 4.18 The energy

absorbed by the plate

according to the model of Bai

and Johnson (1982)
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assuming that a constant shear stress (t) acts on the plug’s cylindrical area (pDH),
resisting the penetration for a distance of H, until the plug is ejected. In fact, this

expression is a simplified version of the Bai and Johnson (1982) model for the case

of high values of gi. Woodward (1990) recommends using the relation t ¼ Y/√3 for
the shear stress, where Y is the compressive strength of the target material. The

plastic work to perforate the plate through this process is equated with the kinetic

energy of the projectile at its ballistic limit velocity. Thus:

1

2
MV2

bl ¼ pDH2t (4.33a)

With M ¼ pD2rpLeff/4, this equation results in:

Vbl ¼ 2H �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2t
rpLeff D

s
(4.33b)

Thus, a linear relation between Vbl and plate thickness is expected by this simple

plugging model. In order to check how well (4.33) predicts the experimental results

of Borvik et al. (2003), we chose a value of t ¼ 0.35 GPa for theWeldox 460E steel

plates, using their flow stress of Y ¼ 0.6 GPa. Inserting this value of t together with
Leff ¼ 80 mm D ¼ 20 mm for the projectiles in (4.33b), results in the predicted

values for Vbl which are listed in Table 4.5, together with the experimental results

from Borvik et al. (2003). The close agreement between the model’s predictions

and the data, especially for the thicker plates, is due to the fact that the failure of

these plates was mainly by a simple shearing mechanism. The agreement is getting

worse for the thinner plates (H 
 10 mm), due to the extra energy which the

projectiles invested in the global deflection of these plates.

The different deformations of these plates are clearly evident in the pictures of

the sectioned plates in Fig. 4.19, from Borvik et al. (2003). It is clear that the 6 mm

thick plate, with H/D ¼ 0.3, experienced a significant global deformation. The

deformation is much smaller for the 8 mm plate, with H/D ¼ 0.4, and it is negligi-

ble for the 12 mm plate with H/D ¼ 0.6. The large deformations resulted in higher

Vbl for the thin plates, as compared with the model of Woodward (1990), since

the model does not include global deflections. These results suggest that the value

of H/D ¼ 0.5 marks the onset of global deflections for plates which are perforated

by blunt projectiles.

In order to have a better estimate for the onset of global deflections consider the

simulation results from Borvik et al. (2003) for plates with thicknesses between

Table 4.5 Comparing predicted and measured Vbl (in m/s) for the experiments of Borvik et al.

(2003)

H (mm) 6 8 10 12 16 20

Vbl (exp.) 145.5 154 165.3 184.5 236.9 293.9

Vbl (pred.) 89.6 119.4 149.3 179.2 238.9 298.6
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4 mm and 12 mm, as shown in Fig. 4.20. The simulations were performed for

impact velocities which were higher by about 20% than the corresponding ballistic

limit values of these plates. The global deflections are decreasing with

plate thickness, as expected, and they are practically negligible for plates with

H 	 10 mm. Thus, a rough estimate for the transition can be set at H/D ¼ 0.5. This

transition is similar to the results presented in Sect. 4.2 for plate perforation by

sharp-nosed projectiles, where the transition from dishing to ductile hole enlarge-

ment was found to be at about H/D ¼ 1/3. The two processes are different in the

sense that the perforation by blunt projectile does not involve a transition between

penetration modes. The global deformation of the thin plates simply adds to the

energy loss of the projectile. This addition plays a major role in the performance of

laminated targets as compared with monolithic ones, as we show next.

The perforation process of laminated targets by blunt projectiles can be very

different than their response to the impact of sharp-nosed projectiles. The difference

is due to the fact that blunt projectiles have to invest more energy by perforating

thin plates, through their global deflections. In addition, the plugs ejected from the

first plates can influence the perforation of the subsequent plates, as noted by

Gogolewski et al. (1996), Woodward and Cimpoeru (1998) and Dey et al. (2007).

6mm 8mm 16mm12mm 20mm

Fig. 4.19 Cross sections of perforated steel plates of different thickness

H=4mm 6mm 10mm 12mm

Fig. 4.20 Simulation results for different plate thicknesses perforated by flat nosed projectiles
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These works compared ballistic limit velocities for cylindrical steel projectiles

perforating monolithic and laminated targets, which were made of two or three

closely stacked plates. The values of Vbl for the monolithic plates were consider-

ably lower than those of the laminated plates, and we focus now on this enhanced

performance of the laminates in these works.

Woodward and Cimpoeru (1998) performed Vbl tests for several double layered

aluminum targets and compared them with the Vbl value for a monolithic plate of

the same total thickness. All the double layered targets resulted in higher Vbl values

as shown in Fig. 4.21, from Woodward and Cimpoeru (1998). The value of Vbl for

the target with equal thickness plates was the highest and the improvement in Vbl, as

compared with the monolithic plate, was by 13.5%. Moreover, the laminate with the

thin back plate showed a better ballistic performance than the similar laminate with

the thick back plate. This difference can be attributed to the pronounced global

deflection in the back plate, as is clearly seen in the figure.

Let us consider now the improvement in Vbl values for the layered targets in the

three works cited above in terms of the normalized thickness (h/D) of the

corresponding back plates. Woodward and Cimpoeru (1998) used a cylindrical pro-

jectile with D ¼ 6.35 mm, and obtained an improvement of only 13.5% in Vbl for the

double-layered target of 2024-T351 aluminum plates, with h/D ¼ 0.75. Gogolewski

et al. (1996) used a D ¼ 6.7 mm projectile and found an increase of 23% in Vbl for a

laminated target consisting of three 2.235 mm thick 6061-T6 aluminum plates, for

which h/D ¼ 0.3. The experiments of Dey et al. (2007) were with monolithic and

double layered targets of Weldox 700E steel plates with a total thickness of 12 mm.

The resulting values for Vbl showed a significant increase (about 47%) for the

laminated target, with h/D ¼ 0.3, as compared with the monolithic target. Thus, it is

already clear that both the strength of the plates and their normalized thickness (h/D)

contribute to the improved ballistic performance of laminated targets.

H=9.53mm
h1=4.76mm

h2=4.76mm

h1=3.18mm

h2=6.35mm
h1=6.35mm

h2=3.18mm

Vbl=392m/sec Vbl=445m/sec

Vbl=404m/sec Vbl=421m/sec

Fig. 4.21 Sectioned aluminum targets perforated by flat-ended projectiles
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The deflection and stretching of the back plate is clearly evident in the simulations

of Dey et al. (2007), for thewidely spaced laminate shown in Fig. 4.22.We show these

simulation results because they highlight the important features of the perforation

process of laminated targets. These simulationswere performedwith impact velocities

whichwere slightly higher than thee corresponding ballistic limits. The black colors in

the targets correspond to high plastic strains in the plates around the projectile’s

periphery.

The simulations for the spaced target capture all the features which were seen in

the experiments. In particular, they show that the ejected plug from the first pate

prevents the shear localization in the second plate, which experiences a large

deformation and membrane stretching. The plug itself is stopped at the second

plate and adds an extra mass which has to be pushed by the projectile, leading to a

further increase in the value of Vbl. The fact that the first plate does not experience a

large deflection is due to the impact velocity which is much higher than the ballistic

limit velocity corresponding to this plate. This is a well established result for high

velocity impacts of thin plates by blunt projectiles, where a plug is sheared with no

plate deflection. In fact, Goldsmith and Finnegan (1971) found that the amount of

plate deflection is maximal at the ballistic limit velocity, and it decreases monoton-

ically with impact velocity.

To summarize the experimental studies which were described above, the ballistic

limit velocities of the laminated targets were significantly higher than the ballistic

limits for monolithic plates of the same total thickness. The improvement depends on

the corresponding h/D values of the laminated targets, where h is the thickness of the

back plate. This is the plate which absorbs an extra amount of kinetic energy from

the projectile through its large deflection. The two configurations with h/D ¼ 0.3

resulted in much higher improvements than that with h/D ¼ 0.75. This is the

24ms 64ms

44ms

200ms

220ms158ms

120ms

20ms

Fig. 4.22 Simulations results for monolithic and double layered targets of equal thicknesses
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expected result since thinner plates are more effective as energy absorbers, as is

clearly shown in Fig. 4.21. Comparing the results of Dey et al. (2007) and

Gogolewski et al. (1996), with h/D ¼ 0.3 in both cases, we find that the strong

steel plates of Weldox E700 resulted in a much higher improvement (by 47%), as

compared with the improvement achieved (23%) with the 6061-T6 aluminum plates.

An estimate for the effect of h/D alone can be obtained through the simulation

results of Teng et al. (2007) for two sizes of flat-nosed projectiles perforating the

same targets. The ballistic limit of a 12 mm thick steel plate was compared with that

of a double-layered target with 6 mm thick plates. The projectiles in these

simulations were L/D ¼ 4 steel cylinders with diameters of 20 mm and 7.6 mm.

The properties of the plates in these simulations represented those of Weldox 460E

steel, which has a lower strength than the Weldox 700E steel in the experiments of

Dey et al. (2007). The ballistic limit velocities for the double-layered targets in

these simulations were higher than those of the monolithic targets for both

projectiles, as expected. The improvement in Vbl for the larger projectile, with

h/D ¼ 0.3, was about 25%, while for the smaller projectile, with h/D ¼ 0.79, it

amounted to only 7%. These simulations demonstrated the much larger deflection

of the back plate in the double layered target which was impacted by the larger

projectile. These results confirm the conjecture that the improved ballistic limits of

laminated targets are due to the large deflections of their back plates, and it is more

significant for plates with small h/D values, as obtained experimentally. Also, the

improvement is strongly dependent on target strength, since it amounted to 25% in

the simulations of Teng et al. (2007) for the Weldox 460E steel, while the

experiments of Dey et al. (2007) resulted in an improvement of 47% for the stronger

Weldox700E plates. Based on this rather limited information, we may conclude that

the lamination and the strength of the plates play roughly equal roles, as far as the

improvements in ballistic limits of laminated targets are concerned. The experi-

mental data and the simulation results confirm the notion that the significant

improvements in the values of Vbl, for laminated targets impacted by blunt

projectiles, are due to the deflections of their back plates. These deflections are

significant for plates with normalized thicknesses of about h/D ¼ 0.3.

The simulations of Teng et al. (2007) for spaced laminates, impacted by the

projectiles with the different sizes, D ¼ 20 mm and D ¼ 7.6 mm, resulted in a

decrease of about 0.5–1.0% in their corresponding values of Vbl, as compared with

the closely stacked laminates. These minor differences enhance the claim that the

large improvements in Vbl which are often obtained experimentally for spaced

laminates, are probably due to the deflection of the projectiles by the first plates,

rather than to a physical effect. Teng et al. (2007) also performed numerical

simulations for conical nosed projectiles with diameters of 20 and 7.6 mm,

perforating the same monolithic and laminated steel targets. They found that for

both projectiles the ballistic limit velocities were somewhat higher for the mono-

lithic targets, as compared with the double layered target, which is the expected

result by the analysis in Sect. 4.2. Also, for both cases the spaced plates resulted in a

lower ballistic limit (by less than 1%), as compared with the closely stacked plates,

which is also in agreement with the analysis presented there. These simulations
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confirm the main conclusion derived in this chapter, that the effect of lamination is

very different for the two types of projectile nose shapes.

4.5 Forced Shear Localization and Adiabatic Shear Failure

The issue of adiabatic shear in metals and alloys received a lot of attention for many

years, as described in Chap. 2. The importance of this failure mode for terminal

ballistics has been emphasized in the present chapter, particularly for the perfora-

tion of high strength plates by blunt projectiles. Traditionally, this mode of failure

has been attributed to a shear instability which takes place under dynamic loading as a

result of two opposing effects, the strain hardening of the material and its thermal

softening. Various materials are often claimed to fail by adiabatic shear when, in fact,

their failure under dynamic loading is very similar to that under static loading

conditions. Rosenberg et al. (2010) made the distinction between materials which

fail by shear instabilities, and those which fail by a distinctive adiabatic shear

mechanism, such as the Ti/6Al/4V alloy. This titanium alloy fails at a strain of

about 50% under static compression, while its failure strain is only 20% in a Kolsky

bar experiment at strain rates of about 103 s�1. In contrast, most of the strong alloys,

such as the 2024-T3 and 7075-T651 aluminum alloys, fail at the same compressive

strains under both static and dynamic loadings. The classification of dynamic failures

as adiabatic should be free of geometrically-induced stress concentrations in the

specimen. Materials are prone to fail at relatively low shear strains when such

geometrical constraints are part of their testing configuration, and themeasured failure

strain should not be interpreted as a physical property of the material. Such stress

concentrations appear in the hat-shaped specimen of Chen et al. (1999), the truncated

cone specimen of Li et al. (2003), and the notched specimen used by Rittel et al.

(2008), which are shown in Fig. 4.23. All of these geometries introduce well-defined

locations of stress concentration, which mask the true nature of the adiabatic shear

failure. For example, the shear failure is forced to occur along the dotted lines shown in

the hat shaped specimen, and it will take place for all specimens at relatively low strain

levels. The main conclusion of Rosenberg et al. (2010) is that the quest for a truly

a b c

Fig. 4.23 Specimen geometries with inherent stress concentration zones, (a) the hat shaped

specimen, (b) a truncated cone, and (c) the notched cylinder
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physical account of the adiabatic shear phenomenon should be focused only on

materials which have the inherent propensity for adiabatic shearing, such as the

titanium alloy. These properties should be highlighted through experimental

configurations which are free of stress concentrations, as discussed here.

The disc shaped specimen in the Kolsky bar test, with an aspect ratio of about

H/D ¼ 0.5, has the appropriate shape to derive such inherent material properties,

since it is free of geometrical stress concentration zones. Typical examples of

dynamic stress-train curves for three aluminum alloys are given in Fig. 4.24, as

obtained by the Kolsky bar system in our laboratory. Note that the 6061-T6 alloy

exhibits a truly ductile behavior where the specimen does not fail even at compres-

sive strains as high as e ¼ 0.8. On the other hand the stronger alloys, 2024-T3 and

7075-T6, show a clear softening behavior at strains of about e ¼ 0.5 and 0.6,

respectively. Such failure strains are also realized under static loading conditions,

and they should not be classified as adiabatic shear failures. According to these

tests, the flow stresses of these alloys at strain rates of about 103 s�1, are: Y ¼ 0.42,

0.62 and 0.7 GPa, for the 6061-T651, 2024-T351 and 7075-T6 alloys, respectively.

Flockhart et al. (1991) discussed the appearance of shear failure under various

axisymmetric loading conditions, including indentation by a flat punch, perforation

and deep penetration by blunt projectiles, and the compression of cylindrical

specimens in the Kolsky bar system. They emphasize the difference between

adiabatic shear failure by thermo-mechanical instabilities of the Zener and

Hollomon (1944) model, which was described in Chap. 1, and failure by shear

fractures through void nucleation, their growth and coalescence. The distinction

between the two mechanisms is not clear, and in many actual cases the failure is by

shear fracture within narrow bands of maximal shear strain, rather than by the

adiabatic shear mechanism. They claim that in several actual situations the failure is

not by an adiabatic shear mechanism, as in the appearance of a dead zone in brittle
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Fig. 4.24 Dynamic stress–strain curves for three aluminum alloys
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materials and the occurrence of plugging in ductile materials. The numerical

simulations of Flockhart et al. (1991) followed the velocity discontinuities in the

specimens and confirmed their correspondence with shear failures, as identified by

the shear strain rate maxima in the simulations. These maxima identify closely with

the observed failures in compression tests, plugging during plate perforations, etc.

We stress this issue here because there are many cases in the published literature

where the term adiabatic shear is used very freely instead of referring to simple

shear failure. The true nature of adiabatic shear is still an unresolved issue, and one

should look for the physics behind this specific phenomenon.

The Ti/6Al/4V alloy is an excellent example for a material which fails by a true

adiabatic shear mechanism, as mentioned above. Its compressive failure strain is

about 20% under dynamic loading in the Kolsky bar, as was shown in Fig. 2.2.

Obviously, this value of strain is too low to induce a significant uniform tempera-

ture increase in the specimen. Thus, its failure through shear banding cannot be

simply related to a strain instability resulting from the two opposing mechanisms,

strain hardening and thermal softening of the bulk specimen. Instead, one should

consider the adiabatic shear failure as due to a significant heating within the

localized shear band, and the simultaneous development of microvoids, or

microcracks, which further raise the local temperatures and enhance the softening

mechanism. Thus, a physically based model which accounts for adiabatic shear

failure has to follow the temperature increase inside the shear bands, by the

nucleation and growth of these imperfections. Rice and Levy (1969) adopted this

approach and derived the following expression for the local temperature rise ahead

of a microcrack which moves at a velocity V:

DT ¼ 1� uð Þ2KCY

E
�

ffiffiffiffiffiffiffiffi
2V

rck

s
(4.34)

where r, E, n and Y are the density, Young’s modulus, Poisson’s ratio and the

strength of the material, respectively, Kc is its fracture toughness, c the sound speed,

and k is its thermal conductivity. The model is based on the following assumptions:

(1) the material has no strain hardening features, (2) deformation takes place in a

small zone ahead of the crack tip, and (3) there are no thermo-mechanical coupling

effects. Equation 4.34 contains the relevant thermo-physical parameters which

control the temperature rise ahead of a moving crack, and it can account for a

large temperature increase inside a narrow band. Using published data for these

variables Rice and Levy (1969) found that for a given crack velocity, the tempera-

ture rise in a Ti/6Al/4V specimen is an order of magnitude higher than the

corresponding values for mild steel and the 2024 aluminum alloy. This difference

can explain the propensity for adiabatic shearing in the titanium alloy.
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4.6 Perforation of Thin Plates at the Hypervelocity Regime

The definition of the term “hypervelocity” has changed over the years, as noted in

the review article by Swift (1982). Originally, the velocity of the projectile was

used to determine this impact regime, but it is more customary now to consider the

mechanisms which the impact invokes, in determining its nature. Thus, hyperve-

locity impacts are those which cause a complete pulverization of the materials,

projectile and target, around the impact point. In this case both materials can be

treated as fluids, neglecting their original strength, and the analysis becomes

relatively easy. This definition results in different threshold velocities for the

hypervelocity regime for materials which differ by their strength, melting and

vaporization temperatures, and elastic moduli.

As summarized by Fair (1987), the early studies on hypervelocity impacts,

during the 1950s, were motivated mainly by the need to protect the sensitive

equipment in spacecrafts from accidental impacts of meteoroids. Whipple (1947)

described his idea for a low weight shield which is based on a double wall system.

This, so-called “Whipple Shield”, consists of a thin sacrificial outer plate called the

bumper shield, which is placed at some distance from the protected wall. Upon

impact, both the meteoroid and the bumper completely disintegrate around the

impact point, either by vaporization or melting. The resulting debris is dispersed

through a cloud which expands behind the shield. The impact of this finely

dispersed debris upon the wall of the spacecraft induces much less damage to the

wall, thus saving the equipment inside the spacecraft. Obviously, the bumper plate

should be made of a low melting material which has a high acoustic impedance, in

order to induce high shock pressures (and temperatures) in the impacting meteor-

oid. It turned out, already in the early stages of the research, that cadmium has the

optimal properties as a bumper shield. However, the research on hypervelocity

impacts has been expanded for other materials, as reviewed by Hermann and

Wilbeck (1987). A somewhat lighter design than the original bumper shield is

based on two thin shields spaced apart, which further reduce the amount of debris

and its spatial extent, when it hits the main wall of the spacecraft. All the

experiments within this velocity regime were performed with light gas guns,

described in Chap. 1, which were, in fact, developed for this space-oriented

research.

The summary of Piekutowski (1996) is especially informative since it presents

many flash X-ray shadowgraphs of the debris clouds formed by different projectiles

(spheres and cylinders of various sizes) impacting thin plates at velocities up to

about 7.0 km/s. These shadowgraphs reveal interesting details in the structure of the

debris bubble, with which one can follow the trajectories of the debris particles

from the projectile and the target. This is clearly seen in Fig. 4.25, which shows

such a bubble at two different times after the impact of 12.7 mm aluminum sphere

on a 2.03 mm thick aluminum plate at a velocity of 6.38 km/s. One can follow the

complex structure of the bubble and determine the size and velocity of the different

fragments comprising the debris cloud.
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The most interesting shadowgraphs are those which highlight the difference

between materials which remain solid and those which melt upon impact or during

the subsequent release process. This difference is clearly evident in the two

shadowgraphs shown in Fig. 4.26, from Anderson and Mullin (1988). These debris

clouds resulted in from the impact of a lead sphere on a lead plate, and a molybde-

num sphere on a molybdenum plate. Both experiments were performed at an impact

velocity of 6.58 km/s and the flashes were taken some 40 ms after impact. One

should note that the densities of these materials are very close, r ¼ 10.21 and

11.35 g/cc for molybdenum and lead, respectively. Thus, the shock pressures in the

two impacts were practically the same. The significant difference in the shape of

these bubbles is due the melting temperatures of the materials involved. The impact

of the molybdenum sphere at the molybdenum plate resulted in the regular solid

fragmentation, with no evidence for melting of either sphere or plate. On the other

hand, the lead sphere and plate, having a much lower melting temperature, show a

considerable amount of vapor in the debris cloud, as well as molten material.

t=7.5ms t=21.6ms

Fig. 4.25 The bubble formed by the impact of an aluminum sphere on an aluminum plate

Fig. 4.26 Molybdenum impact (left) and lead impact (right) after about 40 ms
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Chapter 5

Eroding Penetrators

This chapter deals with the penetration process of eroding penetrators, namely, long

rods and shaped charge jets. The subject is of much interest for both warhead

designers, who try to improve the penetration capabilities of these threats, and for

armor engineers who try to defeat them with lighter and cheaper designs. As

described in Chap. 1, a shaped charge jet is formed by the collapse of a thin walled

conical liner, usually made of copper, which is inserted in a conical cavity at the end

of a cylindrical explosive charge. Following the detonation of the explosive the

copper liner is collapsing on itself, forming a long and thin jet, a few millimeters in

diameter, which moves at extremely high velocities. In fact, the jet elements

acquire different velocities during the collapse, and they move at a continuous

velocity gradient from tip to tail. The head of the jet can reach velocities in excess

of 8 km/s, while its tail is moving at about 3 km/s. A slower and much thicker part

of the jet, called slug, is trailing behind at a velocity of about 2.0 km/s. Due to this

velocity gradient, the jet can reach lengths of the order of 1 m, resulting in similar

penetrations depths in armor steels. Long rod penetrators have aspect ratios in the

range of L/D ¼ 20–30 and diameters of about D ¼ 20 mm. These rods are made of

high density materials such as tungsten heavy alloys (WHA) or depleted uranium

(DU), with densities of 17.0–18.0 g/cm3. Long rods can penetrate armor steel

targets of thicknesses which are equal to their lengths, at impact velocities in the

range of 1.5–1.7 km/s.

The two types of penetrators are considered as the most lethal threats for

armored vehicles. Thus, in order to design efficient armors against them one has

to understand the various aspects of their penetration characteristics, which is the

main subject of this chapter. We start with a short account of the so-called hydro-

dynamic theory of penetration, which was first applied for the penetration process

of shaped charge jets, and was further developed for the penetration of eroding

long rods. The analytical models which comprise the hydrodynamic theory are

based on simple physical principles, which capture the important features of the

experimental data as will be shown in this chapter.

Z. Rosenberg and E. Dekel, Terminal Ballistics,
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5.1 The Penetration of Shaped Charge Jets

During the years of the Second World War, groups in the U.S. and in England

analyzed the structure of high velocity shaped charge jets and (independently)

developed the so-called hydrodynamic theory, in order to account for their penetra-

tion depths in large metallic blocks. These works, which were published after the

war by Birkhoff et al. (1948) and by Pack and Evans (1951), treated the metallic jet

as a high velocity fluid which generates extremely high pressures upon impact, so

that the strength of both jet and target could be ignored in the analysis. The

penetration of the jet was treated as a steady state process and it was analyzed in

terms of fluid mechanics. Figure 5.1 describes the essence of this process for a jet of

length L and density rj, impacting a large target of density rt at a velocity V. Upon
impact, the head of the jet is deformed to a mushroom-like shape, which penetrates

the target at a constant velocity (U). It is simpler to view this process from a system

of coordinates which moves with a velocity U, as shown in the lower part of Fig. 5.1

The model assumes that Bernoulli’s equation, for the equality of pressures on

both sides of the jet/target interface along their centerline, applies for this steady

state process. Thus, one can write:

1

2
rj V � Uð Þ2 ¼ 1

2
rtU

2 (5.1a)

The solution of this equation gives U in terms of V and the corresponding density

ratio (rt/rj), according to:

U ¼ V

1þ m
where: m ¼

ffiffiffiffi
rt
rj

r
(5.1b)

The erosion rate of the jet is given by (V�U) and it has a constant value for

constant V and U. The final penetration depth is calculated via the total penetration

time t ¼ L/(V�U), when the jet is totally eroded, resulting in the following relation:

P ¼ L � U

V � U
¼ L �

ffiffiffiffi
rj
rt

r
(5.1c)

Penetration 
velocity

U

V

rj

rt

Target 
Velocity

U
V-U

Stationary interface
Fig. 5.1 The hydrodynamic

picture of jet penetration
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This elegant result means that the penetration depths of shaped charge jets are

linearly dependent on their lengths, and they do not depend on their velocity.

However, even in their early publications, both Birkhoff et al. (1948) and Pack

and Evans (1951) noted that some modifications to the simple hydrodynamic theory

are needed. For example, the penetration depths into very soft targets (such as lead)

were much higher than those calculated by (5.1c). This extra penetration,

which was termed the secondary penetration in those works, was attributed to the

large momentum which the soft target acquires. This momentum overcomes the

strength of the soft target and leads to the extra penetration after complete jet

erosion, which was later referred to as the “third phase of penetration” by Orphal

(1997). Another modification was made by Pack and Evans (1951) who realized the

importance of target strength (Yt), by observing the difference between jet

penetrations into armor steel and soft steel. According to Pack and Evans (1951)

the total penetration depth is the sum of two contributions, the primary penetration

(Pprim) which depends on target strength (Yt), and the secondary penetration Psec,

as follows:

Ptotal ¼ Pprim þ Psec ¼ L 1� OYt
rjV2

 ! ffiffiffiffi
rj
rt

r
þ Psec (5.2)

where O is an empirical constant which depends on the jet and target densities.

According to Pack and Evans (1951), the second term in the brackets which is due

to the strength of the target, can reduce the primary penetration by as much as 30%.

The secondary penetration (Psec) was taken by most workers as equal to half of the

average crater diameter, which was also found to be dependent on the strength of

the target material. A third modification to the simple hydrodynamic theory was due

to the fact that jets are not moving at a constant velocity but have large velocity

gradients along their length. This inherent jet property was noted by Birkhoff et al.

(1948), who considered the particulation of the jet due to this velocity gradient.

Eichelberger (1956) considered the combined effects of target strength and jet

particulation. He added a strength term (s) to the right hand side of (5.1a), which

expressed the difference between the target and jet strengths. He also noted that

the strength term (s) should be important for the slower parts of the jet where

the impact pressures are not too high. In order to account for jet particulation he

multiplied the jet density in (5.1a) by a statistical factor (g), and suggested

a modified Bernoulli equation, as follows:

1

2
grj V � Uð Þ2 ¼ 1

2
rtU

2 þ s (5.3)

In summary, many issues which are related to the non-ideal properties of the jet

were already identified during the early stages of the research. Much of the histori-

cal developments concerning jet formation, its breakup, and its penetration process,

were summarized by Dehn (1986), and by Chou and Flis (1986). An updated review

of the research on this subject is given by Walters and Zukas (1989).
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The velocity gradient of the jet elements is responsible for the observed

shape of its penetration versus standoff-distance curve, as shown schematically

in Fig. 5.2. The first part of this curve depicts the steep rise in penetration depths

with increasing standoff, which is due to the stretching of the jet. With further

standoff increase, jet particulation results in the more gradual change of the

slope in this curve. At a certain standoff the jet elements deviate from their

original flight direction and hit the crater wall, resulting in reduced penetration

depths with increasing standoffs. This process is responsible for the maxima in

the penetration vs. stand-off curve, as seen in Fig. 5.2. Obviously, in order to

achieve large penetrations these shaped charge devices should be manufactured

with high precision and symmetry to ensure their collinear motion even after

jet breakup.

In order to account for the shape of these curves the concept of “virtual origin”

was introduced by several authors during the early years of research. This concept

states that all the jet elements can be considered as having a mutual origin in space

and time, from which they start moving at different velocities. Allison and Vitali

(1963) followed these ideas for the continuous jet, and were able to account for the

increase of penetration with standoff distance up to its breakup. For larger

standoffs, they introduced the concept of the cutoff impact velocity (Vmin), below

which a jet element does not penetrate the target. This concept was replaced with

the penetration velocity cutoff (Umin) by DiPersio et al. (1965), who were able to

account for the decreasing trend in penetration depths at large standoffs. The

influence of jet breakup on its penetration capability has been also considered

through its breakup time. These concepts provided useful penetration vs. standoff

formulas for different jet/target combinations. For example, when the jet completes

the penetration process before its breakup, the penetration depth (P) as a function of

standoff distance (X) is given by:
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P ¼ X � V0

Vmin

� �1 m=

� 1

" #
(5.4a)

where V0 is the velocity of the jet tip. A different approach, with Umin instead of

Vmin, resulted in the following relation between penetration depth and standoff

distance:

P ¼ X � V0

ð1þ mÞUmin

� �1 m=

� 1

" #
(5.4b)

These equations are very useful in accounting for the experimental data but they

do not address the physical causes for jet breakup. This process was analyzed

by several groups through the inclusion of viscosity and inertia, as reviewed by

Walters and Zukas (1989).

5.2 The Penetration of Eroding Long Rods

The deep penetration of a long metallic rod into a semi-infinite target, has been

studied intensively since the 1960s when such rods, made of dense materials,

replaced the much shorter steel projectiles as tank ammunitions. By the term

long-rods we mean penetrators with aspect ratios of at least ten, while short

projectiles have aspect ratios of five or less. The deep penetration of long rods

made of tungsten heavy alloys (WHA) or depleted uranium (DU), into armor steels,

is accompanied by their continued erosion which terminates when the rod is totally

consumed. Thus, the penetration process of long eroding rods is similar to that of

shaped charge jets, and is very different from the penetration process of rigid long

rods which was discussed in Chap. 3. The process itself has been envisioned by

Christman and Gehring (1966) to be divided into four stages as shown

schematically in Fig. 5.3, for the pressure at the rod/target interface.

Pressure

Transient

Secondary

RecoveryPrimary

Time

III III IV

Fig. 5.3 The four penetration stages
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The first stage in the process is the transient entrance phase which includes the

high pressure shock waves generated in the rod and in the target, and the large

deformation of the rod’s nose. This phase lasts for a very short time by which the

rod penetrates to a depth of a few rod diameters. The analytical description of this

phase is very complex and a proper account for its contribution to the total

penetration depth is still lacking. The second stage is the quasi-steady process of

penetration which has been the focus of much research, both analytically and

numerically, as will be described in this chapter. This is the dominant mode of

penetration for high velocity rods of large aspect ratios. The third stage is called

“secondary” by some researchers and “after flow” by others and it takes place after

the rod is totally consumed. Orphal (1997) distinguishes between two different

mechanisms which can operate at the end of the primary phase. The “secondary”

penetration is related to the extra penetration which the inverted rod can achieve in

certain cases. The “after flow” penetration is similar to that observed by Pack and

Evans (1951) for shaped charge jets penetrating low strength targets. Namely, the

momentum imparted to the target material is high enough to overcome its strength,

and the crater continues to grow even after the rod has been completely eroded. We

shall discuss these mechanisms later on and present some numerical results for

these processes. The fourth stage is due to the target’s recovery at the end of the

penetration process by its rebound due to its strength. This process has a very small

effect on the total penetration depth and it is usually ignored.

A “semi-infinite” target is large enough so that both its lateral dimensions and its

thickness do not affect the penetration process. These free surfaces can influence

both experimental and numerical results, and it is important to determine the

minimal values of the target’s dimensions in order to avoid their effects. This

issue was investigated by Rosenberg and Dekel (1994a) through numerical

simulations for L/D ¼ 10 and 20 WHA rods, impacting steel targets at velocities

in the range of 1.4–2.2 km/s. The Johnson-Cook constitutive model was used for the

strength of the targets, with initial yield strength of either 0.8 GPa or 1.2 GPa in

order to represent actual armor steels. The first set of simulations was performed for

very large targets in order to determine the reference values of the penetration

depths (P0) in semi-infinite targets. The changes in the penetration depths with the

target’s diameter and thickness were then determined and the results are shown in

Fig. 5.4. As is clearly seen in Fig. 5.4a the diameter of the target (Dt) should be at

least 25 times larger than the rod diameter (Dp) in order to reduce the effect of

lateral surfaces to within 1%. As far as the target thickness (H) is concerned,

Fig. 5.4b shows that it should be about twice as thick as the penetration depth in

order to be considered as a semi-infinite target. As stated above, these guidelines

should be considered for both experiments and numerical simulations. Similar

results were obtained by Littlefield et al. (1997) who performed both numerical

simulations and experiments, with WHA rods impacting steel targets having differ-

ent diameters, at a velocity of 1.5 km/s. They found that the ratio Dt/Dp has to be

larger than about 15 in order to avoid lateral release effects, in general agreement

with the findings of Rosenberg and Dekel (1994a).
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5.2.1 The Allen–Rogers Penetration Model

The first published account for the penetration of eroding long rods was by Allen

and Rogers (1961). They used a two-stage light gas gun in order to launch 7075-T6

aluminum cylinders at very slender stationary rods, about 1 mm in diameter, which

were made of different materials. This, so called “reverse ballistics” technique, is

most suitable for high velocity impacts where the accelerations in the gun are too

high for relatively soft and slender projectiles. The rods in these experiments were

made of magnesium, aluminum, tin, copper, lead and gold, and their aspect ratios
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Fig. 5.4 Simulation results for the effects of target dimensions on the penetration depths of long

rods: (a) the effect of target diameter and (b) the effect of target thickness
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were in the range of L/D ¼ 6.3–12.2. The analysis of Allen and Rogers (1961)

follows that of Eichelberger (1956) for shaped charge jets, setting g ¼ 1.0 in (5.3)

for the lack of velocity gradients in these rods. Since the rods were made of

relatively soft materials the term s in (5.3) was related to the target strength.

Solving (5.3) for the penetration velocity U, results in the following expression:

U ¼ V � m
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V2 þ Q

p
1� m2

(5.5a)

where:

Q ¼ 2s � 1� m2

rt
; m ¼

ffiffiffiffiffi
rt
rp

r
(5.5b)

and rt/rp is the target/rod density ratio.

Integrating over time, Allen and Rogers (1961) obtained the following expres-

sion for the normalized penetration depth (P/L) of these rods:

P

L
¼ U

V � U
¼ V � m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V2 þ Q

p
m
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V2 þ Q

p
� m2V

(5.6a)

For very high impact velocities the term Q in this equation can be neglected,

and one obtains the so called “hydrodynamic limit” for the penetration of these

rods, as given by:

P

L
¼ 1

m
¼ rp

rt

� �0:5

(5.6b)

which is also the penetration depth of an ideal shaped charge jet, as given by (5.1c).

For the special case of rp ¼ rt ¼ r, (5.3) results in:

U ¼ V

2
� s
rpV

(5.6c)

leading to the following relation for the normalized penetration depth in this special

case:

P

L
¼ V2 � 2s=rp

V2 þ 2s=rp
(5.6d)

The experimental results of Allen and Rogers (1961) are shown in Fig. 5.5,

together with the P/L curves as calculated by (5.6a) and (5.6d). These curves were

calculated with a value of s ¼ 1.95 GPa for the strength term of the 7075-T6

aluminum targets, as suggested by Allen and Rogers (1961).

One can clearly see that, except for the high velocity experiments with the

gold rods, the simple hydrodynamic model is very successful in accounting for
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the experimental results of these rods. The model predicts that the normalized

penetration depths (P/L) should approach their corresponding hydrodynamic limits

(rp/rt)
0.5 at high impact velocities, where the strength of the target is less important.

This is clearly seen in Fig. 5.5, as the experimental results approach these limits for

each rod material (the dotted horizontal lines in the figure). This asymptotic approach

means that, as far as the penetration depths of eroding rods are concerned, there is no

benefit in increasing their impact velocity beyond a certain value. This feature is in

sharp contrast with the inherent property of rigid rods for higher penetrations with

increasing velocities. In addition, rigid rods aremuchmore efficient than eroding rods,

as far as their corresponding values for P/L are concerned. In order to demonstrate this

issue, consider the penetration depths of the ogive nosed steel rods into 6061-T651

aluminum targets, in the experiments of Piekutowski et al. (1999). These rods

penetrated to depths of about seven times their length at an impact velocity of

1.8 km/s. In contrast, the maximal penetration depth of an eroding steel rod impacting

an aluminum target is expected be only 1.7 times its length.

A very important observation from both the analysis and the experiments of

Allen and Rogers (1961) is the existence of a threshold impact velocity (Vc), which

marks the onset of penetration for a given rod. This threshold (critical) velocity is

obtained by substituting U ¼ 0 in (5.3), resulting in:

Vc ¼
ffiffiffiffiffiffiffi
2st
rp

s
(5.7)
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Fig. 5.5 The data of Allen and Rogers (1961) and the curves predicted by their model
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The term st, which is related to the target strength, expresses its resistance to

penetration. In essence, the critical velocity is achieved when the dynamic impact

pressure (0.5rpV
2) is equal to the target resistance to penetration (st). The experi-

mental values of Allen and Rogers (1961) for the threshold velocities of the

different rods, resulted in a value of st ¼ 1.95 � 0.5 GPa for the target’s resistance

to penetration. This value is about three times the dynamic compressive strength of

the 7075-T6 alloy, which was used for the targets in this study. As noted by Allen

and Rogers (1961), this is the expected result considering the indentation model of

Tabor (1951). According to Tabor’s analysis, the indentation pressure of a solid by

a cylindrical punch should be equal to about three times its compressive strength.

Thus, the minimum value for the dynamic pressure which the rod has to apply in

order to achieve some penetration, should be equal to three times the dynamic

compressive strength of the target.

With this definition of the critical velocity the normalized penetration of a rod

into a target of the same density, through (5.6d), takes the form:

P

L
¼ z2 � 1

z2 þ 1
where: z ¼ V0

Vc
(5.8)

The various relations discussed above have been derived through the assumption

that the rod strength is negligible and the only strength which enters the analysis is

that of the target, through its resistance to penetration (st). Thus, according to the

hydrodynamic model all the data for zero strength rods impacting targets of the

same density should fall on a single curve which is given by (5.8).

In order to further highlight the role of these threshold velocities we performed

numerical simulations with the AUTODYN-2D code, for L/D ¼ 10 zero-strength

steel rods impacting steel targets of different strengths. These strengths (von-Mises

criterion) were: Yt ¼ 0.4, 0.8 and 1.2 GPa. Figure 5.6a shows the results for the

three sets of simulations in terns of the normalized penetration depths vs. impact

velocities. The results of these simulations enhance the validity of the hydrody-

namic theory, through several aspects, as follows. Below a certain critical velocity

the rod does not penetrate the target, and the critical velocities increase with target

strength, as expected. In addition, the penetration depths approach the hydrody-

namic limit (in this case P/L ¼ 1) with increasing impact velocities, for all target

strengths. A close examination of the simulation results shows that the critical

velocities are: Vc ¼ 0.55, 0.78 and 0.95 km/s for the Yt ¼ 0.4, 0.8 and 1.2 GPa

targets, respectively. Using (5.7) we find that the corresponding values for st for

each target are exactly equal to 3Yt, in agreement with the results of Allen and

Rogers (1961) and with the indentation analysis of Tabor (1951).

Once the threshold velocities are determined, one can construct the normalized

penetration curve (P/L) in terms of the normalized velocities (z ¼ V0/Vc), as shown

in Fig. 5.6b. It is clear that all the simulation results can be represented by a single

normalized curve. However, this curve does not coincide with the curve predicted

by the hydrodynamic model, (5.8), as is clearly evident in Fig. 5.6b. This compari-

son between a model’s predictions and simulation results, is an excellent example
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for the important role of numerical simulations for the validation of analytical

models. For the present case we find that the general trends of the model and the

simulation results are similar to each other. However, their slopes are quite differ-

ent, and their corresponding values of P/L can be very different for certain values of

z. In particular, at high impact velocities the numerical simulations result in higher

penetration depths than the hydrodynamic limits which are predicted by the model.

These higher values are often observed experimentally, as we shall see later on.

Still, as far as a simplified 1D model is concerned, the hydrodynamic model can be

considered as very successful in capturing the main features of the penetration

process. An important result of this model is that the threshold velocity (Vc) does

not depend on the density of the target. In order to check the validity of this issue we

performed an additional set of simulations for the impact of zero-strength steel rods,

at a semi-infinite aluminum target with strength of 0.4 GPa. These simulations

resulted in a value of Vc ¼ 0.55 km/s which is exactly the same value obtained for

a

b

Fig. 5.6 (a) Simulation results for L/D ¼ 10, zero strength steel rods, impacting steel targets of

different strength. (b) The normalized presentation of these results, P/L vs. V0/Vc

5.2 The Penetration of Eroding Long Rods 165



the 0.4 GPa steel target. Thus, one may conclude that (5.7) can be used in order to

predict threshold velocities for low strength rods and shaped charge jets.

We have noted in the Introduction that one of the main roles of numerical

simulations is to validate the assumptions behind analytical models. We have

already seen examples for such validity tests in the previous chapters, and from the

analysis described here we learn about the validity limits of the hydrodynamic

theory for penetration. A similar study was performed by Anderson and Orphal

(2008), through numerical simulations for zero strength steel and WHA rods,

impacting zero strength steel targets. They compared the penetration velocity

histories from these simulations to those calculated by the hydrodynamic theory.

Their main conclusion is that the differences between these velocity histories are

related to material compressibility which is ignored in the hydrodynamic theory.

With increasing impact velocities the compressibility effect increases and for an

impact velocity of 6.0 km/s for the steel rod, the interface pressure is higher by

about 10% than the corresponding value as calculated by the hydrodynamic

theory.

The relatively deep penetrations of the high velocity gold rods in the work of

Allen and Rogers (1961) were attributed by them to the “secondary penetration”

process. According to their interpretation the inverted gold rods kept on penetrating

the target after the primary phase ended. Their analysis showed that an inverted rod

can penetrate the target if the rod/target density ratio (rp/rt) is large enough, and if

the impact velocity is above a certain threshold. This issue has been reanalyzed by

Rosenberg and Dekel (2000) who suggested a different explanation for the deep

penetrations of these high velocity gold rods. According to their interpretation the

cylindrical aluminum targets, which were launched at the stationary gold rods, were

not thick enough to be considered as semi-infinite targets. Due to their high density,

the gold rods penetrated to depths which were near the total length of these

aluminum cylinders. The back surface of these cylinders lowered their resistance

to penetration at the later stages of penetration, resulting in the extra penetration

depths at the high-velocity impacts.

In order to enhance this explanation we performed numerical simulations for the

impact of low strength (0.2 GPa) gold rods at semi-infinite 7075-T6 aluminum

targets. The rods in these simulations had the same aspect ratio as those in the work

of Allen and Rogers (1961), and the strength of the target in the simulation was set

at Yt ¼ 0.7 GPa, using the von-Mises yield criterion. This value represents the flow

stress of the 7075-T6 alloy, as discussed in Chap. 4. Impact velocities in these

simulations were varied between 0.4 and 2.9 km/s, covering the range of impact

velocities by Allen and Rogers (1961). The results of these simulations and the data

from Allen and Rogers (1961) are shown in Fig. 5.7. The simulations follow the

experimental results very closely for impact velocities up to 2.2 km/s. For higher

impact velocities the experimental data fall above the simulation results, which

showed no indication for a secondary penetration process through inverted rods.

These simulations enhance the claim that the extra penetrations of the high velocity

gold rods were due to some experimental artifact, rather than to a new penetration

mechanism.
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Christman and Gehring (1966) impacted aluminum and steel rods with aspect

ratios of L/D ¼ 0.17–25 at various targets, with velocities in the range of

0.3–6.7 km/s. Some of their experiments included flash radiographs which

followed the rods during the penetration process. They analyzed the four penetra-

tion phases which are shown schematically in Fig. 5.3, and concluded that: “the

secondary phase begins after the rod has been completely deformed and removed

from the system as a source of energy. This phase lasts until the energy density

behind the expanding shock wave becomes too small to overcome the intrinsic

resistance of the target.” They noted that both the primary and secondary phases

may exist simultaneously during penetration. They also realized that at low impact

velocities (V0 < 2 km/s) these rods were not totally consumed, which implied that

the back of the rod is decelerating during penetration. Thus, a steady state process

was not achieved at the lower impact velocities. Christman and Gehring (1966)

accounted for their results through a semi-empirical approach which was similar to

the “after flow” concept, of Pack and Evans (1951), for shaped charge jets.

According to their model, the primary penetration is achieved through a

steady–state hydrodynamic process which lasts until the rod has a length of

about L/D ¼ 1. The remaining portion of the rod, with L/D ¼ 1, adds an extra

penetration which was found to be dependent on its velocity and on the strength of

the target, as expressed by its Brinell hardness number (Bh). Their semi-empirical

relation for the total penetration depth includes of the contributions from both

phases, as follows:

P ¼ L� Dð Þ rp
rt

� �1
2 þ 2:42D

rp
rt

� �2
3 rtV

2

Bh

� �1
3

(5.9a)
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Fig. 5.7 Simulation results for gold rods impacting aluminum targets and the experimental data

from Allen and Rogers (1961)
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The secondary penetration term can be rewritten in a somewhat different form as:

Psec

D
¼ 2:42

rp
rt

� �1
3 rpV

2

Bh

� �1
3

(5.9b)

This relation will be discussed in more detail when we deal with the hyperve-

locity impact of metallic spheres.

Rosenberg and Dekel (2001b) examined the issue of secondary penetration at

high impact velocities, using numerical simulations for zero strength steel rods

with aspect ratios of L/D ¼ 3–30, impacting semi-infinite aluminum targets with

strength of 0.4 GPa. The simulations showed a practically constant variation with

time of rod length and its penetration depth, with a clear break towards the end of

the penetration process. This is shown in Fig. 5.8a for an L/D ¼ 10 rod impact at

7.0 km/s. Figure 5.8b shows the pressure time variation at the rod/target interface,

and Fig. 5.8c shows the velocity-time histories of the rod’s head and tail.
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Fig. 5.8 Simulation results for an L/D ¼ 10 steel rod impacting an aluminum target at 7.0 km/s.

(a) penetration depth and rod length, (b) pressure at the interface, and (c) nose and tail velocities
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The pressure and velocity histories show the expected behavior, with an initial

transient phase which lasts for several microseconds. This is followed by the

primary steady-state penetration with a constant interface pressure and constant

head and tail velocities. The primary penetration phase is followed by a sharp

decrease within a short time. This is the time duration of the secondary phase which

adds the extra penetration to the steady-state primary phase. Rosenberg and Dekel

(2001b) chose the break in the pressure–time history as the onset of the secondary

phase, in order to distinguish between the penetration depths during the primary and

the secondary phases. Their simulation results agreed with the general concepts of

Christman and Gehring (1966), according to which the penetration at the end of the

primary phase is very close to the hydrodynamic limit for a rod of length (L�D).

They also found that the secondary penetrations of the L/D ¼ 10–30 rods, are due

to their last portion with L/D ¼ 1. These secondary penetrations were found to be

linearly dependent on impact velocity, in the range of V0 ¼ 3.0–7.0 km/s. Chang-

ing the strength of the aluminum targets in their simulations, they found that the

secondary penetrations are proportional to the ratio (V2/Yt)
0.5. This result is not

very different than the ratio of (V2/Yt)
1/3 in the empirical relation of Christman and

Gehring (1966), as given by (5.9a). Similar results were obtained by Anderson and

Orphal (2003) in their simulations for zero strength WHA rods impacting steel

targets. They found that the length of the residual rod which is responsible for the

extra penetration beyond the primary phase is about 1.25D, and that this last portion

of the rod continues to penetrate until its length diminishes to zero.

In summary, these simulations showed that the last portion of the rod with

L/D � 1.0 is responsible for the extra penetrations beyond the hydrodynamic limits

of long rods. These extra penetrations depend on the impact velocity of the rod and

on target strength. No evidence was found in these simulations for the “after-flow”

phenomenon, where the crater continues to grow after the rod is totally consumed.

We should stress here that the situation is quite different for compact projectile,

spheres or L/D ¼ 1 cylinders, impacting semi-infinite targets at high velocities. As

will be discussed later, these projectiles are consumed soon after impact, and the

momentum which they impart to the target is responsible for the growth of a hemi-

spherically shaped crater. As we shall see, the final size of this crater depends on the

kinetic energy of the projectile and on the strength of the target even for impact

velocities as high as 10.0 km/s.

5.2.2 The Alekseevskii-Tate Penetration Model

The next stage in the theoretical approach to the penetration of long eroding rods

was made independently, and almost simultaneously, by Alekseevskii (1966) and

Tate (1967, 1969). Their analysis has been considered as one of the more successful

models in terminal ballistics. The AT model (after Alekseevskii and Tate), follows

the penetration of an eroding long rod having a finite strength (Yp), which is

continuously decelerating during penetration. This model is also based on the
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modified Bernoulli equation but it distinguishes between the dynamic strength of

the rod (Yp) and the target’s resistance to penetration (Rt). The deceleration of the

rigid part of the rod is achieved through elastic waves of amplitude Yp,

reverberating between its eroding front and its back surface. Thus, an equation

for the deceleration of the back portion of the rod was added to the modified

Bernoulli equation and to the relation for the erosion rate, which were used by

Allen and Rogers (1961). The modified Bernoulli equation, with the two separate

strength terms, takes the form:

1

2
rp V � Uð Þ2 þ Yp ¼ 1

2
rtU

2 þ Rt (5.10)

The other two equations of the AT model express the deceleration of the rigid

part of the rod, of length ℓ, using Newton’s second law:

rpl
dV

dt
¼ �Yp (5.11)

and the kinematic equation for the rod’s erosion rate:

dl

dt
¼ � V � Uð Þ (5.12)

These equations have to be solved numerically in order to obtain the penetration

depths of a given rod into a semi-infinite target for different impact velocities. The

model distinguishes between two different situations concerning the rod and target

strength parameters, either Yp > Rt or Yp < Rt. Each case has its own solution and

characteristic shape for the penetration vs. velocity curves, as follows:

1. Yp > Rt—The strength of the rod is higher than the target’s resistance to

penetration and, at low impact velocities, the rod penetrates as a rigid body. The

rigid penetration phase takes place until the impact velocity is high enough and

the rod enters its eroding phase. Tate (1969) assumed that the retarding stress on the

rigid rod is due to both the strength of the target (Rt) and its inertia (rtV
2/2), so that

the rod’s equation of motion during its rigid penetration phase is:

rpL
dV

dt
¼ � 1

2
rtV

2 þ Rt

� �
(5.13)

It was shown in Chap. 3 that the deceleration of a rigid rod should be constant for

all impact velocities below the cavitation threshold velocity (Vcav). Target inertia

should be added only when V0 > Vcav. Moreover, the resisting stress on a rigid rod

depends on its nose shape, as shown in Chap. 3, an issue which is absent in the AT

model. We have also seen that the transition from rigid to eroding rod penetration

does not occur at a well defined threshold velocity, as suggested by Tate (1969).

Rather, a certain range of impact velocities, where the rod is deforming without
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losing mass, precedes the eroding rod phase. Due to these deficiencies, we shall not

deal with this part of the AT model, and turn now to the second case, with Yp < Rt,

which is also the more relevant case for armor applications.

2. Yp < Rt. The strength of the rod is lower than the target’s resistance to penetra-

tion. This means that the rod does not penetrate the target unless its impact velocity

is higher than a threshold value (Vc) which, from (5.10) with U ¼ 0, is given by:

Vc ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðRt � YpÞ

rp

s
(5.14)

For V0 > Vc the rod can penetrate the target and it starts to deform at the impact

moment, achieving a mushroom-like shape within a short transient phase. Subse-

quently, the rod is continuously eroding while its back portion is decelerating. This

is a quasi-steady penetration mode with a penetration velocity (U) which decreases

with time. The modified Bernoulli equation, (5.10), results in the following relation

between the penetration velocity (U) and the instantaneous velocity of the back part

of the rod (V):

U ¼ V �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2V2 þ 1� m2ð ÞVc

2
p

1� m2
(5.15)

where m ¼ (rt/rp)
0.5, as before, and Vc is the critical velocity defined by (5.14).

The rigid part of the rod is continuously decelerating by the reverberating elastic

waves, as explained in Chap. 3, and it is continuously shortened by the erosion

process. Penetration ceases either when the velocity of the rigid part reaches the

value of Vc, or when the rod is completely consumed. Solving the three equations

(5.10–5.12) numerically, results in an S-shaped penetration curve which starts at

V ¼ Vc and approaches, asymptotically, the hydrodynamic limit (rp/rt)
0.5 at high

impact velocities. This behavior is shown in Fig. 5.9 forWHA rods (rp ¼ 17.3 g/cc)

impacting two steel targets (rt ¼ 7.85 g/cc) with different strengths. These curves

were calculated for Yp ¼ 1.0 GPa for the WHA rod, and Rt ¼ 3.0 and 5.0 GPa for

the two steel targets.

The main features of these curves have been observed in many experimental

studies with different rod/target combinations. These features include (1) the

existence of a threshold velocity (Vc) below which the rod does not penetrate the

target, (2) the fact that Vc increases with target strength according to (5.14), (3)

the S-shape of the normalized curve and its steep rise at impact velocities in the

ordnance range (1.0–2.0 km/s), and (4) the asymptotic approach, at higher

velocities, to the hydrodynamic limit-(rp/rt)
0.5. Figure 5.10 shows the experimental

results of Hohler and Stilp, from the database of Anderson et al. (1992), for

L/D ¼ 10 WHA rods impacting four steel targets with different hardness (strength)

at velocities up to 4.0 km/s.

One can clearly see that all the features of the AT model, as discussed above,

appear in these experimental curves, including their S-shape and their asymptotic
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approach to the hydrodynamic limit, which is shown by the dotted line in the figure.

Penetrations take place at velocities above a certain threshold (Vc), which is

strongly dependent on the strength of the target, as expected. The most important

issue, concerning both the AT model and the experimental data, is the significant
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Fig. 5.9 The normalized penetration curves from the AT model for an eroding WHA rod

impacting two steel targets of different strength
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Fig. 5.10 Experimental result for L/D ¼ 10WHA rods impacting steel targets of different strength
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dependence of the penetration depth on target strength, as shown in Fig. 5.10. For

example, at an impact velocity of 1.5 km/s, an increase by a factor of two in target

strength results in a reduction in penetration depth by a similar factor. At higher

impact velocities the effect of target strength diminishes, as predicted by the AT

model. Experimental results from other sources, with different rod/target

combinations, as in Perez (1980), show the same features, strongly enhancing the

validity of the AT model. On the other hand, at high impact velocities the data tend

to cross the hydrodynamic limit, especially for low strength targets. These extra

penetrations, beyond the hydrodynamic limit, are due to the later stages in the

penetration process, as discussed above. It has been shown, both experimentally

and numerically, that the strength of the rod has a much smaller effect on the

penetration depth. This is partly due to the fact that higher rod strengths induce an

increased deceleration of its rear part, which reduces its penetration capability.

Thus, the possible gain in penetration depth by higher rod strengths is diminished

by their enhanced decelerations. As we shall see later, the failure properties of the

rod material are much more important than its compressive strength, as far as the

penetration efficiency of the rod is concerned.

In order to compare the predictions from the AT model with actual penetration

data, we chose two sets of experiments of Hohler and Stilp, which are given in the

data base of Anderson et al. (1992). The steel targets in these experiments had

hardness of 180 Brinell and the L/D ¼ 10 rods were either steel or WHA rods. The

results for the normalized penetration (P/L) vs. impact velocity, for the two sets of

data, are shown in Fig. 5.11. Clearly, the higher density WHA rods penetrate more

than the steel rods, and both penetration curves tend asymptotically to their
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Fig. 5.11 Comparing model’s predictions and data (symbols) for WHA and steel rods impacting a

steel target
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corresponding hydrodynamic limits of (rp/rt)
0.5 ¼ 1.5 and 1.0 for the WHA and

the steel rods, respectively. These hydrodynamic limits are shown by the dotted

horizontal lines in Fig. 5.11. In addition, the critical velocity (Vc) is higher for the

steel rods, as predicted by (5.13). The figure also includes the predicted P/L curves

from the AT model, using Rt ¼ 3.5 GPa for the target and Yp ¼ 1.2 GPa for both

the steel and WHA rods. Good agreement is evident for the steel on steel impact at

all impact velocities. On the other hand, for the WHA rods the agreement is good

only for the low velocity range. We have already mentioned a similar discrepancy

between numerical simulations and the hydrodynamic model’s predictions. The AT

model results in lower penetration depths than those obtained by both experiments

and simulations, which are in reasonable agreement with each other. As we noted

above, these deviations are typical for low strength targets, and the agreement is

getting better for targets of higher strength.

We turn now to the issue of similarity between different sets of rod/target

combinations, as obtained by experimental data and their numerical simulations.

Well established similarity relations can save a lot of experimental work, in

addition to their importance in understanding the physics of a given process.

In such a similarity study Rosenberg and Dekel (2001a) showed that different

sets of data can be conveniently normalized by using the threshold velocity Vc as

a normalization factor for the impact velocity. They suggested that experimental

data should be presented as P/L vs. V0/Vc. For example, the experiments with the

WHA rods impacting two different steel targets which are shown in Fig. 5.12a,

resulted in values of Vc ¼ 0.55 and 0.75 km/s for the 180 and the 388 Brinell

targets, respectively. Using the normalized values of V0/Vc one finds that the two

sets of data fall on a single normalized curve, as shown in Fig. 5.12b.

The numerical simulations of Rosenberg and Dekel (2001a) showed that all the

penetration curves for a given rod, impacting targets which differ only by their

strength, can be represented by a single normalized curve for P/L as a function of

P
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Fig. 5.12 (a) The data for WHA rods impacting steel targets with different hardness and (b) the

normalized presentation of these experimental results

174 5 Eroding Penetrators



V0/Vc. Also, multiplying the strengths of rod and target by the same factor, leads to

the same normalized curve for both pairs. Moreover, the simulations showed that

the same normalization scheme applies for different rod/target combinations if their

corresponding density ratios are the same. In order to demonstrate that such

normalization schemes are applicable for experimental data, consider Fig. 5.13.

The data is taken from Perez (1980), who impacted L/D ¼ 11 titanium alloy rods at

aluminum targets and aluminum rods at magnesium targets. The density ratios of

the two pairs are practically the same, rp/rt ¼ 1.66 and 1.64, respectively. It is

clear that the data points for the two sets of experiments fall on a single penetration

curve for P/L vs. impact velocity. The excellent correlation between the two sets of

data is also due to the fact that their strength ratios Yt/Yp have similar values.

Note that the data points in both sets of experiments cross the hydrodynamic limit of

(rp/rt)
0.5 ¼ 1.28, as for other targets of low strength.

5.2.3 The Validity of the AT Model

The validity of the one-dimensional AT model has been the subject of a large

number of works over the years. The main incentive of these works was to account

for several discrepancies between experimental results and the model’s predictions,

which were highlighted above. Anderson and Walker (1991) preformed numerical

simulations which were specifically focused on the question whether the penetration

process according to the AT model follows their simulations. Figure 5.14 shows the

comparison between simulation results and the model’s predictions, for the nose and

tail velocities of an L/D ¼ 10WHA rod impacting an armor steel target at 1.5 km/s.

1 2 3 4 5 6
0

0.5

1.0

1.5

V0 (km/sec)

P
/L

Al       Mg

Ti       Al

/rp rt

Fig. 5.13 The normalized penetrations of two rod/target combinations having the same density ratio
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The strong deceleration of the last portion of the rod, at the final stages of the

process in the simulation, is not captured by the AT model. Also, the model predicts

that the rod should be fully eroded at impact velocities in the range of 1.5–2.0 km/s,

while both simulations and experiments show that a residual rod with L/D ¼ 1

remains at the bottom of the crater. Additional simulations by Anderson et al.

(1996c) showed that the difference (Rt�Yp) is velocity dependent. Thus, one may

conclude that due to its simplicity, the AT model does not fully account for the

complex process of eroding rod penetration.

The validity of the strength parameters of the AT model has been examined

through numerical simulations by Rosenberg and Dekel (1994b), for the target’s

resistance to penetration (Rt), and in Rosenberg and Dekel (2000) for the rod

strength (Yp). In order to check the validity of Rt, they followed the penetration

process of zero strength L/D ¼ 20 rods made of different materials, such as steel,

WHA, copper, and aluminum. The targets were of either steel or tungsten-alloy,

with yield strengths (von-Mises criterion) which varied between 0.4 and 2.0 GPa.

Such simulations, with zero strength rods have two advantages which are, in fact,

related to each other. First, the term Yp is eliminated from the modified Bernoulli

relation, (5.10), and one can focus on the nature of the target strength parameter

(Rt). In addition, with Yp ¼ 0 the rod is not decelerating during penetration, and

both V and U are constant throughout the whole process. These issues simplify the

analysis for the validity of Rt, as demonstrated by the following example.

The simulation results for the rod’s tail and head histories for a zero strength

L/D ¼ 20 WHA rod, impacting a 0.8 GPa steel target at a velocity of 2.2 km/s, are

shown in Fig. 5.15. It is clear that after a short transient phase, of about 20

microseconds, the penetration velocity reaches a constant value of U ¼ 1.16 km/s.

Inserting the values for V and U in (5.10), together with the corresponding densities

of the rod and target, results in a value of Rt ¼ 3.9 GPa for this target. Thus, the

derivation of Rt values from simulations for zero strength rods, is a relatively
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straightforward procedure. One should note that the transient phase in this simula-

tion corresponds to a penetration depth of about three rod diameters, which is equal

to the dominance range of the entrance phase for spherical nosed rigid rods, as

discussed in Chap. 3.

Similar simulations were performed for several rod/target pairs where the

strength of the target was varied in a large range, in order to derive relations

between the target’s resistance to penetration (Rt) and its strength (Yt). The resulting

relation between Rt/Yt and ln(E/Yt) for steel targets is shown in Fig. 5.16. These
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Fig. 5.15 Simulation results for a zero strength WHA rod penetrating a steel target
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simulations were performed for L/D ¼ 20 zero strength WHA rod, impacting steel

targets of different strength at an impact velocity of V0 ¼ 2.2 km/s.

It is clear that the resulting values of Rt can be presented through a normalized

form, with Rt/Yt as a function of ln(E/Yt), where E ¼ 200 GPa is Young’s modulus

of the steel targets. This form of presentation is chosen in order to follow the

numerical and analytical results for rigid rods, which were discussed in Chap. 3.

With this choice of presentation, the normalized values of Rt/Yt for different steel

targets follow a similar dependence on ln(E/Yt), according to:

Rt

Yt
¼ 2

3
ln

E

Yt

� �
þ 1:21 (5.16)

The simulations of Rosenberg and Dekel (1994b) for different rod and target

materials, showed that the parameter Rt depends on target strength, as expected, and

that it is independent on either rod or target density. Moreover, for impact velocity

up to about 3.0 km/s, the values of Rt were practically independent on impact

velocity. The main conclusion from this study was that the parameter Rt can be

considered as a valid physical property of the target, especially for the ordnance

range of impact velocities (up to about 2.0 km/s). In contrast, the simulations

presented by Rosenberg and Dekel (2000) for rods with finite strengths, showed

that the rod strength parameter (Yp), of the AT model, depends on both impact

velocity and the rod’s aspect ratio (L/D). Thus, the parameter Yp in the AT model is

its “weak” point, and it cannot be considered as a well defined physical parameter.

In conclusion, the AT model was found to have several deficiencies, which are due

to its simplicity. These deficiencies could have been overcome by additional

corrections, if not for the so called “the L/D effect” which is its main problem, as

discussed below. Before we turn to this issue we wish to highlight the difference

between the resistance to penetration of a given target which is impacted by rigid

and eroding rods.

It is clear that the values for Rt, as obtained from the simulations of zero strength

rods through (5.16), are significantly lower than the corresponding Rt values for

spherical-nosed rigid rods, as derived from (3.9). We can have an appreciation for

these differences by comparing the corresponding Rt values for steel targets, of

different strength, which are penetrated by these rods. Equation 5.16 results in:

Rt ¼ 2.6, 4.74, and 6.7 GPa for the eroding rod, and (3.9) gives: Rt ¼ 3.2, 5.63, and

7.77 GPa for the rigid rod, penetrating steel targets with: Yt ¼ 0.5, 1.0 and 1.5 GPa,

respectively. These differences, which amount to 16–23%, are due to the different

flow fields of the target material in the two cases. Thus, the intuitive assumption that

spherical nosed rigid rods experience the same resisting stresses as eroding rods is

refuted by these simulation results.

In order to demonstrate the dependence of target resistance on the nature of its flow

field, consider the simulation results of Rosenberg andDekel (2008). These simulations

followed the motion of spherical cavities inside a large elaso-plastic solid, which were

partially loaded by an internal pressure, rather than on their whole surface. The partial
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loading was achieved by applying the pressure to a high strength thin shell (0.1 mm

thick) at the cavity’s wall, as shown schematically in Fig. 5.17.

The shells in these simulations extended to various angles around the symmetry

axis of the 2D numerical scheme, which were: 13�, 27�, 54�, 90� and 180�. Due to
the 2-D symmetry of these simulations, the 180� shell covers the whole area of the
spherical cavity, while the 90� shell corresponds to the case where exactly half of

the cavity area is loaded. The simulation results showed that the critical (threshold)

pressures which are needed to expand these partially loaded cavities are strongly

dependent on the area on which the pressure is applied. This dependence for

a 1.0 GPa steel target is shown in Fig. 5.18. The critical pressures range from

Pcrit ¼ 3.63 GPa for the fully loaded spherical cavity, to Pcrit ¼ 5.64 GPa when the

Fig. 5.17 A schematic description of the partially loaded cavity
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Fig. 5.18 The critical expansion pressures as a function of shell angle
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cavity is loaded by the smallest shell (with an angle of 13�). These significantly

different values are due to the different ways by which the material is flowing

around the loaded area, much like the stream lines of the target around different

nose shaped rods.

For the 180� case, where the whole cavity surface is loaded, the critical pressure
is exactly equal to the value of Psph, as derived from the spherical cavity expansion

analysis for a compressible steel of strength 1.0 GPa. This is the expected result

because the material in both cases is moving along radial directions, perpendicu-

larly to the surface of the cavity. The most interesting result of these simulations

concerns the 90� shell, which corresponds to a pressure applied on half of the

cavity’s area. The simulations resulted in a value of Pcrit ¼ 4.7 GPa for this case.

This value is very close to the value of Rt ¼ 4.74 GPa for the 1.0 GPa steel, as

obtained by (5.16), from the numerical simulations for eroding rods. The agreement

is due to the similarity in the flow fields of the target material in the two processes,

namely, the deep penetration by an eroding rod and the expansion of a cavity by

a constant pressure which is exerted on half of its area. This similarity is shown in

Fig. 5.19 presenting the flow field of the 1.0 GPa steel target which was impacted

by a copper rod at 2.2 km/s, and the field around an expanding cavity which was

loaded at half of its surface (the 90� shell).The various colors in this figure

correspond to different material velocities, and one can clearly see the similarity

of the two flow fields.

Rod Penetration

Cavity Expansion

Fig. 5.19 Velocity fields around the crater during rod penetration and around the expanding

cavity for the 90� shell
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5.2.4 The L/D Effect

It has been a well-established fact that the penetration efficiency, as defined by the

penetration depth per unit rod length (P/L), is lower for a long eroding than that of

a short rod. In particular, an L/D ¼ 1 cylinder has a higher efficiency than an

L/D ¼ 5 rod, and this rod has a higher efficiency than an L/D ¼ 10 rod. This trend

is clearly seen in Fig. 5.20, from Tate et al. (1978), for WHA rods impacting armor

steel plates at the ordnance range of impact velocities. These rods had aspect ratios

of L/D ¼ 3, 6 and 12, and one can clearly see that the corresponding efficiencies,

in terms of P/L, are decreasing with increasing aspect ratios.

The general assumption among researchers was that this decreasing trend

saturates at about L/D ¼ 10 and that all the data for L/D � 10 rods should fall

on a single curve of P/L vs. impact velocity. The independence of P/L on L/D is an

inherent feature of the AT model for eroding long rods, and much of its success was

attributed to this feature. However, the experimental data of Hohler and Stilp

(1987), showed that the penetration efficiency of long rods decreases significantly

even for L/D ¼ 20 and 30 rods. Their results for steel and WHA rods impacting

steel targets, revealed a strong dependence of P/L on L/D especially for impact

velocities within the ordnance range. This dependence of P/L on L/D was termed

“the L/D effect” and has been the subject of intense research during the 1990s.

Figure 5.21 shows the data from Hohler and Stilp (1987), for WHA rods impacting

armor steel targets (RHA). One can clearly see that the difference between

the values of P/L, for L/D ¼ 10 and 30 rods, reaches 50% at impact velocities

around 1.5 km/s.
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Fig. 5.20 The decreasing trend in P/L with increasing aspect ratio for WHA rods impacting armor

steel targets
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The “L/D effect” became a major subject for further analysis by several workers,

who used numerical simulations in order to find the mechanisms responsible for this

effect. The simulations of Rosenberg and Dekel (1994c, 2001b) reproduced the L/D

effect and showed that the differences in P/L are diminishing as the L/D ratios

become larger. These simulations showed that even zero strength rods resulted in

the same behavior, as is clearly seen in Fig. 5.22 for zero strength WHA rods

impacting RHA targets at 1.4 km/s.
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Fig. 5.21 Experimental results for WHA rods impacting RHA targets, demonstrating the L/D

effect
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Fig. 5.22 Simulation results for zero strength WHA rods impacting RHA targets at 1.4 km/s
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The numerical simulations of Anderson et al. (1995, 1996a) showed that

several contributions are responsible for the “L/D effect” at different stages of the

penetration process. For low impact velocities the non-steady nature of the process

at the early stages is responsible for the effect. At the high velocity range, above

2.0 km/s, the terminal phase of penetration adds another contribution to the effect.

Figure 5.23 summarizes experimental results from several sources for WHA rods

impacting steel targets. These data were assembled by Anderson et al. (1995) in

order to demonstrate that the L/D effect is practically independent on impact

velocity within the ordnance range.

In conclusion, the one-dimensional penetration model of Alekseevskii and Tate

has been found to be too simplistic to give a complete account for the penetration

process of eroding rods, mainly because it does not deal with the transient phases at

the start and at the end of the process. The steady state (primary) penetration phase,

which is the main subject of the model, is established only after the rod penetrates

to a depth of several rod diameters, as shown by the simulations of Anderson and

Orphal (2008). The entrance phase for eroding rods includes the transition to the

mushroomed-shaped nose, which also takes some time. With this transitory nature

of the entrance phase one can have a qualitative estimate for the extent of the “L/D

effect”. As was shown above, eroding rods penetrate to depths of about 1.0–1.5

times their original length. Thus, for an L/D ¼ 10 rod the total penetration depths

are in the range of (10–15)D. Since the entrance phase may last for about five rod

diameters, this means that the steady state process, for an L/D ¼ 10 rod, accounts

only for half of the penetration process. Thus, it is not surprising that such an “L/D

Fig. 5.23 The L/D effect for different impact velocities in the ordnance range

5.2 The Penetration of Eroding Long Rods 183



effect” is influencing the penetration depths of L/D ¼ 10–30 rods. This point is

demonstrated by the numerical simulations of Anderson (2003), as shown in

Fig. 5.24. The figure summarizes simulation results for the penetration efficiency

(in terms of P/D), as a function of the eroding part of the rod (Le/D), for rods of

different aspect ratios. The simulations were performed for WHA rods (L/D ¼ 3–30)

impacting armor steel targets at V0 ¼ 1.5 km/s. The different slopes of this curve are

related to the ballistic efficiency of these rods, since they depict the change in the

penetration depths as a function of the eroded rod length. It is clearly evident that

the ballistic efficiency decreases with increasing rod length. The arrows in this

figure point to the final penetration depths of the different rods in these simulations.

The large difference between the specific efficiency (P/L) for L/D ¼ 1 and

L/D ¼ 10 or 20 rods motivated several workers to consider the idea of a segmented

rod. This rod consists of ten or twenty L/D ¼ 1 cylinders which are widely spaced.

The basic idea is that this separation ensures that each segment completes its

penetration before the subsequent segment impacts the crater. This way, the

deceleration of the back part of the rod is avoided and the contribution of the

back segments enhances the total penetration depth. Numerical simulations, by

Orphal and Franzen (1989) for example, showed a promising gain with this

arrangement, especially at high impact velocities. Tate (1990) reviewed the theory

and the experimental data concerning this subject, as well as the practical issues

involved with launching a segmented rod. He concluded that the relatively few

trials which were published over the years did not reveal an appreciable improve-

ment with segmented rods over continuous ones, for impact velocities within the

ordnance range.

P
/D

Le/D

Fig. 5.24 The change of ballistic efficiency (P/D) with the eroded rod length for a 1.5 km/s impact

of a WHA rod on an armor steel target
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5.2.5 Other Penetration Models

The deficiencies of the one-dimensional AT model which were discussed above

prompted several attempts to improve this model. These approaches consider the

forces acting on the rod/target interface rather than the stresses along their center-

line, as was suggested by Dehn (1987), Rosenberg et al. (1990), and Grace (1993).

These models consider the area of the mushroomed nose as another free parameter

and derive equations which are based on the resisting forces. The model of Dehn

(1987) accounts for a large variety of penetrators (long and short, rigid and

eroding), but it involves the knowledge of the projectile/target interface area,

which has to be determined empirically for each penetrator/target combination.

The non-steady penetration model of Grace (1993) is based on a new concept, by

defining a finite target volume (thickness) which participates in the penetration

process. An equation of motion for this volume has to be added to the deceleration

and erosion equations for the rod.

A more rigorous treatment of the penetration process for an eroding long rod has

been given by Wright and Frank (1988). They reduced the full balance laws for

mass, momentum, and energy into a set of approximate penetration equations. They

divided the rod material into two parts R and S as shown in Fig. 5.25, and treated the

different parts accordingly. The target is specified by its density (rt) and the cross

section area of the crater (At).

In region R, the rigid part of the rod with density (rp), length ℓ, and cross section
(Ap), moves at a velocity (V). Region S is assumed to be constant in size and shape

(steady state situation) and the material is assumed to flow plastically at the R-S

boundary reversing its velocity direction (W) and attaining different values for its

density of (rd) and cross sectional area (Ad). The target material lies in region T and

the cross section of the crater in the target is At. Both R-S and S-T boundaries

simply translate horizontally with velocity U. Wright and Frank (1988) consider the

conservation equations for the different parts of the rod and make several simplifying

assumptions in order to reduce the number of free parameters. For part R they use the

deceleration and erosion equations of the AT model, (5.11) and (5.12). For region

R V 
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S rp, Ap

rt, At

rd, Ad

Fig. 5.25 The different

regions in the Wright and

Frank (1988) model
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S, they consider the forces which act on the two interfaces R-S and S-T, using the

different areas Ap, Ad and At.

Conservation of mass and momentum result in the following equations:

mass: rpAp V � Uð Þ ¼ rdAd U þWð Þ (5.17a)

momentum: rpAp V � Uð Þ2 þ rdAd U þWð Þ2 ¼ Ft � Fr � Fd ¼ F (5.17b)

The three forces in the momentum equation are: Fr—the axial force on the R-S

boundary, Fd—the axial force on the rearward flow of the inverted rod, and Ft—the

force on the S-T boundary. These forces have to be specified by some simplifying

assumptions. For example, the compressive force on the S-T boundary for a steady

state process has the form:

Ft ¼ At � a1Yt þ b1rtU
2

� �
(5.18)

where the constant b1 plays the role of a shape factor. The most interesting result

which emerges from this analysis is that the energy equation takes the form:

1

2
rp V � Uð Þ2 þ Yp ¼ 1

4
rtb1 �

At

Ap
U2 þ Ata1Yt

4Ap
þ f Yp; rp
� �� �

(5.19a)

This equation can be re-written in a more concise way, which is very similar to

the modified Bernoulli equation:

1

2
rp V � Uð Þ2 þ Yp ¼ 1

2
r�t U

2 þ Rt
� (5.19b)

where Rt* is the sum of the terms in the square brackets of (5.19a), and rt* is

an effective target density defined by:

rt� ¼ rtb1At

2Ap
(5.19c)

With b1 ¼ 0.5 for the nose shape factor and assuming that At/Ap ¼ 4, the true

and effective target densities are equal. In addition, for At/Ap ¼ 4 the first term in

the square brackets of (5.19a), reduces to the well-known resistance to penetration,

Rt ¼ a1Yt. The last term in the square brackets of (5.19a) is related to the rod,

which means that the target resistance to penetration (Rt*) includes the properties of

the rod. However, one can move this term to the left side of the equation and add it

to the rod strength (Yp). This result may explain the difficulties discussed above,

concerning the validity of the parameter Yp of the AT model.

The time-dependent model of Walker and Anderson (1995) is based on a more

elaborate description of the deformations in the rod and the target, around their
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interface. This model starts with the momentum balance equation and uses numeri-

cal simulations in order to obtain the velocity gradients in the rod and in the target,

away from their interface. The shape of the mushroomed end of the rod is similar to

that of the Wright and Frank (1988) model, and the plastic zone in the rod extends

to a certain distance (s) from the rod/target interface. The elastic waves which

decelerate the rod reverberate between its free end and the plastic zone. A velocity

profile for the material within the plastic zone is obtained from numerical

simulations, and the velocity of the rod is gradually increasing from U to V within

this zone. The velocity profile in the target is also taken from numerical simulations

through another parameter (ap) which determines the extent of the plastic zone in

the target. The hemi-spherical plastic zone in the target extends to a distance of

apDc, where Dc is the crater diameter. The parameter ap is velocity dependent, thus
it changes with time during penetration. The extent of the plastic zone in the

projectile (s) is related to the parameter ap through the relation:

s ¼ Dc

2

V

U
� 1

� �
1� 1

ap2

� �
(5.20)

The extent of the plastic zone in the target (ap) is obtained as the solution of the

following transcendental equation:

1þ rtU
2

Yt

� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Kt � rtU2ap

q
¼ 1þ rtU

2ap2

2Gt

� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Kt � rtU2

p
(5.21)

where Kt is the pressure dependent bulk modulus of the target material, and Gt is its

shear modulus.

The equations which have to be solved numerically are the equations for rod

erosion, the deceleration of its rigid part and the stress balance across the rod/target

interface. The rod erosion is given by the same equation as in the AT model, (5.11),

while the equation for the deceleration of the rigid part is given by:

dV

dt
¼ � Yp

rpðL� sÞ � 1þ V � U

cb
þ 1

cb
� ds
dt

� �
(5.22)

where cb is the elastic wave speed in the rod. The third equation includes V and U,

their time derivatives, and other terms which are related to s and ap. Since ap is both
velocity and time dependent the main result of this model is that Rt is not constant

during a given penetration process and that it depends on impact velocity. On the

other hand, the time variation of ap is not very large, as shown by Walker and

Anderson (1995), and one can choose an average value to represent this parameter

for a given penetration. The governing equations of this model reduce to those of

the AT model if the three-dimensional terms are set to zero and the speed of the
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elastic waves in the rod becomes very large. In fact, the expression for the target’s

resistance to penetration (Rt) reduces to:

Rt ¼ 7Yt
3

ln ap (5.23)

The model predicts, at the very minimum, that Rt varies with the extent of the

plastic zone (ap) and with the flow stress of the target (Yt). Walker and Anderson

(1995) suggested using the cavity expansion analysis from Bishop et al. (1945), in

order to provide an a priori estimate for the value of ap. They found that the

expression for ap from the cylindrical cavity expansion analysis provides a better

agreement with the data, as compared with the spherical expansion analysis. This

issue was further discussed by Chocron et al. (1998) who confirmed the better

agreement with the cylindrical analysis.

The analysis of Bishop et al. (1945) gives the following expressions for the

extent of the yielded material (ry) around an expanding cavity of radius r, in

an elasto-plastic material with Young’s modulus (E), Poisson’s ratio (n), and
strength (Y):

ry
r

	 

sph

¼ E

1þ uð ÞY
� �1=3

For the spherical cavity (5.24a)

ry
r

	 

cyl

¼
ffiffiffi
3

p
E

2 1þ uð ÞY
� �0:5

For the cylindrical cavity (5.24b)

Using (5.24b) from the cylindrical cavity expansion, with ap ¼ (ry/r)cyl,

one gets from (5.23) the following relation for Rt according to Walker and

Anderson (1995):

Rt

Y
¼ 7

6
ln
E

Y
þ 7

6
ln

ffiffiffi
3

p

2 1þ uð Þ
� �

(5.25a)

which, for steel targets with n ¼ 0.29, results in:

Rt

Y
¼ 1:167 ln

E

Y
� 0:465 (5.25b)

The spherical expansion term for ry/r, (5.24a), results in the following

expressions for Rt/Y according to this model:

Rt

Y
¼ 7

9
ln
E

Y
þ 7

9
ln

1

1þ u

� �
(5.26a)
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which, for steel targets, gives:

Rt

Y
¼ 0:778 ln

E

Y
� 0:2 (5.26b)

These expressions result in values of Rt ¼ 5.72 GPa (cylindrical) and Rt ¼ 3.9

GPa (spherical), for a steel target (E ¼ 200 GPa) with strength of Y ¼ 1.0 GPa.

As was shown above, the numerical simulations of Rosenberg and Dekel (2000)

resulted in an intermediate value of Rt ¼ 4.7 GPa for this target. It is worth noting

that the functional relations presented here, between Rt/Y and E/Y, are similar to the

expression derived through the numerical simulations for the eroding rod, (5.16).

They are also similar to the equations derived for the rigid rods, through the

numerical simulations in Chap. 3 and the analytical models of Tate (1986) and

Yarin et al. (1996).

5.3 Scaling Issues in Terminal Ballistics

Up to this point we did not encounter any scaling problems in terminal ballistics

since all the penetration data, for both rigid and eroding penetrators, could be

normalized through either P/D or P/L as a function of V0. The scaling issue has

an important practical aspect since most of the experimental work in terminal

ballistics is done with scaled experiments using in-doors laboratory guns. Typical

working scales are 1:3 and 1:4, and one should be aware of any non-scaling effect

which may affect the conclusions from scaled experiments. This section deals with

two closely related scaling issues which were highlighted by Magness and Farrand

(1990) and Magness and Leonard (1993). In their work on depleted uranium (DU)

and WHA rods, Magness and Farrand (1990) found that the penetration efficiency

of DU rods is higher by an appreciable amount, although the densities and strengths

of these rods are nearly the same. Their results for the corresponding penetrations in

rolled homogenous armor (RHA) targets are shown in Fig. 5.26.

One can clearly see that the data points fall on two distinct lines, which are

practically parallel within the ordnance range of impact velocities (around 1.5 km/s).

This difference is a material scaling effect which must be due to some well defined

difference between the properties of depleted uranium and the tungsten alloys. At

higher impact velocities the data seem to merge into a single curve at about

V0 ¼ 2.0 km/s. The different penetration efficiencies were attributed by Magness

and Farrand (1990) to the “self sharpening” property of the DU rod, due the

propensity of this material to fail by adiabatic shear. According to this interpreta-

tion, the nose shape of an eroding DU rod is more pointed than that of a WHA rod,

since it fails at relatively lower strains by the adiabatic shear mode. The difference

in nose shapes was evident by the flash shadowgraphs of residual rods in peroration

experiments with finite thickness plates. Moreover, long rods made of uranium

alloy which contains 6% niobium (U-6Nb) did not perform as well as the DU rods
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containing 0.75% titanium. The residual rods of the U-6Nb alloy showed no

evidence for adiabatic shear failure, strongly enhancing the connection between

the ballistic efficiency of long rods and their actual nose shape during penetration.

Magness and Leonard (1993) compared data from full scale experiments with

data from 1:4 scaled experiments, for both DU and WHA rods impacting RHA

targets. They found that for both materials the normalized penetrations of the full

scale rods were substantially higher than those for the scaled rods, as seen in

Fig. 5.27. This is a geometrical non-scaling effect which appears to be similar for

both rod materials.

The geometrical non-scaling seems to be related to the different strain rates

which the targets experience in these experiments. The strain rates in the smaller
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scale experiments are higher than those for the full scale experiments. This may

lead to a higher strength of the smaller targets and, consequently, to lower penetra-

tion depths. In order to investigate this issue Anderson et al. (1993) performed

a series of numerical simulations for WHA rods impacting armor steel targets at

1.5 km/s. The constitutive equation of their target included a strain rate term which

allowed for a quantitative assessment of rate effects. A comparison of the penetra-

tion depths for the full scale and the 1:10 model in these simulations, resulted in

a difference of only 5%, as far as the normalized penetration depths were con-

cerned. This was also the magnitude of the strain rate effect for the residual velo-

cities and rod lengths which perforated finite targets in these simulations. Thus,

Anderson et al. (1993) concluded that the large scaling effects obtained for both

tungsten alloy and depleted uranium, cannot be related with rate effects. Rather,

they assumed that these scaling effects are due to the accumulated damage in the

targets, which is a strong function of the absolute time rather than the scaled time.

These issues were further discussed by Rosenberg et al. (1997a) and Rosenberg

and Dekel (1999a) and a possible mechanism was suggested for the two scaling

issues described above. The basic idea in these works was that small changes in the

nose shape of these rods can result in a significant difference in their penetration

capability. This issue was demonstrated by numerical simulations for L/D ¼ 6 rigid

WHA rods with different nose shapes, impacting steel targets at 1.2 and 1.7 km/s.

The results of these simulations are shown in Fig. 5.28, and it is clear that the

nose shape of the rod dominates its penetration efficiency. Considering the large

differences between the penetration depths of these rods, one may expect that even

a small difference in the nose shape of the penetrating rod can lead to a significant

change in its penetration depth.

Rosenberg et al. (1997a) performed several perforation experiments with rods of

different materials, in order to examine their nose shapes. These L/D ¼ 10 rods had

the same dimensions and they were made of copper, WHA and the titanium alloy
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(Ti-6Al-4V), which is well-known for its tendency to fail by adiabatic shearing.

This titanium alloy was used in order was to check the thesis that the failure by

adiabatic shearing results in a much sharper nose shape. The recovered residuals of

these rods, after perforating finite thickness plates, are shown in Fig. 5.29. One can

clearly see the pointed shape of the titanium-alloy rod which failed by adiabatic

shear, and the round nose of the copper rod which deformed in an ideal hydrody-

namic manner. The nose shape of the tungsten alloy rod is intermediate between

these two extremes. The figure also includes the schematic description with which

Magness and Farrand (1990) describe the different failure mechanism in rods made

of various materials. They refer to the three types of nose shapes as: early shear

failure for DU-like rods which fail by adiabatic shearing, the late shear failure of the

semi-brittle WHA rod, and the hydrodynamic mushrooming for very ductile

materials, like copper. Figure 5.29 shows, schematically, that the different rods

are expected to open craters of different diameters in a given target. Thus, a ductile

rod should open the widest crater while the self-sharpening rod is expected to result

in the narrowest crater, as shown by the arrows in the figure.

Rosenberg and Dekel (1999a) recovered the residuals of two L/D ¼ 10 WHA

rods with diameters of 8 and 16 mm, after perforating steel plates. As seen in

Fig. 5.30 the nose shape of the larger rod is less “mushroomed,” as compared with

the small rod. The diameter of the smaller rod at its deformed head is 38% larger

than the rod’s diameter, while the larger rod’s head is only 12% larger than its

original diameter. Such a difference in the nose shape can account for the higher

ballistic efficiency of the larger rod.
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Ti6Al4V
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Hydrodynamic

Semi-brittle
Adiabatic shear
Self-sharpening

Fig. 5.29 Recovered residual projectiles of different materials
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These findings strongly support the thesis that both phenomena, the geometrical

non-scaling and the superiority of DU overWHA rods, are related to the same effect,

namely, the sharpening of the rod’s nose. These rods experience considerable plastic

strains around their nose area, much beyond their corresponding failure strains.

Thus, the periphery of the nose is continuously failing by shear as they penetrate

the target, leading to nose sharpening. The DU and the titanium alloy rods have

lower values for their strain to failure, as compared with the WHA rod. Thus, they

tend to formmuch sharper nose shapes resulting in the superiority of DU overWHA,

as suggested by Magness and Farrand (1990). However, as shown in Fig. 5.30, the

degree of sharpening is dependent on the rod’s dimensions. Larger rods tend to

sharpen more than smaller ones, leading to the geometrical non-scaling for both

WHA and DU rods. On the other hand, copper is a very ductile material with a large

strain to failure, resulting in the rounding of its nose shape. Thus, one may expect

that the normalized penetrations for copper rods of different size will be independent

on their dimensions. This was exactly the result obtained by Rosenberg et al.

(1997a), for L/D ¼ 10 copper rods which differed by a factor of two in their

dimensions. Their normalized penetrations (P/L) for impact velocities in the range

of 0.9–1.6 km/s were practically the same.

In order to explain these scaling issues Rosenberg et al. (1997a) considered the

size of the plastic zone ahead of a crack (rp), as defined by fracture mechanics.

According to this theory, materials can behave as either ductile or brittle depending

on their size, as compared with their corresponding rp values. If the dimensions of

a specimen are much smaller than its corresponding rp value, it is expected to

behave in a ductile manner under large deformations. On the other hand, specimens

much larger than their corresponding rp values will behave in a brittle manner.

According to fracture mechanics, the size of the plastic zone ahead of a crack is

given by:

rp ¼ 1

2p
Kc

sy

� �2

(5.27)

where Kc is the fracture toughness of the material and sy is its yield strength. Using

typical values of Kc ¼ 30 and 150 MPa√m for the fracture toughness of WHA and

copper, respectively, with sy ¼ 1.2 and 0.2 GPa for these materials, one obtained:

rp ¼ 0.4 mm for the tungsten alloy and rp ¼ 90 mm for copper. The large value of

Fig. 5.30 The shape of the

residual WHA rods of

different size
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rp for copper explain the fact that the copper rods behaved in a ductile manner at the

two scales which were tested in the experiments described here. In contrast, WHA

rods with a diameter of the order of a few millimeters are expected to behave in

a quasi brittle mode, with different amounts of ductility for the two rod sizes, as

described above. The issue of geometrical scaling in situations which involve both

plastic flow and fracture received a lot of attention both experimentally and

analytically. Such analyses have been summarized by Atkins (1988) and Ivanov

(1994) for experimental configurations which are similar to the cases discussed

here. In conclusion, the various experimental features of the non-scaling effects,

which were highlighted by Magness and his colleagues, can be attributed to the

strong dependence of the penetration depth on the exact shape of the rod’s nose.

This shape can be very different in rods of different size for quasi-brittle materials,

which are characterized by plastic zones (rp) of the order of the rod’s diameter.

An important observation concerns the diminishing magnitude of the non-

scaling effects, for both the superiority of DU rods and the geometric scaling, at

impact velocities of about 2.0 km/s, as seen in Figs. 5.26 and 5.27. In order to

explain this issue consider the numerical simulations of Rosenberg and Dekel

(1998a) where a failure threshold was added to the constitutive equation of the

rod. This is the maximum strain to failure (ef) which the material can sustain, and it

is a common feature in the material models which are used in hydrocodes. We

showed its influence on the perforation process of plates which are impacted by

blunt-nosed projectiles, in Chap. 4. Once the strain in a computational element

reaches this limiting value, its strength is reduced to zero in the following compu-

tational cycles. Rosenberg and Dekel (1998a) varied the value of ef for the WHA

rods in their simulations, from ef ¼ 0.2 to ef ¼ 5.0, and obtained significant

changes of their penetration depths into steel targets, as shown in Fig. 5.31. These

simulations were performed for an L/D ¼ 20WHA rod impacting an RHA target at
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several velocities. As is clearly seen the sensitivity of the penetration depth to the

value of ef is strongly dependent on impact velocity, and it decreases appreciably

with increasing impact velocity.

The failure strain is a very effective parameter in numerical simulations, as far as

its influence on the penetration depth is concerned, particularly in the range of

ef ¼ 0.2–2.0. With increasing ef the depth of penetration decreases by an amount

which depends on impact velocity. This is also the trend seen in the data of Magness

and Farrand (1990), as shown in Fig. 5.26. In fact, the data indicates that at a velocity

of about 2.0 km/s, the penetration capabilities of DU and WHA penetrators should

be practically the same. This experimental observation is accounted for by the

simulation results shown in Fig. 5.31, since at an impact velocity of 2.1 km/s the

penetration depths for different values of ef are very close to each other.

Anderson et al. (1999) showed that the addition of a failure strain parameter (ef)
to the rod’s constitutive relation, improves the agreement between simulation

results and the experimental data for high strength steel rods, as far as their residual

velocities and lengths are concerned. They assumed that the plastic work per unit

volume, which can be absorbed by the projectile material before failure, is constant.

Thus, the product Yp∙ef, for the different steel rods which they used, was given

a constant value of 1.5GJ/mm3 in their simulations. This value corresponds to

a failure strain of ef ¼ 1.0 for a rod strength of Yp ¼ 1.5 GPa. Such a relation,

between material strength and its maximum failure strain, is in accord with experi-

mental results which show that stronger steels have lower elongations under tensile

tests. In conclusion, the failure strain parameter (ef) in numerical simulations

accounts for important features which have been observed experimentally. As

suggested by Anderson et al. (1999), the values for ef in these simulations should

be closely related to the real material property, namely, the maximum strain which

it can tolerate under dynamic loadings.

The importance of attaching real material properties to the target and the

projectile, in numerical simulations, was further demonstrated by Rosenberg and

Dekel (1998a). In these simulations, for WHA rods impacting RHA targets,

the strength of the rods (von Mises) was varied between 0.2 and 2.5 GPa. When

the constitutive equations for the rods did not include a failure threshold, the

simulations resulted in clear maxima in the penetration depth vs. rod strength

curves, as shown in Fig. 5.32. The simulations for an impact velocity of 1.4 km/s

showed that the deepest penetration was obtained for a rod strength of about

0.8 GPa. This unexpected result is due to two competing effects which are related

to the rod strength. Clearly, a higher strength rod is expected to penetrate more into

a given target. On the other hand, with increasing rod strength its deceleration

during penetration is higher, which may lead to less penetration. Thus, for some

rod strength the two contradicting effects balance each other, resulting in these

maximal penetrations. When a thermal softening mechanism was added to the con-

stitutive relation of the rod, these maxima disappeared, as is clearly seen in this

figure. The addition of a failure mechanism to the target alone did not remove the

maxima in the simulation results, and it only shifted the P/L curve to higher values,

as expected, since the target became weaker with this addition.
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It is interesting to note that the simulations which included thermal softening of

the rod show that its penetration efficiency (P/L) is very sensitive to its strength at

low strength values. On the other hand, for rod strengths beyond about 1.2 GPa this

sensitivity practically disappears. According to these simulations there is little gain

by increasing the strength of the rod from 1.2 to 2.0 GPa. This saturation effect is

probably the result of the compromise between the two opposing mechanisms

which were discussed above, namely, the increased penetration capability of the

rod and its higher deceleration with increasing strengths.

5.4 Penetration at the Hypervelocity Regime

The survey of Hermann and Jones (1961) includes many experimental results for

the penetration depths of compact projectiles, impacting semi-infinite targets at the

hypervelocity regime (2.0–10 km/s). These experiments were also reviewed by

Hermann and Wilbeck (1987). The projectiles in these experiments were either

spheres or short cylinders with an aspect ratio of about 1.0. The target craters at

these high velocities had a hemispherical shape, which is the expected result when

all the energy of the projectile is spent almost instantly upon impact. In fact, the

crater in such an impact is formed by the radially expanding intense shock wave

which is generated upon impact. In contrast, at low impact velocities the crater

formed by a compact projectile is cylindrical, and its depth is either larger or

smaller than its diameter, depending on the densities and strengths of the materials

involved. With increasing impact velocities the craters become more hemispherical

in shape. Several workers even used this observation in order to define the threshold

impact velocity which marks the transition to the hypervelocity regime.

The ratio between the volume of these craters and the kinetic energy of the projectiles

was found to be constant for impacts in the hypervelocity range. The value of this
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ratio depends on the ultimate strength of the target material or, as summarized

by Hermann and Wilbeck (1987), on its Brinell hardness (Bh), according to:

Ek

Vol
¼ 27Bh (5.28)

where the kinetic energy of the projectile (Ek) is given in joules, and the volume of

the crater (Vol) in cm3. It may be difficult to accept that such a relation can hold for

velocities up to 10 km/s, where target strength is expected to play a minor role in the

process. In fact, several works which were presented at the early hypervelocity

symposia (from 1955 to 1965), tried to find the threshold velocity above which the

strength of the target becomes negligible. In contrast with early conceptions, the

resulting data showed that the effect of target strength is not diminishing even at

impact velocities above 10 km/s. For example, Kineke and Richards (1963)

extended the earlier work of Halperson and Atkins (1962), by impacting aluminum

spheres at two types of aluminum targets. These were the 2014-T6 alloy, with

strength of about 0.5 GPa, and the much softer 1100-F alloy with strength of about

0.05 GPa. Their results showed that the crater volumes in these materials had

a constant ratio of about 0.37 even for impact velocities as high as 9.7 km/s.

These 4.76 mm aluminum spheres resulted in a constant difference of about one

projectile diameter, between the crater depths into the two aluminum targets, for

impact velocities in the whole range of 3–9 km/s, as shown in Fig. 5.33. Thus, even

at these extremely high velocities the strength of target plays a dominant role, as far

as the crater dimensions are concerned.

The data for metallic spheres impacting semi-infinite targets, as summarized in

Hermann and Jones (1961) and in Belyakov et al. (1964), show that the normalizing

parameter which controls the penetration depths of these spheres, is the term

rpV0
2/Bh, where Bh is the hardness of the target. This parameter is often termed

the Best number, after the nineteenth century ballistician who investigated the
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relation between the kinetic energy of projectiles and the volume of the craters

which they produced in clay targets. Hermann and Jones (1961) present semi-

empirical models for the penetration depths of high velocity spheres, which use

the Best number as one of the non-dimensional parameters, and the projectile/target

density ratio as a second parameter. Note that the empirical formula of Christman

and Gehring (1966), (5.9b), for the secondary penetration of long rods at high

impact velocities, also includes the Best number and the rod/target density ratio.

According to Christman and Gehring (1966), the secondary penetration is due to

the last segment of the rod, with L/D ¼ 1. Thus, it is not surprising that its

penetration depth is dependent on the Best number, as is the case with the high

velocity impacts of compact projectiles.

In order to demonstrate the validity of this normalization scheme consider the

data for the two aluminum alloys, 1100-F and 2014-T6, as shown in Fig. 5.33. The

normalized presentation of the data with Bh ¼ 26 and 137 BHN for these materials,

is shown in Fig. 5.34, and one can clearly see that this is a viable normalization

scheme. Belyakov et al. (1964) showed that the P/D data for symmetrical impacts,

with spheres of iron, copper, aluminum and lead impacting targets of the same

materials, fall on a single curve which extends to values of more than 400 for the

Best number (rpV0
2/Bh).

Assuming a constant ratio between kinetic energy and crater volume, as given by

(5.28), it is quite straightforward to derive the following relation for the normalized

penetrations (P/D) of spherical craters:

P

D
¼ k rpV

2
0

� �1
3 (5.29)

where the constant k depends on the specific properties of projectile/target combi-

nation. One should note that the dependence of P on V0
2/3 results in a curve which is

very close to the curve of P as a function of ln(V0). Thus, it is not surprising that

many workers used this logarithmic relation for P ¼ P(V0), in their semi-empirical
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models for hypervelocity impacts (see Hermann and Jones (1961)). The particular

dependence of P/D on rp and V0, as given by (5.29), has a physically-based

justification through dimensional analyses which are based on the point source

approximation, as was shown by Holsapple (1987). The basic assumption here is

that the energy of the projectile which is delivered to the target is the same as that of

a point source acting on its surface at the moment of impact. The point-source

approach has been used successfully (since the 1940s) for gases and fluids. How-

ever, its application for solids was possible only after proving that a single scalar

measure of the form D(V0)
d1(r)d2, is the general measure of all point source

solutions. Here D and r are the projectile’s diameter and density, respectively,

and V0 is its impact velocity. The exponents d1 and d2 determine the resulting

scaling rules according to the initial assumptions of the theory. Holsapple (1987)

showed that energy scaling leads to the result given by the above equation where

d1 ¼ 2/3 and d2 ¼ 1/3. The interested reader is referred to the articles in Kinslow

(1970) for more information concerning the theory of scaling rules and point source

analyses, as well as numerical and experimental details concerning hypervelocity

impacts.

There are several differences between the shapes of the craters produced by

compact projectiles and long rods for impacts at the hypervelocity range. For

compact projectiles these craters are roughly spherical, while long rods produce

narrow and deep craters. Another difference is related to the limiting penetration

depths at very high velocities. The penetration depths of long rods asymptotically

approach the hydrodynamic limit of (rp/rt)
0.5, or to a somewhat higher value when

strength effects are important. On the other hand, we have seen that for spherical

projectiles the crater depth is practically unbounded, as it grows according to V0
2/3.

This is also the case for cylindrical projectiles with aspect ratios of about 1.0. It is

interesting to find the threshold value of L/D which narks the transition from

compact projectiles to long rods. In order to explore this issue, at least qualitatively,

consider the simulation results of Rosenberg and Dekel (2001b) as shown in

Fig. 5.35. These simulations, were performed for zero strength steel projectiles

with L/D ¼ 3–30, impacting 0.4 GPa aluminum targets at velocities up to 7.0 km/s.

Note that the normalized penetration depths (P/L) are multiplied by (rt/rp)
0.5, in

order to set the value of the asymptotic limit at 1.0. One can clearly see that the

shortest projectiles, with L/D ¼ 3 and 5, behave like the spherical projectiles

shown above, resulting in a continued increase of penetration depths with impact

velocity. On the other hand the L/D ¼ 20 and 30 rods can be considered as long

rods, since their penetration depths tend asymptotically to the hydrodynamic limit.

The L/D ¼ 10 rod shows an intermediate behavior and one may conclude that

the threshold value of L/D, which marks the transition from a compact projectile to

a long rod, is somewhere between L/D ¼ 5 and L/D ¼ 10.

In order to support this conclusion, consider the experimental results for the

penetration depths of L/D ¼ 5 tantalum and L/D ¼ 10 WHA rods impacting 6061-

T6 aluminum targets, as shown in Fig. 5.36. The data for the tantalum rods is taken

from Bless et al. (1987). The experimental results of Hohler and Stilp for the WHA

rods are tabulated in the data base of Anderson et al. (1992). Both sets of
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experiments cover a large range of impact velocities, and the normalized penetra-

tion (P/L) are multiplied by their corresponding density factors (rt/rp)
0.5 as in

Fig. 5.35. It is clearly seen that the penetration depths of the L/D ¼ 5 tantalum

rods increase with impact velocity, while those for the L/D ¼ 10 WHA rods reach

an asymptotic value, in accord with the penetration theory for long rods. These
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different behaviors enhance the above statement that, as far as their aspect ratio is

concerned, the division between short and long rods is somewhere between

L/D ¼ 5 and L/D ¼ 10.

The normalized penetrations of the L/D ¼ 10 WHA rods reach an asymptotic

value which is considerably higher than the predicted value from the hydrody-

namic penetration model, due to the high strength ratio for this rod/target pair,

as was observed for other rod/target combinations. The normalized data for both

sets of experiments, within the ordnance velocity range, fall on the same line

although there is a large difference between their corresponding L/D values.

This is due to several competing effects which are influencing the penetration

process in different ways. On the one hand, the L/D effect should have resulted

in higher normalized penetrations for the shorter tantalum rods. On the other

hand, these rods have a much lower strength as compared with the strength of

the WHA rods, resulting in their lower penetrations. In addition, tantalum is a

ductile metal while the tungsten alloy has quasi-brittle properties. This differ-

ence can add to the deeper penetrations of the WHA rods, due to the material

non-scaling effect which was discussed above. The three effects are influencing

the penetration process of long rods especially at impact velocities in the

ordnance range, and it seem that they cancel each other for the two sets of

rod/target combinations.

5.5 Plate Perforation by Eroding Rods

The perforation of plates by eroding rods is by far the most important issue for the

armor designer since this is the case encountered in most practical situations. At

the same time, this is also the most complicated interaction between projectiles

and targets, as it involves many issues which are difficult to describe analytically.

These issues include the non-steady nature of the penetration and erosion processes,

the reduction of the resisting stress by the target’s back surface, and the various

failure mechanisms which take place in the plate even before the projectile reaches

its back surface. These complications are the main reason for the lack of simple

analytical models which deal with ballistic limit velocity, residual velocity, and

residual mass of the eroding penetrator. Several analytical models, such as those of

Ravid and Bodner (1983) and Walker (1999), follow the penetration of eroding

rods into finite plates, and account for the bulging of their back surface. The

Ravid–Bodner model is based on plasticity theory while Walker’s model considers

the velocity field ahead of the penetrator and the influence of the target’s back

surface on this field. Chocron et al. (2003) combined these two perforation/bulging

models and applied them for a case where an eroding rod is perforating a number of

separated steel plate. However, all of these models are far from simple and they rely

heavily on numerical simulations. The complexity of this interaction is demon-

strated in Fig. 5.37, which shows the penetration crater in a steel plate impacted by

an L/D ¼ 10 steel rod at 2.03 km/s, from Stilp and Hohler (1990). The thin walled

cylinder of the inverted rod is clearly seen in the figure as it lines up the crater wall.
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Note the bulging of the plate and the evidence for its tensile failure at the back

surface. Also, the increased diameter of the crater near the back surface is an

indication for the lower resistance of the target at the later stage of penetration.

Much of the work on finite plates has been aimed at determining the minimal

impact velocity (VBL) which is needed to perforate a given target of thickness (H).

The data can be also interpreted as giving the minimal plate thickness (HBL)

which is needed to stop the rod at a given impact velocity. As expected, the

limiting thicknesses of these plates are higher than the corresponding penetration

depths into semi-infinite targets. The data compiled by Anderson et al. (1992)

contains many results of such HBL(V0) relations for various rods and plates.

Figure 5.38 shows the data for HBL(V0), by Hohler and Stilp, for L/D ¼ 10

steel rods impacting steel plates with hardness of 180 Brinell. The normalized

penetration depths (P/L), into semi-infinite steel targets of the same hardness, are

Inverted rod

Fig. 5.37 The crater and the bulge in a steel target impacted by a steel rod
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Fig. 5.38 The data for L/D ¼ 10 steel rods impacting semi-infinite and finite steel targets
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also shown in the figure. One can clearly see that the difference between the two

sets of data is quite appreciable even at high impact velocities. In fact, the values

of the ratio P/HBL increase from 0.63, at an impact velocity of 1.0 km/s, to about

0.85 for a velocity of 3.0 km/s. Translating these differences to units of rod

diameters, we find that HBL is larger than P by one to two rod diameters in this

velocity range. Similar results were obtained by Tate et al. (1978) for WHA rods

impacting RHA targets. Thus, one can use these observations as a “rule of

thumb,” in order to asses HBL values from the corresponding penetration depths

into semi-infinite targets.

Hohler and Stilp (1975) performed a set of experiments with L/D ¼ 10 steel

rods impacting targets which consisted of two equal thickness steel plates separated

by some distance. The shape of the craters in one of these experiments, from Stilp

and Hohler (1995), are shown in Fig. 5.39. The shape of the residual rod as it

emerges from the first plate is clearly seen in the figure. The impact velocity of the

rod in this experiment was 2.63 km/s, and each plate was 25.2 mm thick.

The data from these experiments of Hohler and Stilp (1975) is plotted in

Fig. 5.40. in terms of the combined thickness of the two plates (T12) which is

needed to stop these projectiles, as a function of their impact velocity. The curves

HBL(V0) and P/L(V0) from Fig. 5.38 are also shown in Fig. 5.40. At low impact

velocities (V0 < 1.2 km/s) the data for the double plate configuration (T12/L)

follows the curve for the finite-thickness plate (HBL/L), and it shifts towards the

curve for the semi-infinite target (P/L) at higher impact velocities.

The residual velocities of long eroding rods have been summarized by Grabarek

(1971) for a large number of experiments with armor steel plates. He suggested the

following empirical relation for the residual velocities:

Vr

Vbl
¼ 1:1y2 þ 0:8yþ 2y0:5

1þ y
; y ¼ V0

Vbl
� 1 (5.30)

Second plateFirst plate

Fig. 5.39 The resulting craters and the exiting rod in an experiment with a double-plate target
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This relation was found to hold for both normal and oblique impacts and it

represents the data for impact velocities in the range 1.0 < V0/Vbl < 2.5. For

impact velocities above 2.5Vbl the residual velocities are practically the same as

the impact velocities. This result can be understood by noting that the deceleration of

long eroding rods is relatively small for most of their penetration process, both in

finite thickness and in semi-infinite targets. Only when the rod length is of the order

of its diameter, the deceleration becomes appreciable, as was discussed above. Thus,

when the impact velocity is much higher than the corresponding ballistic limit, the

rod “spends” a relatively short time in the target with a negligible reduction of its

velocity. This observation is clearly evident by the experimental results of Hohler

et al. (1978) for L/D ¼ 10WHA rods, impacting steel plates of different thickness at

1.52 km/s. Figure 5.41 shows the results for both normal impacts and for an obliquity

of b ¼ 60o, where b is the angle between the rod’s axis and the normal to the plate.

For a plate of thickness H which is inclined at an angle b, the relevant plate

dimension is the line-of-sight thickness given by H/cosb. Thus, the normalized

thicknesses of these plates are H/(Lcosb), as shown in the figure. The two curves

enhance the features discussed above concerning the small reduction of the residual

velocities, for targets which are much thinner than HBL, and the large drop in Vr

when the target thickness approaches HBL. The values of HBL are shown by the small

arrows on the ordinate axis of Fig. 5.41. The value of HBL for the inclined target is

somewhat higher than that of the normal target, indicating that plate inclination

improves its ballistic performance.
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Fig. 5.40 The data for a double plate configuration (circles) compared with the curves for finite

thickness and semi-infinite targets
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Anderson et al. (1996b) used Grabarek’s functional dependence, (5.30), for their

data on steel rods with different strengths perforating armor plates of two hardness

values. Their best fit curve resulted in the following values for the numerical

coefficients in (5.30): 0.9, 1.3 and 1.6 for the y2, y and y0.5 terms, respectively.

These values are different than those given by Grabarek’s empirical equation: 1.1,

0.8 and 2.0, respectively. It is clear that such empirical fits, which have no physical

basis, are of little use if they do not account for a variety of experiments with the

same set of empirical constants.

A different relation for the residual velocities of eroding long rods has been

suggested by Lambert (1978). His semi-empirical approach is based on some

analytical considerations, as described by Zukas (1982). The relation suggested

by Lambert (1978), for the residual velocity of an eroding rod, is:

Vr

Vbl
¼ k0 � V0

Vbl

� �m

� 1

� �1 m=

(5.31)

where k0 and m are empirical constants which have to be determined for each

projectile-target combination. This equation, with k0 ¼ 1 and m ¼ 2.5, accounts

for the data of Anderson et al. (1996b) very well, as shown in Fig. 5.42.

Burkins et al. (1996) measured the residual velocities of L/D ¼ 10 WHA and

DU rods perforating Ti/6Al/4V plates, and found that (5.31) with k0 ¼ 1 and

m ¼ 2.6, accounts for their data quite well. Considering the two empirical

approaches which were discussed here, the Lambert relation, (5.31), is preferable

to Grabarek’s relation, (5.30), since it includes less parameters and it is based on

some physical description of the process.

In order to further investigate this issue we performed a set of numerical

simulations for L/D ¼ 10, D ¼ 6 mm steel rod impacting a 35 mm thick steel

target. The strengths of the rod and the target in these simulations were 1.0 GPa and

0.8 GPa, respectively. Impact velocities ranged between 1.5 and 2.2 km/s and the

resulting normalized values for Vr/Vbl as a function of V0/Vbl, are shown in

V
r/V

0

0.5

1.0

0.5 1.0
H/(Lcos β) 

β=0 β=60o

Fig. 5.41 The normalized residual velocity as a function of plate thickness for normal and oblique

impacts
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Fig. 5.43. The value for Vbl from these simulations was 1.55 km/s. The curve shown

in Fig. 5.43 follows Lambert’s relation, (5.31), with k0 ¼ 1 and m ¼ 2.5, and it

seems to follow the simulation results quite well. This agreement enhances the

claim that the Lambert relation captures the essential features of the perforation

process, as far as residual velocities are concerned. The parameter m in this relation

determines the steepness of the curve at low values of V0/Vbl. On the other hand, the

high values of Vr/Vbl are less sensitive to this parameter. In order to demonstrate

these points, consider the values of Vr/Vbl for V0/Vbl ¼ 1.1 from (5.31). The

resulting values are Vr/Vbl ¼ 0.458 and 0.69 for the m ¼ 2 and m ¼ 3, respec-

tively. These values differ by about 50%, demonstrating the strong dependence of

V0 /VBL 

V
r  
/ 
V

B
L

Fig. 5.42 Residual velocities for steel rods perforating RHA targets, and their fit to Lambert’s

equation with k0 ¼ 1 and m ¼ 2.5

3.0

2.0

1.0

0.0
0.5 1.0 1.5 2.0 2.5 3.0 3.5

V0/Vbl

V
r/

V
bl

Simulation

Model

Fig. 5.43 The normalized residual velocities from numerical simulations
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Vr/Vbl on the parameter m for impact velocities which are close to Vbl. On the other

hand, for V0/Vbl ¼ 3 the Lambert relation results in Vr/Vbl ¼ 2.83 and 2.96 for

m ¼ 2 and m ¼ 3, respectively, which differ by only 4% from each other. It is also

clear that the Lambert relation results in the fast approach of Vr to V0 at impact

velocities of V0 ¼ 2.5Vbl, which was observed by Grabarek (1971).

The residual length of an eroding long rod decreases proportionally with

plate thickness, as expected. The experimental results of Hohler et al. (1978) for

L/D ¼ 10 WHA rods perforating armor steel plates at different impact velocities,

are shown in Fig. 5.44 for both normal and oblique impacts. As discussed above,

the normalized thickness of an inclined plate is given by H/L0cosb. Impact

velocities in these experiments were about 1.52 km/s and the data from both sets

of experiments, for the relative change in rod length (DL/L0), fall on a single curve.

Note that the asymptotic value of the residual rod length in these experiments,

is about Lr ¼ 0.1L0 (corresponding to DL/L0 ¼ 0.9). This residual length

amounts to one rod diameter for these L/D ¼ 10 rods, in agreement with the results

discussed above for the residual rod lengths at the ordnance range of impact

velocities.
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Fig. 5.44 The length reduction of long rods as a function of plate thickness
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Part III: Defeat Mechanisms

The main goal of the armor designer is to prevent a given threat from penetrating

the protected object with the lightest and simplest structure. This goal can be

achieved by either optimizing the material properties of the protected object or by

adding another structure, the so called add-on armor, in front of the object. In order

to construct efficient add-on armors, the designer has to optimize some well-defined

defeat mechanisms which will reduce the lethality of the impacting threat. This part

of the book describes several defeat mechanisms of the three most common threats

encountered in the battlefield. These threats are (1) the armor piercing (AP)

projectiles with hard steel or tungsten-carbide cores, (2) long rod penetrators

made of high-density materials (tungsten alloys or depleted uranium),and (3)

shaped charge jets.

In order to reduce the lethality of these threats, the armor designer should

maximize one, or more, of their defeat mechanisms, which are based on their

deceleration, erosion, fragmentation, and deflection. These defeat mechanisms

operate in various armor designs which are classified according to the following

families: passive, reactive and active armors. Passive armors use high strength

materials with special geometrical designs to defeat the threat. Reactive and active

armors propel metallic plates towards the threat either upon impact (with reactive

armor), or at some distance away from the vehicle (with active armor). A close

examination of the main defeat mechanisms of these armor designs shows that they

are based on two simple principles: (1) the use of high strength materials, preferably

with low densities, in order to enhance their resistance to penetration, and (2) the

use of asymmetry in of the interaction between the threat and the armor, through

high obliquities. An informative account for the application of these defeat

mechanisms in various combat vehicles is given by Ogorkiewicz (1995).

The present chapter is focused on defeat mechanisms at normal impact which are

based on target strength. Oblique impacts and their inherent asymmetry will be

discussed in the next chapter. Some of the better armor designs combine the two

ingredients, the high strength of the target and its obliquity, in order to maximize

the protective capability, as we shall see in Chap. 7.

http://dx.doi.org/10.1007/978-3-642-25305-8_7


Chapter 6

Defeat by High Strength Targets

6.1 Definitions

The protective capability of a structure against a given threat can be evaluated by

several measures. One of them is the ballistic limit velocity (Vbl) of the specific

armor/threat combination. Obviously, the aim of the armor designer is to increase

the value of Vbl without increasing the weight of the structure. The relevant

measure of the armor weight is its areal density (AD), given in units of kg/m2,

which is simply the density of the protective structure multiplied by its thickness.

The ballistic efficiency of a given structure is defined by its areal density, as

compared with that of a reference target, which is needed to defeat a given threat.

Frank (1981) suggested several measures for the ballistic efficiency of improved

structures, through their mass (Em) and space (Es) efficiency, according to:

Em ¼ ADð Þr
ADð Þs

(6.1a)

Es ¼ Pr

Ps
(6.1b)

where the indices (r) and (s) denote the reference target and the improved structure,

respectively, and P is the minimal thickness of the target which is needed to defeat

the threat. It is clear that the ballistic efficiency should be higher than 1.0 and the

task of the armor designer is to increase these efficiencies to higher values. As

mentioned above, one of the more practical ways to defeat a given threat is by

adding a relatively lightweight structure in front of the protected object, as shown in

Fig. 6.1. This add-on armor structure can significantly reduce the penetration

capability of a given threat through an effective defeat mechanism, as will be

demonstrated in this part of the book.

Z. Rosenberg and E. Dekel, Terminal Ballistics,
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The most popular measure of the ballistic efficiency for add-on armors is the

differential efficiency factor (DEF), as defined by Yaziv et al. (1986):

DEF ¼ rr � Pr � Presð Þ
rsHs

(6.2)

where rsHs is the areal density of the add-on armor. Pres and Pr are the penetration

depths into the main structure, of density rr, with and without the add-on armor,

respectively.

6.2 Metallic Targets

The strength of the target is the most important physical parameter in determining

the penetration depth of both rigid and eroding penetrators, as was demonstrated in

Part II. The penetration efficiency (P/L) of rigid penetrators decreases with increasing

values of the target’s resistance to penetration (Rt), which depends on its compressive

strength. In contrast, the density of the target was shown to play no role for impact

velocities in the ordnance range (below the cavitation thresholds). This independence

is demonstrated in Fig. 6.2, which summarizes the penetration depths of 0.500APM2

projectiles impacting various targets at muzzle velocity. It is clear that their penetra-

tion depths depend on the strength of the target and not on its density.

As far as their areal densities are concerned, the aluminum targets are more

efficient than the steel targets against these projectiles. This is obvious by compar-

ing the corresponding products of density and penetration depth for the different

targets. For example, the areal density of the 7075-T6 aluminum alloy is lower by a

factor of 1.6 than that of the RHA steel. Thus, as far as these projectiles are

concerned, it is much better to build the main body of the vehicle with high strength

aluminum alloys. This was one of the considerations in using the 5083 aluminum

alloy for some lightweight armored personnel carriers (APC’s) with this aluminum

alloy, instead of the traditional armor steel.

Similar conclusions hold for the penetration depths of shaped charge jets into

monolithic armors, from the hydrodynamic theory for penetration. The theory

predicts that the penetration depth of a jet is given by L(rj/rt)
0.5, where L is the

jet length. Multiplying this expression by the target’s density results in an areal

Pres

rr
rs

Hs

Fig. 6.1 The add-on armor

and the relevant parameters

for the differential ballistic

efficiency
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density of AD ¼ L(rj∙rt)0.5 which is needed to completely erode this jet. Thus,

a low density target should defeat a given jet with a lower areal density, resulting in

a higher ballistic efficiency. The effectiveness of a low-density target, as compared

with a reference target, should be equal to the inverse square root of their

corresponding densities. For example, an aluminum target should be more efficient

than a steel target by a factor of (7.85/2.75)0.5 ¼ 1.69. The addition of strength to

the target improves its ballistic efficiency as discussed in Chap. 5, but it does not

change the general trend, and for equal strengths the lower density target should be

more efficient against shaped charge jets.

The same conclusion holds for eroding long rods although it is less obvious in this

case. In order to demonstrate this fact, consider simulation results for eroding rods

impacting two different targets which have the same strength. Figure 6.3 presents the
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penetration depths of L/D ¼ 10 zero strength steel rods impacting aluminum and

steel targets having strength of 0.4 GPa.

The normalized penetrations asymptotically approach their corresponding

hydrodynamic limits of (rp/rt)
0.5 at high impact velocities (marked by the dashed

lines in the figure). These are also the penetration depths for shaped charge jets as

discussed above. Thus, the lower density target is more efficient, by the same factor,

against high velocity eroding rods. These simulation resulted in the same value of

the critical velocity (Vc ¼ 0.55 km/s) for both targets, in agreement with the AT

model through (5.11). The most important result of the simulations is that at impact

velocities which are slightly higher than the critical velocity, the penetration depths

into the two targets are practically the same. Thus, the ballistic efficiency of the

lower density target, as determined by its areal density, is higher by a factor which

is equal to their inverse density ratio. Similar simulations for rods with finite

strength show the same trend. In conclusion, for equal strength targets the ratio of

their corresponding areal densities, which are needed to defeat an eroding rod,

should change gradually from r1/r2 at low impact velocities to a value of (r1/r2)
0.5

for high velocities.

This is exactly the trend observed in the data of Gooch et al. (1995), who shot

long rods of WHA and DU at semi-infinite steel (RHA) and Ti/6Al/4V targets.

Their results for L/D ¼ 10 WHA rods are given in Fig. 6.4 in terms of the areal

densities, as calculated from the corresponding depths of penetration. Note that the

areal density of the titanium-alloy targets is lower for the whole range of impact

velocities. Moreover, their areal density ratio changes from a value of 1.75, at an

impact velocity of 1.0 km/s, to a value of 1.45 at an impact velocity of 2.0 km/s. The

steel/titanium density ratio is 1.76, and its square root is 1.33, which are very close

to the experimental areal density ratios.

Consider now the perforation process of finite thickness plates by either rigid or

eroding projectiles. We have seen in Chap. 4 that the resistance to penetration of
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these plates is determined by their effective strength (sr), which was shown to be

related to their compressive strength. Moreover, the density of the target enters into

the expressions for their ballistic limit velocity, only through the mass of the ejected

plugs. Thus, in order to improve the ballistic efficiency of add-on structures, which

are based on relatively thin plates, one should use high strength materials having

low densities. This conclusion prompted a large amount of research on low density

materials of high strength, such as the strong aluminum and titanium alloys

mentioned above. These materials are said to have a high specific strength, which

is defined by their strength/density ratio.

Another alloy which has been recently considered for armor applications is the

magnesium alloy AZ31B, which contains about 3% aluminum and 1% zinc as the

main additive. This material has a very low density (1.75 g/cc) and its ultimate

tensile strength is about 0.26 GPa. Its specific strength is close to that of the

aluminum alloy 5083-H131, which is used for the construction of APC’s. The

work of Jones et al. (2007) showed that the ballistic performance of the magnesium

alloy against 0.300AP is comparable with that of the 5083 aluminum alloy, and even

with that of armor steel plates. Van-Wegen and Carton (2008) tested several

magnesium alloys against various projectiles. The measured Vbl for 14.5 mm AP

projectiles impacting plates of Elektron 675, resulted in mass efficiencies of

Em ¼ 1.3–1.5, and Em ¼ 2.0 against 20 mm fragment simulating projectiles

(FSP). These efficiency measures were calculated with reference to the armor

aluminum alloy 5083-H32, and they show that magnesium alloys have a real

potential for armor applications. Note that the efficiency of new armor materials

is also tested against FSP projectiles, which represent the general shape of an

artillery shell fragment.

The increase in strength for all of these potentially improved armor materials, is

accompanied by an inevitable reduction of their ductility. Thus, high strength

materials are also more brittle, resulting in a large volume of shattered material

around the impact point. Moreover, the onset of brittleness can change the perfora-

tion mode for a given target, which may lead to a significant reduction of the

target’s ballistic efficiency with increasing strength. This transition in the penetra-

tion mode is especially important for thin plates which tend to fail by adiabatic

shear. A schematic description for the contradicting effects of strength and brittle-

ness is shown in Fig. 6.5, for high strength steel plates perforated by AP projectiles.

The lower hardness steel plates are perforated by the ductile hole enlargement

process, with negligible damage to the hard steel cores. Their ballistic efficiency

increases monotonically up to a hardness of about 370 Brinell. This is the range of

armor steels (RHA) which are used for the main body of battle tanks. As the

hardness of the steel plate is increased further, it fails by adiabatic shear plugging

and discing, resulting in a clear reduction of its ballistic efficiency. At hardness

value of about 450 Brinell this trend is reversed and the ballistic efficiency increases

again, since these high hardness steels (HHS) are strong enough to shatter the hard

cored projectile upon impact. The high hardness plates are very brittle and they
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experience a large damaged zone around the impact point, which reduces their

multiple-hit capability.

In order to overcome the inherent deficiency of high hardness steels, armor

designers came up with the idea of the dual-hardness target. This configuration is

based on cladding a high-hardness front plate to a more ductile backing plate. The

basic principle is that the first plate shatters the projectile while the second plate can

deflect and arrest the debris of the projectile and the front plate. Moreover, the

second plate minimizes the damage to the first plate by supporting it during

perforation, resulting in a smaller comminuted volume in the high hardness plate.

With an optimized ratio of the hardness and thickness of these plates, an increased

ballistic efficiency can be achieved. The dual hardness concept was found to be

quite effective against various AP projectiles. However, manufacturing problems

in the welding process of these plates limit their application as add-on armor.

Currently, dual hardness configurations have a front plate with hardness of

600–700 Brinell and a back plate of about 500 Brinell. Recent improvements in

manufacturing techniques resulted in steel alloys which have high hardness without

a loss of ductility. Such alloys have Brinell hardness of over 650, with tensile

strengths of 2.0–2.25 GPa and elongations of about 8%. As shown by Showalter

et al. (2008) these steels have 10–20% higher values of V50 against 0.3
00 and 0.500

AP projectiles, as compared with the standard high hardness plates. Obviously,

the potential to improve the ballistic performance of these steels is the focus of

research in many countries.

High strength steels are also very efficient against shaped charge jets as was

demonstrated by Held (1993). His experimental results for the penetration depths of

a given jet in different steel targets are listed in Table 6.1, in terms of charge

diameters (CD). It is clear that significant improvements in the ballistic efficiency

can be achieved by using very hard steels against shaped charge jets.

RHA HH

Steel hardness (BHN)

B
al

lis
ti
c 

ef
fi
ci

en
cy

 

370 450 

Fig. 6.5 The ballistic efficiency of steel plates, against hard cored projectiles, as a function of

their hardness
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6.3 Ceramics for Armor

A natural extension of the ideas presented above is to replace the hard steel front

plate in the dual hardness target by a ceramic tile, and the backing steel plate by

a lighter one, made of aluminum or a composite material. Ceramics have relatively

low densities, in the range of 2.5–4.5 g/cc, and their compressive strengths are

higher than those of high strength steels. Thus, it is not surprising that ceramic-

based armors were found to be very effective against AP projectiles and long rods,

as will be discussed in the following sections. A vast amount of research on this

issue has been published during the last decades and the interested reader is referred

to the articles presented in McCauley et al. (2002), which discuss various aspects of

ceramic armor. In particular, the review article of Gooch (2002) outlines many of

the ceramic-based designs for body armor, helicopter seats and armored personnel

carriers. The following sections describe the interaction between different threats

and ceramic tiles. Each section is devoted to a specific threat in order to highlight

their different defeat mechanisms.

6.3.1 Ceramics Against AP Projectiles

The pioneering work of Mark Wilkins and his colleagues on ceramic armor is

considered as one of the classical works in the field of terminal ballistics. This work,

which was summarized in several internal reports (see Wilkins (1968) and Wilkins

et al. (1970), for example), combined experiments and numerical simulations in

order to follow the interaction of 0.300 hard steel projectiles with targets composed

of a front ceramic tile backed by a ductile metallic plate. The experiments included

flash radiography which followed the interaction at different times, measurements

of residual velocities, and the analysis of failure modes for both projectile and

ceramic tile. The 2D numerical simulations, with the finite difference code HEMP,

were the first of their kind in the field of terminal ballistics. Moreover, the model

which was implemented in the code for the dynamic response of ceramics has been

subsequently used by many researchers as the basis for their models. Short accounts

of this work have been published by Wilkins (1978) and by Anderson (2002, 2006).

The experimental work focused on the ballistic evaluation of various ceramics

including alumina, boron-carbide, titanium-diboride, and silicon-carbide. The

simulations incorporated the constitutive properties of the aluminum backing plates

and the hard steel projectile, as determined by tensile stress–strain tests. The bulk

and shear moduli of the ceramics were determined by ultrasonic measurements, and

Table 6.1 Penetration depths of a shaped charge jet into steel targets of different strengths

Yt(GPa) 0.3 0.45 0.7 2.05 2.9

P(CD) 5.9 5.25 4.8 3.25 2.2
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their compressive strengths were derived from the corresponding Hugoniot elastic

limits, as measured by plate impact experiments.

The failure model of these ceramics was based on the Griffith model for brittle

materials, which was described in Chap. 2. The model incorporated the following

features (1) Fracture initiates at a computational cell when one of the principal

tensile stresses, in the plane of motion, exceeds a threshold value (which was set at

0.3 GPa). (2) There is a time delay to complete the fracture in a cell. (3) Fracture can

initiate only at surfaces (including material interfaces) or at a neighboring cell

which has been completely fractured. (4) A cell can fracture only after a certain

time which depends on the velocity assigned to the fracture propagation, about half

the shear wave velocity. (5) The strength of a fractured cell is reduced to zero in the

following time step of the simulation. Anderson (2006) discussed these constraints

and pointed out that the different models, which were developed in the 1990s,

assigned some strength to the comminuted material, in order to have a better fit with

more experimental data. In addition, he demonstrated that the crack velocity, or

damage advancement velocity, should be much lower than half the shear wave

velocity in order to get a better agreement with experiments. In spite of these

modifications, the basic understanding for the sequence of events, from impact to

perforation, has not changed since the early observations by Wilkins and his

colleagues in the 1960s.

The initiation and development of fracture in the ceramic tile and the shortening

of the projectile, from one of those early simulations, are shown in Fig. 6.6. In this

simulation an 0.300 conical-nosed hard steel projectile impacts a target which

consists of an alumina tile backed by an aluminum plate, at 760 m/s. The thickness

t=3.25ms

t=4.1ms

t=2ms

t=6.1ms

Beginning of
fracture conoid 

Beginning of
axial crack 

Al Al2o3

Fig. 6.6 Simulation results for the impact of a hard steel projectile on Al2O3/Al target
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of the alumina tile in this simulation was 8.13 mm, and the thickness of the 6061-T6

aluminum backing plate was 6.35 mm.

Upon impact a fracture conoid initiates at the impact face, advancing into the

ceramic tile at an angle and velocity which are very similar to those observed

experimentally. At the same time the projectile’s nose starts to break while its back

part is slowing down. Thus, its kinetic energy is reduced by both the mass loss of its

tip, and the deceleration of its back part. During this stage the projectile does not

penetrate the ceramic target, a phenomenon which was called “dwell” some 30

years later when it was rediscovered through the research on long rods impacting

thick ceramic tiles. The fracture conoid limits the amount of ceramic which takes

place in transmitting the load to the back plate. The aluminum plate is compressed

by the ceramic material inside the cone and starts to deflect at a certain time after

the impact. This deflection relieves the high pressures at the ceramic/aluminum

interface and the stress in the ceramic becomes tensile at this location. At this

instant an axial crack is formed at the back of the tile and it propagates along its

thickness, as shown by the dark areas in Fig. 6.6. Subsequently, all the ceramic

material within the conoid breaks up and the remaining projectile can penetrate this

comminuted material as a rigid body. Up to this time the projectile is continuosly

losing mass and velocity while it is dwelling at the impact face. With these

simulations Wilkins (1978) demonstrated that a stack of two alumina tiles, backed

by an aluminum plate, is less efficient than a single tile of the same total thickness.

The simulations showed that the first tile fails at its interface with the second tile at a

relatively early time, resulting in a reduced ballistic efficiency for this double-tile

arrangement. From this series of events it is clear that the most important issue is

the dwell time by which all the material within the conoid is fractured. Thus, in

order to maximize the ballistic performance of these targets it is essential to prolong

their dwelling process as much as possible.

One can have an appreciation for the methodical work of Wilkins and his

colleagues, by considering the amount of work (and its precision) which was

needed to collect the data presented in Fig. 6.7. Here, the ballistic limit velocities,

to within �15 m/s, are given for targets made of AD85 alumina tiles backed by

6061-T6 aluminum plates. This ceramic includes about 85% alumina and 15%

silica, and its density is about 3.4 g/cm3. This density is significantly lower than that

of pure alumina (near 4.0 g/cm3), but the low cost of these alumina tiles make them

ideal for parametric studies which involve a large amount of experiments. One

should note that each value of Vbl in Fig. 6.7 was obtained by several shots at

different velocities. In addition, at least six shots had to be performed at V0 ¼ Vbl,

half of them resulting in projectile penetration. A linear change in Vbl with the

thickness of the backing plate (d) was obtained for several tile thicknesses (D), as
shown in Fig. 6.7. The distinctive breaks in these curves at d ¼ 5–6 mm, are due to

a change in the failure mode of the aluminum plate from dishing and petalling,

for the low thicknesses, to shear plugging for the thicker plates, as noted by

Wilkins (1978).

One of the main conclusions of Wilkins and his colleagues was that the ballistic

performance of a given ceramic could be improved if its ductility is enhanced.
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This prompted an intense research which lasted for several decades, and was aimed

at adding a few percent of soft metal to the ceramic in order to improve its ductility.

These materials, called cermets, perform better than their pure ceramic counterparts,

but the improvements were not dramatic and did not justify their manufacturing

cost. Another innovation which was initiated byWilkins and his colleagues was that

of graded ceramics. The realization that the ceramic failure starts at its interface with

the metallic backing, led researchers to manufacture cermets in which the ceramic-

metal proportions change gradually from a pure ceramic, at the impact face, to a

pure metal at their back. Graded materials have also received a lot of attention but

their manufacturing problems have yet to be solved.

Anderson (2002, 2006) further analyzed the defeat mechanisms which were

described by Wilkins (1978), namely, the erosion of the projectile and its decelera-

tion during the dwell phase. He showed that these processes contribute roughly

equal parts to the loss of the projectile’s kinetic energy, which can be reduced by as

much as 50% at the end of the dwell phase. An excellent set of flash radiographs,

from Anderson (2006), is shown in Fig. 6.8. One can clearly follow the dwell phase

of the 0.300 APM2 projectile at the interface of a 7.62 mm boron carbide tile, which

was glued to a 6.6 mm thick 6061-T6 aluminum plate. Impact velocities in these

shots were around 820 m/s and the radiographs were obtained by 1 MeV X-ray

pulsers. Several features are clearly seen in this figure: the conoid fracture of the

ceramic tile, the breakup of the projectile’s nose during the dwell phase, which lasts

for about twenty microseconds, and the subsequent penetration of the residual

projectile (as a rigid body) into the comminuted ceramic.

In order to simulate these experiments with the CTH code, Anderson andWalker

(1999) modified the original failure model of Wilkins, which was described above.

Their model has five material parameters which describe the failure of the ceramic

tile: the compressive strength of the intact material, the slope and cap of a
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Fig. 6.7 The ballistic limit velocities of AD85 alumina tiles backed by 6061 aluminum plates
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Drucker–Prager yield surface for the damaged ceramic, and a constant which

governs the propagation speed of the damage in the ceramic tile. They found that

in order to account for the experimental results, this speed should be about 0.025

times the shear wave velocity of the ceramic, rather than half the shear velocity

which was used by Wilkins in his simulations. In addition, Anderson and Walker

(1999) assigned a finite strength to the comminuted material, in contrast with the

zero strength in Wilkins’ model. These modifications resulted in an excellent

agreement between the simulations and the experimental radiographs for the

positions of the projectile’s nose and tail. Such an agreement is shown in Fig. 6.9,

from Anderson (2006), for the simulation of the experiment shown in Fig. 6.8.

t=15.3msec t=20.7msec t=22.9msec

Fig. 6.8 Flash X-ray radiographs of a 0.300 APM2 projectile impacting a B4C tile backed by an

aluminum plate

Fig. 6.9 The agreement between simulation results (lines) and experiments (circles) for the 0.300

steel projectile impacting the B4C/Al target

6.3 Ceramics for Armor 221



The data collected by Wilkins and his coworkers for the different ceramic tiles

backed by a 6.35 mm aluminum plate, resulted in a hierarchy according to which

the best performance was obtained by the lowest density ceramic beryllium-boride,

while the poorest performance was obtained for the high density ceramics titanium-

diboride and titanium-carbide. This hierarchy in the ballistic performance has been

explained by Rosenberg et al. (2009), who plotted the figures of merit of these

ceramics as a function of their density, as shown in Fig. 6.10. The different ceramics

are compared with the boron-carbide tile which was given a figure of merit of 1.0.

The other tiles obtained their figure of merit (relative efficiency) according to their

ballistic limit velocity, as compared with that of boron-carbide. A clear correlation

is obtained between the relative ballistic efficiency of these tiles and their density,

as shown in the figure. The alumina tiles are marked by squares, the beryllium

compounds by crosses, and the titanium compounds are marked by triangles.

The decreasing trend of tile efficiency with its density has to be due to a real

physical phenomenon since the two different ceramics B4C and BeO þ B, which

have practically the same density of 2.5 g/cm3, resulted in exactly the same ballistic

efficiency. In addition, the lighter titanium compound TiBe12 is much more effec-

tive than the denser titanium compounds, TiB2 and TiC. Thus, it is clear that the

density of the tile, rather than its constituents or strength properties, is responsible

for the trend we see in Fig. 6.10. In order to understand this trend one has to realize

that these ceramics were graded by their corresponding values of Vbl, while keeping

a constant weight for all the different tile/plate combinations. Since the aluminum

plates in these targets were of the same thickness, the only changing parameter was

the thickness of the tile which, obviously, varied with its density in order to keep a
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constant weight for the target. Thus, the Be2B tile with the lowest density (2.0 g/

cm3) was the thickest tile in these tests, while the TiB2 and TiC tiles with densities

of 4.5 and 4.9 g/cm3, were the thinnest. All of these ceramics are graded as armor

materials, having minimal porosities and compressive strengths which are higher

than that of the steel projectile. Thus, one may assume that all of them failed by the

same mechanism which was described above. It was emphasized earlier that the

dwell time is the most important parameter for the defeat process of these

projectiles. Thus, one should look for differences in the dwelling times of these

tiles, in order to account for their different ballistic efficiencies. Clearly, a thicker

tile will result in a longer dwelling time since both the conoid formation and the

comminuting of the material inside the conoid, are bound to take more time. Thus, a

better performance is expected for the thicker tiles with longer dwell times, and

these tiles had the lower densities in the experiments. This simple explanation

accounts, at least qualitatively, for the decreasing trend in the relative ballistic

efficiencies of the denser ceramics, as shown in Fig. 6.10.

In order to demonstrate that the compressive strength of these ceramics are high

enough to defeat AP projectiles, Rosenberg et al. (2009) impacted a 0.500AP projec-

tile at a large block of alumina, 300 mm on each side. The projectile shattered upon

impact and was completely stopped at the impact face, hardly scratching the block.

This experiment also supports the thesis that the failure of thin tiles is due to tensile

stresses which originate at their free surfaces or at their interfaces with other plates.

Such a failure was avoided in the test with the large ceramic block, since its free

surfaces were too far from the impact point to have a significant influence on the

process. In conclusion, the different ballistic efficiencies of the ceramic tiles, in

the experiments of Wilkins and his colleagues, are a direct consequence of their

test configuration, namely, the Vbl test for constant-weight targets. The Vbl test is

a design-specific test which gives ameasure for the ballistic performance of a certain

configuration. It includes various details, such as the properties of the backing plate,

which are not related to the ceramic tile. The compressive strength of the ceramic

tile did not manifest itself upon the resulting value of its Vbl, as shown by the results

ofWilkins and his colleagues. In addition the Vbl test is a rather expensive one, since

it demands several shots at different velocities around the value of Vbl.

A new test configuration was suggested by Rosenberg et al. (1987a) in order to

overcome these deficiencies of the Vbl test. This is the thick-backing technique,

shown schematically in Fig. 6.11, which has been later termed the depth of

penetration test (DOP). This simple configuration has been widely used as

a standard ranking method for ceramic tiles. The new configuration also provides

relevant information concerning the performance of ceramics under realistic armor

designs against long rods, as we shall see in the next section.

With the DOP test, the ceramic tile of thickness hc and density rc, is glued to

a thick metallic block of a reference material, such as aluminum or steel. The

residual penetration (Pres) of the projectile into the thick backing determines the

ballistic efficiency of the ceramic tile, as compared with the backing material. In

their work with different AP projectiles, Rosenberg et al. (1987a) and Rosenberg

and Yeshurun (1988) used 2024-T351 aluminum blocks as their reference
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materials. They applied the DEF measure, as defined by (6.2), to obtain the ballistic

efficiency (Z) of the ceramic tile through:

� ¼ rAl PAl � Presð Þ
rchc

(6.3)

where PAl is the penetration depth of the projectile into the bare aluminum block,

and rchc is the areal density of the tested tile. One of the main advantages of this

configuration is due to the support which the thick backing supplies to the ceramic

tile, preventing its early failure by tensile stresses or, at least, postponing this failure

to much later times. More importantly, this configuration results in an efficiency

measure for the ceramic through a single test, as will be shown below, simplifying

the evaluation process as compared with the ballistic limit test.

In order to check whether this technique can be based on a single experiment for

a given ceramic, Rosenberg et al. (1987a) performed several experiments with

various AP projectiles, impacting AD85 alumina tiles of different thicknesses

which were backed by thick blocks of 2024-T351 aluminum. The residual

penetrations in these shots are given in Fig. 6.12, and it is clearly seen that they

fall on well defined straight lines.
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Fig. 6.11 The DOP test
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The fact that the results for different tile thicknesses fall on a single line means

that their ballistic efficiency is independent on tile thickness, and it can be deter-

mined by a single test using (6.3). The three AP projectiles in this study have similar

ogive-nosed steel cores, which differ only by their size. Also, their muzzle

velocities, in the range of 830–970 m/s, are close enough to obscure any velocity

dependent effect. These similarities are the main reasons for the fact that the lines in

Fig. 6.12 are very nearly parallel to each other. Once the data points were found to

fall on straight lines, a somewhat different expression for the ballistic efficiency can

be written. This expression is based on the extrapolation of these lines to a residual

penetration of Pres ¼ 0, according to the following ratio of the areal densities:

� ¼ rAlPAl

rch�c
(6.4a)

where hc* is the minimal tile thickness for which the residual penetration is zero. If

we plot the results of these tests in terms of areal densities rather than penetration

depths, we find that the ballistic efficiency (Z) is equal to the slope of the straight

line through the experimental points. Thus, one can rewrite (6.4a) in terms of the

angle (y*) which these straight lines form with the ordinate, as follows:

� ¼ tg y�ð Þ (6.4b)

This display of the ballistic efficiencies is shown in Fig. 6.13 for several

ceramics which were impacted by 0.500APM2 projectiles, as given by Rosenberg
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and Yeshurun (1988). These ceramics included silicon-carbide, boron-carbide, and

two types of alumina ceramics (AD85 and the somewhat denser BC90G).

The resulting efficiencies are clearly dependent on both the density and the

strength of the tile, in contrast with the results obtained by the Vbl tests which were

summarized in Fig. 6.10. For example, the two alumina ceramics, AD85 and

BC90G, have densities of 3.42 and 3.56 g/cc, respectively. Their Hugoniot elastic

limits, as measured by plate impact experiments are 6.0 GPa and 7.0 GPa, for the

AD85 and the BC90G, respectively. The higher strength BC90G alumina resulted

in a ballistic efficiency of Z ¼ 4.9 as compared with a value of Z ¼ 4.0 for the

AD85 alumina, in accord with the higher strength of the BC90G alumina. In fact,

Rosenberg and Yeshurun (1988) showed that the ballistic efficiencies of different

ceramics, as determined by the DOP test, are related to their specific strength which

is defined by their strength to density ratio. It is also worth noting that the ballistic

efficiencies of these ceramics can reach relatively high values, such as Z ¼ 7.7

which was obtained for the boron carbide tile in these tests. The high efficiency

values are due to the thick aluminum backings, preventing the early failure of the

tile by tensile stresses, as explained above. Such high efficiencies should motivate

the armor designer to attach the ceramic tiles directly to the main body of their

vehicle. In fact, this idea was implemented for several armored vehicles, as

reviewed by Gooch (2002).

One should be aware of the main causes for the possible scatter in the results of

these DOP tests, which is responsible for inconsistencies between different sources.

The reproducibility of the same material properties for different tile thicknesses is

one of the issues which can lead to a thickness dependent ballistic efficiency. Also,

relatively thick tiles result in small residual penetrations, often with a large scatter

between repeated tests. On the other hand, very thin tiles can cause some ambiguity

in the results because of their small effect on the process. In order to avoid these

difficulties one should use tile thicknesses which result in a residual penetration of

about half the penetration into the bare metallic block. It has been found that the

lateral dimensions of the tiles should be about ten times larger than the diameter of

the projectile, in order to avoid the early failure by release waves from their lateral

surfaces. The tiles can have smaller lateral dimensions if they are embedded in the

metallic backing itself, with a close fitting between tile and backing.

The ballistic efficiency values cited above are related to the 2024-T351 alumi-

num backing, which was used by Rosenberg et al. (1987a) and Rosenberg and

Yeshurun (1988). Other backing materials or different projectiles can result in

different values for the ballistic efficiencies of the same ceramics, but their ranking

order is not supposed to change. In fact, with 0.300 projectiles made of sintered

tungsten (Kennametal W-2), Rosenberg et al. (1987a) obtained a value around

Z ¼ 8.0 for the ballistic efficiency of AD85 tiles backed by aluminum blocks.

This value is higher by a factor of two than the value obtained for these tiles

impacted by the 0.300 AP projectiles. Vural et al. (2002) used the much softer

6061-T0 aluminum as the backing material for their tests on alumina tiles against

0.300AP projectiles. Their efficiency merits were very high (Z ¼ 8–10), which is a

clear demonstration for the effect of the strength of the backing material. Finally,
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Senf et al. (1998) used armor steel as a backing material for their AD995 alumina

tiles, of density of 3.95 g/cc. The L/D ¼ 3.2 spherical nosed tungsten-alloy

projectiles, with a diameter of 10 mm, impacted the targets at velocities of

1.0–2.0 km/s. The efficiency measure for these tiles, against the tungsten alloy

projectile was about 2.0 as compared with the steel backing. The residual

penetrations vs. tile thickness from Senf et al. (1998) are shown in Fig. 6.14. At

a given impact velocity, the data for different tile thicknesses fall on a straight line,

as in the case of AP projectiles. This important result enhances the claim that the

DOP test can give an efficiency measure for a given tile through a single experi-

ment. Moreover, the data for different impact velocities fall on parallel lines,

indicating that the ballistic efficiency of this alumina does not depend on impact

velocity, at least for this range of velocities. The relatively large scatter in the data

for the thicker tiles is due to the factors discussed above.

In conclusion, the examples presented here show that the efficiency merits of

a given ceramic are strongly dependent on all the above mentioned parameters.

Thus, the DOP test should be regarded as a convenient screening test for the relative

ranking of ceramic tiles through a simple and cheap experiment.

6.3.2 The Interaction of Ceramics with Long Rods

The interaction of long rods with ceramic tiles and their defeat mechanisms are very

different from those for hard cored AP projectiles. Long rods are made of heavy

alloys which have much lower strengths than the hard steel cores of the AP

projectiles. Thus, their defeat mechanism has to be based on the continued erosion

of the rod rather than on its shattering. The thickness of a ceramic tile which is

needed to completely erode a long rod has to be correspondingly large. This fact

imposes several difficult-to-achieve constraints for the armor designer and, as
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a result, the concept of ceramics against long rods is still in its early stages of

implementation. Still, much work has been done on this subject since the 1980s,

when hydrocodes became available. Numerical simulations are heavily used to

follow the specific details in the rod/ceramic interaction, as will be reviewed here.

The use of the DOP test for the screening of ceramic tiles against eroding rods,

was first reported by Bless et al. (1987) who impacted AD85 alumina tiles, glued to

thick aluminum backings, with L/D ¼ 5 tantalum rods. Mellgrad et al. (1989) and

Woolsey et al. (1989) suggested the use of armor steel as backing materials, in order

to reduce the residual penetrations of the rods, and to obtain information about the

possible use of ceramics for real armor applications. The DOP configuration with

the armor steel backing is being used by most researchers, with tiles which are

either bare or have a thin cover plate at their front. Some works were aimed at

providing a better lateral confinement to the tile by embedding them in the steel

backing, in order to achieve optimal confinement conditions, as described by

Hauver et al. (1992).

The experimental results of Hohler et al. (1995), with alumina tiles (density of

3.8 g/cm3) backed by hard steel blocks, are shown in Fig. 6.15. The thickness of the

tiles ranged between 10 mm and 80 mm, and the impact velocities of the L/D ¼ 12

WHA rods were: 1.25, 1.7 and 3.0 km/s. As shown in Fig. 6.15, the residual

penetrations fall on nearly parallel straight lines. Thus, the efficiency of these

tiles against long rods was found to be independent on their impact velocity within

a large range of these velocities. The ballistic efficiency of these alumina tiles

against the long rods is Z ¼ 1.7 which is somewhat smaller than the value of

Z ¼ 2.0 obtained by Senf et al. (1998) for similar tiles which were impacted by the
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shorter projectiles. The difference is due to the different strength of the steel

backings used in the two sets of experiments, which was higher for the long rod

experiments of Hohler et al. (1995). We have seen above that a backing material

with a higher strength results in a lower ballistic efficiency for a given ceramic,

since the tile’s efficiency is related to the backing material.

Another set of experiments with various ceramics backed by high hardness steel

blocks, is described by Rosenberg et al. (1998). The ceramics tiles were 20–80 mm

thick and their lateral dimensions ranged between 75 mm and 150 mm. The tiles

were impacted by an L/D ¼ 12.5 WHA rods (with D ¼ 5.8 mm) at 1.7 km/s. This

set of experiments included silicon and boron carbides, titanium-diboride and

aluminum-nitride ceramics. The resulting depths of penetrations as a function of

the areal density of the tiles are shown in Fig. 6.16. The residual penetrations for the

tiles with small lateral dimensions resulted in lower values of Z. This is a clear

indication of the effect of lateral release waves which reduce the high pressures

around the rod/tile interface. Various experiments indicated that in order to avoid

the interfering effects of lateral boundaries, the width of the tiles should be at least

five times larger than their thickness. Another way to overcome lateral release

effects is to embed the tile in the backing, or to apply a metallic frame around the

tile. Improvements in the ballistic efficiency have been achieved by close fitting the

tile into a cavity in the backing block. Several researchers have even used special

glue around the tile which included metallic powder, in order to have a better

acoustic match between the tile and its backing.

h=1.7

h=2.7

Fig. 6.16 DOP results for various ceramics
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The ballistic efficiencies of the ceramics presented above are bounded between

Z ¼ 1.7 and Z ¼ 2.7, as shown by the two lines in Fig. 6.16. These are typical

values for the efficiency of strong ceramics as compared with high hardness steel

backings, as was also shown by Reaugh et al. (1999). They shot L/D ¼ 4WHA rods

at various ceramic tiles which were backed by high strength steel backings. The

ballistic efficiencies for the different tiles, at an impact velocity of 1.7 km/s, were:

Z ¼ 2.0 for alumina, Z ¼ 2.5 for both AlN and SiC, and Z ¼ 3.1 for the TiB2 tiles.

The experiments of Hohler et al. (1995) with alumina tiles were performed with

flash X-ray radiographs which followed the penetrating rod in the ceramic tiles, as

shown in Fig. 6.17. It is clearly seen that the rod is eroding during its penetration in

the ceramic in a similar way to its erosion in a thick metallic target. In particular, the

quasi steady-state mode of penetration and the rod’s erosion rate were found to be

similar to those in metals. Thus, one may conclude that the penetration model of

Alekseevskii and Tate (the AT model) can also account for the penetration of rods

into thick ceramic tiles.

The applicability of the AT penetration model for the interaction of long rods

with thick ceramic tiles, has been demonstrated by Rosenberg and Tsaliah (1990).

Their first step was to check whether a penetration threshold velocity (Vc) can be

defined for ceramics, in the same way as for semi-infinite metallic targets. They

shot L/D ¼ 10 rods of different materials and strengths (copper, steel andWHA), at

large alumina blocks of two different types, AD85 and BC90G, having densities of

3.42 and 3.56 g/cc, respectively. By varying the impact velocity of these rods

Rosenberg and Tsaliah (1990) found that below a certain threshold velocity these

blocks were not penetrated, with only a small indentation shown around the impact

point. The threshold velocities of the different rods impacting the AD85 alumina

t =5 msec

t =17.5 msec 

Ceramic tile

t =10.6 msec

Fig. 6.17 The penetration and erosion of a WHA rod impacting an alumina tile at V0 ¼ 2.5 km/s
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blocks were: Vc ¼ 1.15, 0.99 and 0.66 km/s for the copper, steel and WHA rods,

respectively. Using the strengths of these rods (Yp), and the relation Vc ¼ [2(Rt �
Yp)/rp]

0.5 for the threshold velocity, a value of Rt ¼ 5.5 � 0.5 GPa was obtained

for the AD85 alumina. A similar set of experiments on the stronger alumina

(BC90G), resulted in a value of Rt ¼ 7.0 GPa for this alumina. These values of

Rt for the two types of alumina, are very close to their Hugoniot elastic limits

(HEL), as measured by plate impact experiments. In addition, Rosenberg and

Tsaliah (1990) showed that these values for Rt account for the residual penetration

in the steel backing, in several experiments with alumina tiles backed by steel

blocks. Thus, they concluded that the assignment of Rt � HEL for a given ceramic

accounts for its resistance to penetration by long eroding rods. The threshold

behavior which was demonstrated by the experiments of Rosenberg and Tsaliah

(1990), was later termed “the interface defeat” phenomenon and it became the focus

of intense research, as will be described below.

The experiments of Subramanian and Bless (1995) with L/D ¼ 20 tungsten rods

impacting large AD995 alumina tiles, resulted in a value of Rt ¼ 8.0 � 1.0 GPa,

which is close to the value of HEL for this alumina. This value was obtained

by analyzing the measured penetration velocities of the rods, through flash x-ray

radiographs. On the other hand, the experiments by Behner et al. (2008), with gold

rods impacting thick SiC tiles, resulted in a threshold impact velocity of about

0.9 km/s. The corresponding stagnation pressure at this velocity is about 7.8 GPa,

which is significantly lower than the value of HEL ¼ 11 GPa for this ceramic.

Obviously, a theoretical account of the threshold velocity for ceramics is very

much in need. Since high-grade ceramics can have HEL values of 8–12 GPa,

a rough estimate results in values of Vc ¼ 0.85–1.1 km/s, for the threshold

velocities of WHA rods (with rp ¼ 17.5 g/cc and Yp ¼ 1.5 GPa) impacting large

ceramic blocks.

As mentioned above, Subramanian and Bless (1995) used flash x-ray radio-

graphy, in order to follow the eroding tungsten rod as it penetrated into thick

AD995 alumina targets. Their experimental results showed that the penetration

velocity (U) of the rod is linearly dependent on its impact velocity (V0), as shown

in Fig. 6.18. The open circles in this figure were obtained by linear fits to the

data from each experiment, while the filled circles were obtained by fits to the

combined data of six shots at the nominal velocity. The solid line is a linear fit to

the data, and the broken line is the predicted relation according to the hydro-

dynamic model (no strength) through the relation:

Uhyd ¼ V

1þ
ffiffiffiffiffiffiffiffiffiffiffiffi
rt rp
�q ¼ 0:69V (6.5)

These experiments resulted in the following relation between penetration

velocities (U) and impact velocities (V0), for V0 � 1.5 km/s:

U ¼ 0:836V0 � 0:742 for AD995 alumina (6.6a)

6.3 Ceramics for Armor 231



where U and V0 are given in km/s. A linear relation between penetration velocity

and impact velocity was also obtained by Subramanian et al. (1995), for tungsten

rods impacting 6061-T651 aluminum targets at velocities in the range of

1.5–4.2 km/s.

Similar results were obtained for other ceramics penetrated by WHA rods, for

impact velocities between 1.5 and 5.0 km/s. These experiments were summarized

by Orphal et al. (1996) for aluminum-nitride, Orphal et al. (1997) for boron-carbide,

and Orphal and Franzen (1997) for silicon-carbide. The linear fits for the data in

these works are:

U ¼ 0:575V0 � 0:406 for B4C (6.6b)

U ¼ 0:781V0 � 0:51 for SiC (6.6c)

U ¼ 0:792V0 � 0:524 for AlN (6.6d)

These linear relations may seem to contradict the predictions of the AT penetra-

tion model, as discussed by Orphal and Anderson (2006). They conclude that this

discrepancy highlights the shortcomings of the AT model, since similar relations

were obtained for metallic targets as well. However, a close examination of the AT

model shows that it predicts an effectively linear relationship between U and V0 for

high density rods and low density targets, especially at high impact velocities. Note

also that at high impact velocities these rods do not decelerate appreciably during

most of the penetration process. Thus, the velocity of their uneroded parts (V) is

expected to be close to their impact velocity (V0). An effectively linear relation

between U and V0 (or V) is obtained from the AT model, by considering the

expression for U ¼ U(V), as derived from the modified Bernoulli relation, (5.10):

Fig. 6.18 The results for penetration velocities of tungsten rods into AD995 alumina tiles

232 6 Defeat by High Strength Targets



U ¼ V � m
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V2 þ A0

p
1� m2ð Þ (6.7a)

where A and m are given by:

A0 ¼
2 Rt � Yp
� �

1� m2ð Þ
rt

; m ¼
ffiffiffiffiffi
rt
rp

r
(6.7b)

Using representative values for the densities of the materials involved in these

experiments, rt ¼ 3.0 g/cc and rp ¼ 17.5 g/cc, together with typical values of

Rt ¼ 10.0 GPa and Yp ¼ 1.0 GPa, result in: A0 ¼ 5 and m ¼ 0.414 for this case.

Inserting these values in (6.7a), it is easy to show that the following relation

accounts for the calculated values of U for impact velocities in the range of

V0 ¼ 1.5–5.0 km/s:

U ¼ 0:8V0 � 0:7 (6.8)

This relation is similar to the linear relations obtained experimentally for the

various ceramics, as given by (6.6a–6.6d). In conclusion, the data for ceramic

penetration by long rods can be analyzed by the AT model and the ballistic

efficiencies of different ceramics can be related to their corresponding Rt values,

as derived from the measured penetration velocities of eroding rods into these tiles.

The next step in this line of research was achieved by Bless et al. (1992) who

showed that by properly encapsulating the ceramic tile, a much higher impact

velocity is obtained for the onset of rod penetration into a large ceramic block.

This issue has been the focus of intensive research due to its potential benefit for

ceramic armor against long rods. The works of Hauver et al. (1993, 1994),

Subramanian and Bless (1995), Lundberg et al. (1998, 2000) and Westerling

et al. (2001) demonstrated that the penetration of high density rods can be prevented

even at impact velocities as high as 1.6 km/s. Most of these experiments were

performed with the reverse ballistics technique, where the rods are stationary and

the ceramic target is launched by a light gas gun. This configuration is especially

suited for high velocity impacts, which are impossible to achieve by accelerating

these slender rods with either powder or gas guns. On the other hand, it is quite

simple to accelerate a thick ceramic cylinder, confined in a metallic sabot, to

velocities of 5.0 km/s with light gas guns. Since these guns have a diameter of

about 40 mm, the experiments have to be highly scaled and the diameter of the

stationary rod is limited to D ¼ 1–2 mm. Thus, scaling issues had to be considered

and Hauver et al. (2005) noted that larger scale experiments reproduced the

main findings of the earlier studies. Scaled experiments have another advantage

concerned with flash X-ray radiography. Due to the small size of the targets,

the X-ray flashes can easily penetrate the small ceramic cylinders, and follow the

shape and advancement of the rod during penetration. This is clearly shown in

Fig. 6.19, from Holmquist et al. (2008), who shot silicon-carbide cylinders at

slender gold rods (D ¼ 1 mm, L ¼ 70 mm).
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The analysis of such X-ray pictures led Lundberg et al. (1998) to the realization

that the interface defeat mechanism is followed by a narrow range of impact

velocities where the rod is actually “dwelling” at the interface for a certain amount

of time before it starts penetrating. Note that such a dwell phenomenon was first

observed by Wilkins and his colleagues in their classical work with AP projectiles,

as described above. When the dwelling phase is over, the rod penetrates the ceramic

target at a relatively low penetration velocity. For higher impact velocities the dwell

phase is diminished, and penetration proceeds at a high velocity practically right

after impact. The results of Lundberg et al. (1998) for boron carbide tiles impacting

stationary WHA rods are shown in Fig. 6.20. One can clearly see the range of

impact velocities around V0 ¼ 1.5 km/s which corresponds to the dwell mechanism

(the shaded range in the figure). This is the transition range between the interface

defeat of the rod and its regular penetration process.
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Fig. 6.20 The interface defeat and dwell regions for boron carbide tiles

Fig. 6.19 X-ray radiographs in a reverse ballistics test of a SiC cylinder impacting a stationary

gold rod at V0 ¼ 1.38 km/s
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The experiments of Bless et al. (1992), Hauver et al. (1993), Lundberg et al.

(1998, 2000), and Hauver et al (2005), showed that much higher values of the

impact velocities are obtained for the interface defeat velocity by a proper use of

cover plates. These plates contain the rod material, around the impact point, which

applies a continuous pressure on the tile for a relatively long time. This dynamic

confinement prevents the early failure of the tile by tensile stresses which initiate at

free impact surfaces. The second role of the cover plate is to spread the initial load

of the rod as it impacts the ceramic tile, by enlarging its nose area. Lundberg et al.

(1998) used a steel cover plate with a central protrusion having diameter and height

of several rod diameters. Numerical simulations by Holmquist and Johnson (2002)

showed that a small copper disc glued to the tile, is enough to result in a significant

increase of the interface defeat velocities. The diameter and the thickness of the

copper buffer in these simulations were equal to 2D and 4D, respectively, where D

is the diameter of the rod. The role of the copper buffer will be discussed in the

next section where we review the simulations concerning the impact of long rods

on ceramic tiles. Lundberg et al. (2001) showed that the dwell process can last for

long times (300 ms), by using very long rods (over 770 mm long), which were

composed several welded rods. The aim of these experiments was to show that

with the proper design, the interface defeat mechanism should be viable also

against full scale rods.

6.3.3 Numerical Simulations

A large amount of research has been focused on numerically simulating the various

phenomena described above, in order to highlight the physical parameters which

control the response of ceramics to impact and penetration. Several material models

for ceramics were implemented in commercial hydrocodes and all of them have the

various features of the model developed by M. Wilkins, as described in Sect. 6.3.1.

The most elaborate one is the JH-1 model of Johnson and Holmquist (1990), which

was described in Chap. 2. Other models for brittle materials include those of Curran

et al. (1993), Rosenberg et al. (1995), Rajendran and Grove (1996), Walker and

Anderson (1996) and Walker (2003). The models are based on the realization that

upon impact, high amplitude stress waves are generated in the ceramic tile inducing

its fracture and comminuting in a large volume ahead of the penetrating projectile.

Thus, in order to simulate the behavior of the ceramic tile it is necessary to account

for the properties of both the intact and the fractured material. This unique feature

of brittle materials was convincingly demonstrated by Shockey et al. (1990), who

impacted small spheres at steel covered silicon-nitride tiles. The impact velocities

in these experiments were relatively low and the impacting spheres did not pene-

trate the steel covers. However, a cross section of the tiles after impact revealed a

wealth of different cracks and comminuted material below the impact point, as
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shown in Fig. 6.21. The extensive damage in this tile was due to the impact of a

tungsten-carbide sphere at 231 m/s. Since the sphere did not penetrate the steel

cover plate, the damage in the tile has to be attributed to the strong stress waves,

compressive and tensile, which were initiated by the impact itself. Thus, a

penetrating projectile is due to encounter a severely damaged tile, and it is evident

that the properties of the damaged ceramic control the penetration process.

The modeling of these failures is even more complex because the cracked

material has different properties than the comminuted one. These differences

should be accounted for, especially for well confined tiles, since the confinement

tends to keep the high pressures in the tile for a certain time. A cracked tile under

high confining pressures is not expected to lose its resistance to penetration. Thus,

the potential damage induced by tensile stresses can be prevented or delayed to

much later times, by properly confining the ceramic. Much of the experimental

work on the constitutive relations of ceramics has been devoted to the constitutive

properties of fractured and comminuted ceramics. In fact, the main differences

between the various models cited above, are due to the different values which they

assign to the strength of the damaged material, as reviewed by Anderson (2006).

For example, the different strength values for silicon carbide which are used by the

JH-1 model and the model of Walker (2003), are shown in Fig. 6.22, from Anderson

(2006). The strength of the fractured ceramic is 1.3 GPa in the JH-1 model and

3.7 GPa in Walker’s model. These very different values were obtained by adjusting

the models to different sets of experimental results, enhancing the need for well

calibrated properties of failed ceramics. The data points for the strength of the intact

ceramic, from several sources, are also shown in the figure.

In order to demonstrate the predictive capability of these models, consider the

simulation results from Holmquist et al. (2008) for a SiC tile impacted by a gold rod
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Fig. 6.21 Damage to a ceramic tile from a non-penetrating sphere impact
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at a velocity of 1.38 km/s, as shown in Fig. 6.23. The radiographs of the corresponding

experiment are shown in Fig. 6.19. One can clearly see the excellent agreement

between the simulation and the experiment concerning the advancement of the

penetration process and the damage around the crater. Such an agreement strongly

enhances the validity of the material model which was used for this ceramic.

The effect of the buffer discs has been investigated through numerical simu-

lations by Holmquist and Johnson (2002), and Holmquist et al. (2005, 2008).

A comparison between the simulation results and the experimental radiographs

from Holmquist et al. (2008), for a buffered SiC tile impacting a gold rod at

1.484 km/s, is shown in Fig. 6.24. The copper buffer in this experiment and in the
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Fig. 6.22 The JH-1 model for SiC and the Walker–Anderson failure surface

Fig. 6.23 Simulation results for the impact of a gold rod at a SiC cylinder
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simulation was 5 mm in diameter and 4 mm thick. The diameter of the rod was

1.0 mm and its length 70 mm, as in the impact on the bare tile at 1.38 km/s which

was shown in Figs. 6.19 and 6.23. Clearly, the copper buffer prevented the penetra-

tion of the tile at the higher impact velocity, while the bare tile was easily penetrated

by this rod at the lower velocity. Thus, both experiments and numerical simulations

demonstrate that the addition of a small copper buffer leads to a significant increase

in the range of impact velocities for the interface defeat phenomenon.

In order to demonstrate the effect of the copper buffer consider the simulation

results of Holmquist et al. (2005), as shown in Fig. 6.25. These simulations were

performed for bare and buffered silicon carbide tiles, impacted by a D ¼ 0.75 mm

L ¼ 30 mm gold rod, at various velocities. The results of these simulations agree

with the experimental data, as far as the interface defeat velocities and the

corresponding dwell times are concerned.

Both experiments and simulations show that a bare SiC tile defeats these gold

rods at impact velocities up to about V0 ¼ 0.9 km/s, which can be defined as the

threshold velocity (Vc) for penetration. The stagnation (Bernoulli) pressure which

corresponds to this impact velocity is: P ¼ 0.5rpVc
2 ¼ 7.8 GPa. On the other hand,

the buffered SiC tile was shown, both experimentally and numerically, to defeat

Fig. 6.24 Experimental and simulation results for a buffered SiC cylinder impacted by a gold rod

at 1.484 km/s
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the gold rods even at an impact velocity of V0 ¼ 1.65 km/s, corresponding to

a stagnation pressure of about 26 GPa. Thus, the addition of a copper buffer

increased the threshold pressure by a factor of 3.3. Such enhancements of the

ballistic resistance draw much interest among armor designers for the practical

application of ceramics tiles.

According to Holmquist et al. (2005) the buffer should be large enough to

attenuate the impact shock which is delivered to the tile, and to induce a mushroom

shape to the rod’s nose in order to spread its load over a larger area. The buffer also

applies some compressive pressure over the impacted area for a short time, which is

enough to prevent the early failure of the tile by tensile stresses around the impact

zone. The buffer material should have a high density to reduce the loading stress on

the ceramic face. Simulations with a polycarbonate buffer resulted in a higher and

steeper loading profile at the surface of the tile, as compared with those induced by

either copper or tungsten buffers. These simulations were performed for a gold

rod impacting the buffered silicon carbide tile at 1.6 km/s, and the impact stresses at

the symmetry axis, for the three different buffers, are shown in Fig. 6.26, from

Holmquist et al. (2005). The estimated impact shock which the gold rod imparts to

the bare silicon carbide at V0 ¼ 1.6 km/s, is 38 GPa. The addition of copper or

tungsten buffers reduces the amplitude of this shock to a level of 26.3 GPa, and

spreads its rise time considerably, as is clearly seen in the figure. With the material

parameters which were used in these simulations, the transition from interface

defeat to the dwelling phase takes place at a stress level of about 26 GPa.

V0=800m/s 1000m/s 1200m/s 1400m/s 1600m/s 1800m/s

Bare
targets

Buffered
targets

Fig. 6.25 Simulation results for bare and buffered SiC tiles impacted by gold rods at different

velocities
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Malaise et al. (2000) also obtained a significant increase in the interface threshold

velocity by using a different experimental setup. They compared the penetration

performance of L/D ¼ 10, D ¼ 5 mm WHA rods, which were encased by a large

polycarbonate cylinder, with the penetration characteristics of a free flying rod. These

rods impacted 30 mm thick SiC tiles which were backed by large steel blocks, at

impact velocities of about 1.45 km/s. The free flying rod perforated thewhole ceramic

tile and left a residual penetration of 4.5 mm in the steel backing. On the other hand,

the impact of the encased rod resulted in a dent of only 3 mm at the impact face of the

tile, demonstrating the strong effect of the plastic encasement. The effect was

attributed to the mushrooming of the plastic cylinder around the rod for a relatively

long time. Thus, the impact of the plastic cylinder, and its subsequent mushrooming,

applied high compressive stresses on the impact face of the ceramic tile and prevented

its early failure by tensile stresses, as in the case of the copper buffer.

In conclusion, the role of the various buffers which were described here is to

reduce the amplitude of the initial shock pressure to a value below the threshold for

damage initiation, to prolong the compressive loading of the impact face, and to

spread the load over a large area through the mushroomed shape of the rod. We

should emphasize that the material parameters for the damaged ceramics, in all the

simulations described above, are actually calibrated by experimental results. Thus,

the fact that the simulation results agree with experimental data does not mean that

a full understanding of the damage process has been achieved. Clearly, a theoreti-

cally based model for damage initiation and its evolution in impacted ceramics is

needed in order to understand these empirical observations.
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Fig. 6.26 Simulation results of the loading stresses for different buffer materials
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A simplified version of the JH-1 model was suggested by Rosenberg et al.

(1995). This model accounts for much of the penetration data for long rods

impacting ceramic tiles which are backed by thick metallic blocks. The model is

based on experimental data for the constitutive properties of the intact material,

which include its compressive strength (Yc) under uniaxial stress conditions, its

tensile strength (spall), and its compressive strength under high shock pressures

(Ymax). The values of Ymax are measured by the lateral gauge technique which

was described in Chap. 1. For materials which exhibit a constant strength at high

pressures, the failure curve of the intact material is a bilinear line, as shown

schematically in Fig. 6.27. The figure shows the constitutive relations for the intact

and the failed material. When the stress state in an element of the numerical scheme

reaches the upper curve, its strength is reduced to the lower curve which accounts

for the properties of the failed material. This curve starts from the origin (no tensile

strength) and it increases linearly with a certain slope up to the maximal strength of

the failed material. This slope and the maximal strength level of the failed material

are obtained by multiplying the corresponding slope and the maximal value (Ymax)

of the intact material, by the failure parameter (f < 1.0), which is the only free

parameter in the model.

The value of the failure parameter (f) for a given ceramic is obtained by the

following procedure. Given a set of penetration experiments, choose one of them as

the calibration experiment, and vary the value of the failure parameter (f) in the

corresponding simulations until a match is obtained with the experimental penetra-

tion depth. All the other experimental results should be accounted for by

simulations with the same value of the failure parameter (f). This technique resulted

in a value of f ¼ 0.3 for the AD85 alumina tiles which were analyzed by Rosenberg

et al. (1995), and a value of f ¼ 0.45 for the AD995 alumina in Rosenberg et al.

(1997b).

Yc

Spall

f<1

Ymax Intact ceramic

Y(p)

Pressure

Failed ceramic

Fig. 6.27 The simplified model for ceramics
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The value for the high pressure strength (Ymax) of the intact ceramic (Ymax) is

obtained by using longitudinal and lateral stress gauges in plate impact

experiments, as described in Chap. 1. These gauges determine the two principal

stresses (sx and sy) in the shocked specimen, and its strength under high pressures

is derived through a proper yield criterion. Using the von-Mises criterion results in:

Ymax ¼ sx � sy. The results for AD85 alumina from Rosenberg et al. (1987a), and

for titanium-diboride from Rosenberg et al. (1991a), are shown in Fig. 6.28. It is

clearly seen that the alumina specimens exhibit a constant strength at high

pressures, which was also the case for aluminum-nitride as measured by Rosenberg

et al. (1991b). On the other hand, the TiB2 ceramic showed a pressure hardening

effect, with a significant increase in strength with increasing shock pressures.

6.3.4 Ceramics Against Shaped Charge Jets

We have seen that the ballistic efficiency of various ceramics against high-density

long rods is of the order of Z ¼ 2.0–3.0, as compared with armor steel targets.

These relatively high efficiencies of the ceramic tiles are due to their high compres-

sive strength and their low densities. Experimental results for both ceramic and

glass blocks showed that they are even more efficient against shaped charge jets,

resulting in values in the range of Z ¼ 4.0–5.0, as compared with armor steels. This

fact was demonstrated for glasses by Hornemann (1989), Solve and Cagnoux

(1990), Finch (1990), Moran et al. (1991) and Kozhushko and Rykova (1994),

and for several ceramics by Kozhushko et al. (1992). It may seem that the high

strength of these materials is more effective against the high speed jets, in contrast

with the accepted knowledge that at high impact velocities the strength of the target

becomes less important. High speed pictures and x-ray radiographs showed that the

penetrating jet elements are significantly deflected from their original line of flight

during penetration, by the action of some lateral forces. Thus, it was concluded that
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Fig. 6.28 The principal stress difference of AD85 alumina and TiB2 as determined by longitudi-

nal and lateral stress gauges in plate impact experiments
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the high efficiency of these materials against shaped charge jets is due to a lateral

action, rather than to their high strength. These lateral disturbances were related to

the dilatancy phenomenon in brittle materials. This term refers to the extra expan-

sion of their volume after stress unloading, as a result of crack initiation and growth

during the loading phase. Specifically, the enhanced efficiency of glass targets

against shaped charge jets was attributed to the lateral impact of glass debris with

the penetrating jet elements.

This issue has been investigated by Rosenberg et al. (1995) using numerical

simulations for high velocity L/D ¼ 10 zero strength rods impacting ceramic tiles

which were backed by thick steel blocks. An impact velocity of 5.0 km/s was

chosen for these simulations in order to represent the average velocity of the

different jet elements. A 10 mm steel plate was place in front of the 40 mm alumina

tile in these simulations. The failure model of the ceramic tile was the one described

in the previous section with f ¼ 1.0, in order to avoid the complications resulting

from early failure. The simulations showed that the final crater depths in the steel

backings are practically the same for ceramic strengths in the range of 3.0–9.0 GPa,

confirming the notion that at these impact velocities the strength of the target plays

a minor role on its resistance to penetration. However, the diameter of the crater in

the tile decreased appreciably with increasing tile strength. More importantly, the

crater walls in these simulations were collapsing laterally on the jet, and more

material was launched towards the axis with increasing tile strength. The laterally

moving material included both ceramic debris from the crater walls, and the

inverted jet elements which lined the wall after penetration. This lateral motion

for the 6.0 GPa alumina is shown in Fig. 6.29. One can clearly see that sometime

Steel cover plate

Ceramic tile

Shock front

Steel backing

Fig. 6.29 Simulation results for the jet debris and inverted rod motion towards the symmetry axis
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between 40 and 60 ms after impact, a large portion of the inverted rod material

reached the symmetry axis with a significant lateral velocity. This laterally moving

material can deflect the slower parts of a long jet, resulting in the enhanced ballistic

efficiency of ceramics and glasses against shaped charge jets.

The numerical simulations of Rosenberg et al. (1995) highlighted the relation

between the strength of the tile and the degree of these lateral disturbances, through

the amount of material which is launched laterally towards the axis, as shown

in Fig. 6.30. The figure shows the state of the tiles and the debris along the

penetration axis at relatively late times, in order to emphasize the differences

between the three cases. The simulation for the 3.0 GPa tile showed that no material

was propelled towards the axis. On the other hand, the 9.0 GPa tile propelled more

material, and at much earlier times, as compared with the 6.0 GPa tile. As is clearly

seen here, the residual penetrations of the rods were practically the same for the

different strength tiles, because their penetration process was over before the arrival

of the lateral debris at the axis. With much longer jets, this debris is bound to impact

their slower elements and reduce their penetration capability. Thus, the increased
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Fig. 6.30 The effect of ceramic strength on the lateral motion of the debris
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efficiency of high strength ceramics and glasses against shaped charge jets has

to do with the lateral impacts of the inverted jet debris, as depicted by these

simulations.

6.4 Woven Fabrics as Armor Materials

We have seen that the optimal design for add-on armors is based on layered

targets with low density materials, where the first layer has a high compressive

strength (such as a ceramic tile) and the back plate has a high tensile strength, in

order to absorb the debris from the projectile and the front plate. Composite

materials which are based on woven fabrics have been found to be very efficient

as the backing materials for ceramics and hard metallic plates, due to their

improved specific strengths (the strength/density ratios). The first composites

were introduced in the 1960s and they included glass fibers which reinforced

various plastics (GFRP). More efficient materials are based on aramide fibers

(trade name of Kevlar®), the ultra-high molecular weight polyethylene fibers (trade

named Spectra® and Dyneema®), and the PBO fiber which was first marketed by the

name Zylon®. The low density of these organic fibers, in the range of 1.0–1.4 g/cm3,

and their high tensile strength (around 3.0 GPa) led to their extensive use for

various ballistics applications, from the protection of space stations to body

armor vests. These fibers have high initial elastic moduli (around 100 GPa) and

tensile failure strains of 3–5%, resulting in excellent energy absorption capabilities

which surpass the energy absorption by metals. The fibers are bundled into yarns

and these are woven into layers which are then stacked together, with or without

impregnation, in order to produce the armor structure. The fibers are woven into 2D

or 3D structures through different weaving techniques, as described by Zaera

(2011). Comprehensive accounts of the properties and manufacturing processes

of fibers, yarns, and woven fabrics, as well as their use in different armor systems,

are given in Bhatanagar (2006) and in Abrate (2011). The most extensive use of

fabrics is for vests which are manufactured either with fabric laminates alone, or

with ceramic tiles attached to their front. Fabric laminates are also attached to the

inner walls of armored vehicles as “spall liners”, in order to stop the behind armor

debris (BAD) which is generated by the penetrating threat. The fabrics themselves

are used as either “dry” sheets sewn together, or impregnated with resins such as

polyester or epoxy.

In order to follow the ballistic response of a panel made of several sheets of

woven fabrics, researchers usually start with the response of a single yarn to the

lateral impulse of a ballistic impact. The woven sheet is then considered with some

assumptions concerning the cross joints of the fibers. Finally, the response of

a bundle of sheets, either with or without the resin, has to be considered. Cheeseman

and Bogetti (2003) review the important factors which control the perforation

process of fabrics and compliant composites. These factors include the material

properties of the yarns, the fabric structure, the shape and impact velocity of the
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projectile, the interaction of multiple plies, the far-field boundary conditions, and

the friction between the yarns and the projectile. This variety of different factors

complicates the analysis of the penetration and perforation processes, and the

conclusions from a given set of experiments cannot be generalized for other

cases. For example, Jacobs and Van Dingenen (2001) observed that uniderctional

layers of Dyneema fibers placed at 0o/90o orientation on top of each other perform

much better than woven fabrics under the impact of blunt projectiles. They claim

that this result is due to the fact that the 0�/90� arrangement allows for a much wider

area of the structure to take part in the interaction. This conclusion holds only for

blunt-nosed projectiles and, probably, for these fibers alone. Obviously, these

complex factors are the main reason for the scarcity of analytical approaches to

these projectile/composite interactions, although much progress has been made

through empirical studies and numerical simulations.

The complexity of the interaction between projectiles and textiles can be

appreciated by the post mortem pictures from Irenmonger (1999), as shown in

Fig. 6.31. These are sectioned targets of Dyneema® which were impacted by

5.56 mm projectiles having a lead core and a hard steel tip. Note the shearing

process of the thin target (H ¼ 11 mm) which was easily perforated by the

projectile, resulting in a crater diameter which is close to that of the projectile.

This is the typical failure mode of relatively thin targets which are perforated by

sharp-nosed projectiles at high impact velocities. The right hand side of the figure

shows the more complex interaction for the H ¼ 22 mm target, which was thick

enough to defeat this projectile. The sectioned target shows that a shearing action

by the projectile took place during the first stages of its penetration. At the later

stages, the target exerted its high tensile strength on the projectile, as is evident by

the extensive deflection and delamination of the back plies. This is the more

common mode of operation for fabrics when they are used as backing layers in

composite targets. With these configurations the fabrics exhibit their superior

tensile properties in stopping debris, leading to their high ballistic efficiency. The

large crater diameter at the later stage of penetration is due to the gross deformation

H=11 mm

V0=635 m/s

H=22 mm

V0=838 m/s

Fig. 6.31 Cross sections of Dyneema targets impacted by 5.56 mm projectiles

246 6 Defeat by High Strength Targets



of the projectile during this stage. This deformation resulted in a much larger

volume of fabric which participated in the process, as seen in the picture.

The geometry of the projectile and its impact velocity determine the failure

mode of the fabric, and it is obvious that sharp-nosed projectiles actually wedge

through the fabric with relatively low resistance to their motion. With higher impact

velocities the yarns are sheared by the projectile, as shown above, and they can even

rupture upon impact, as described by Cheeseman and Bogetti (2003). Thus, the best

performance of these composites is achieved against low velocity blunt projectiles,

where the yarns absorb a large part of the projectile’s kinetic energy through large

transverse deflections. It should be noted that for ballistic applications the resin

content in the composite should be around 20% in order to enable large deflections

of the plies. For the same reason, the fiber-matrix adhesion should not be too strong.

When a multiple-ply target is impacted by the projectile the first few layers

are sheared, as shown on the right hand side of Fig. 6.31. The remaining layers

behave as a membrane and they absorb the projectile’s energy through their

deflection, exerting their optimal properties and high efficiencies. These features

are clearly demonstrated by the experiments and numerical simulations of Gama

and Guillespie (2011) with thick S-2 glass/SC15 laminates, which were impacted

by L/D ¼ 1 steel cylinders. In order to follow the relevant material properties

for these projectile/fabric interactions we summarize some of the important

issues concerning these interactions.

The early work on single yarn impact is considered as the basic theory for

transverse loading of a woven sheet, as reviewed by Rakhmatulin (1966). The

salient features of this theory, as developed by Smith et al. (1958), can be stated

with reference to Fig. 6.32, which describes a transversely impacted yarn. The

figure describes the shape of the loaded yarn as obtained by high speed photo-

graphy, which show that the yarn takes a triangular shape which increases with time

until failure takes place.

The mathematical treatment of this developing triangular shape assumes that

upon impact, longitudinal and transverse strain waves are propagated outward from

the impact point at different velocities. The longitudinal wave, which moves at the

elastic wave velocity c0 ¼ (E/r)0.5, puts the material under certain tensile stress

(s0) and strain (e0). The high elastic moduli of these fabrics, together with their low

densities, result in very high values of c0. This means that a large portion of the

v=0
u=w

v=V
u=0

c1t

Vt

c(e0)t

Fig. 6.32 Schematic description of a textile yarn impacted by a rigid projectile
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target is engaged in the interaction with the projectile, enhancing its energy

absorption capability. The material behind this wave front moves at a certain

velocity (w) towards the impact point. The transverse wave, which propagates

behind the longitudinal wave at a velocity of c1, changes the direction of material

motion towards that of the projectile. Behind the transverse wave front all particle

velocities are equal to the velocity of the projectile (V), and the constant-angle

triangle continues to grow with time. For a material with a constant modulus (E)

the following relation was derived between the strain in the fiber (e0) and the

projectile’s velocity (V), as described by Roylance (1977):

V2 ¼
Ee0 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e0 þ e20

p
� e0

� �
r

¼ c20f e0ð Þ (6.9)

This relation can be solved numerically in order to compute e0 in terms of V, for

the purpose of design curves of a given fabric. Once e0 is known, all the other

parameters of the problem such as s0, c1 and w, can be determined for a given

impact velocity. For example, the transverse wave velocity is given by:

c1 ¼ c0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e0 þ e02

p
� e0

� �
(6.10)

With this simplified analysis one can calculate the strain energy s0e0/2 and

correlate it with the energy absorption rate of the fiber. When the maximal values

for the tensile stress and strain are inserted in (6.9), the maximal value for V which

marks the onset of fiber failure, is obtained. These critical velocities are seldom

realized in the experiments and, in fact, the actual critical velocities are lower by a

factor of two than the theoretical values. Several explanations have been suggested

for this discrepancy, as in Bazhenov et al. (2001), but the issue is still unresolved.

The work of Tan et al. (2003) examined the influence of the projectile’s nose shape

on the ballistic limits, the energy absorption behavior, and the perforation

mechanisms of a single ply of plain woven aramide target. The experiments showed

that the same trends were obtained for all the different projectiles shapes, namely,

an increase in energy absorption up to a critical velocity and a subsequent decrease

at higher velocities.

In order to demonstrate the high tensile elongations which can be achieved by

a single yarn, consider the high speed pictures of a blunt nosed projectile on a nylon

yarn, from Jameson et al. (1962), as shown in Fig. 6.33. The images in this figure

are slightly displaced in order to highlight the fiber’s extension in the way depicted

by Fig. 6.32.

One should note that the ballistic efficiency cannot be increased indefinitely by

increasing fiber stiffness as this is accompanied by a decrease in failure (breaking)

strain. Thus, a complete model should have a relation between the two parameters

in order to determine the optimal stiffness of the fabric. Considering the ballistic

performance of a textile structure which consists of several plies, one has to

take into account some conflicting trends which will adversely affect the
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performance of the system, as described by Cunniff (1992). Adding plies may

constrain the transverse deflection of the first plies, amplify the concentration of

tensile stresses, and reduce the ballistic efficiency of the structure. Cunniff (1992)

analyzed several aspects of the structure performance, such as the aperture size of

the frame fixture which constrains the fabric. As expected, a larger aperture resulted

in a higher ballistic limit velocity, since the plies could undergo larger deflections.

A large amount of data concerning the ballistic behavior of different fabrics has

been summarized by Cunniff (1996) and in several papers which he presented at the

18th International Symposium on Ballistics (1999). Most of the data relates to right

circular cylinders of an aspect ratio of L/D ¼ 1, made of either steel or tungsten

alloy. The textiles he analyzed included different Kevlar and Spectra fabrics as well

as nylon (6,6), E-glass and others. As with metallic plates there are two issues which

concern the armor designer, namely, the ballistic limit velocity (Vbl) of a given

projectile/fabric combination, and the residual velocity (Vr) as a function of impact

velocity for V0 > Vbl. The general behavior of Vr as a function of V0 is

demonstrated in Fig. 6.34 from Cunniff (1996), for an 8-ply Kevlar 29 target

impacted by steel cylinders of different mass: M ¼ 0.13, 0.26, 1.04 and 4.16 g.

One can see that the data follow similar trends as for metallic plates, with a steep

rise of Vr for impact velocities just above the corresponding ballistic limits, and an

asymptotic approach to a straight line which is parallel to the Vr ¼ V0 line (denoted

by the dotted lines in the figure). With increased projectile mass the ballistic limit

velocities decrease and the straight asymptotes approach the Vr ¼ V0 line, as for

metallic targets.

The actual values for the ballistic limit velocities, as shown by Cunniff (1999a,

1999b) for a large number of projectile/target pairs, can be simply related to their

areal density ratio. He showed that the values of Vbl can be scaled through a

normalizing velocity (U*) which is typical for each fabric. This velocity is given

Fig. 6.33 High speed pictures of a nylon yarn impacted by a projectile
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in terms of the strain energy sfef of the fabric, where sf and ef are its tensile failure
strength and strain, respectively, and by its sound velocity (c0), according to:

U� ¼ sf ef c0
2r

� 	1=3

(6.11)

With this velocity Cunniff (1999b) showed that the results for Vbl/U
*, for a large

number of projectile/fabric combinations, are correlated with their areal density

ratios. Thus, his empirical observations reduce to a universal relation between

Vbl/U
* and the areal density ratio ADt/ADp:

F
Vbl

U� ;
ADt

ADp

� 	
¼ 0 (6.12)

where the subscripts (t) and (p) relate to the target (the fabric) and the projectile,

respectively. The tensile failure stresses (sf) for the various fabrics which were

analyzed by Cunniff (1999b), are in the range of 3.0–5.0 GPa, and their failure

strains are in the range of ef ¼ 3–4%.

The same trends were found by Van-Gorp et al. (1993) who analyzed Vbl data for

several fabrics impacted by rigid FSPs of different size. They showed that the data

can be represented through a linear relation between the energy absorbed by the

M=0.26gM=0.13g

M=1.04g M=4.16g
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Fig. 6.34 The residual velocities of steel fragments perforating an 8-ply Kevlar 29 target
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fabric and the areal density ratio. Thus, their results for the ballistic limit velocity of

a given projectile/fabric pair can be written as:

Vbl
2 ¼ C

ADt

ADp
(6.13)

where the slope (C) depends on the fabric type.

Walker (2001) offered a simple analysis for the perforation process of

composites, and derived an expression for Vbl of a given projectile/fabric combina-

tion. Through momentum conservation, the following relation is obtained between

the impact velocity (V0) and the velocity of the projectile and the fabric right after

impact (V):

V ¼ MV0

M þ cAprf
(6.14)

where M and Ap are the mass and the projected areas of the projectile, respectively,

and rf is the density of the fabric. The factor c denotes the actual area of the fabric

under the projectile which takes part in the interaction, and Walker (2001) chose a

value of c ¼ 2.5 for his model. Realizing that the fabric can be stretched to a

maximum value of ef, he arrived at the following relation for the ballistic limit

velocity:

Vbl ¼ 1:8 1þ cXf

� �
c0ef (6.15)

where Xf is the corresponding projectile/fabric areal density ratio. This simple

relation accounts for much of the data for the different fabrics which were impacted

by L/D ¼ 1 steel cylinders. Typical values for ef range between 3% and 4% for the

different fabrics, as summarized by Cunniff (1999b).

The addition of resin to the fabrics results in a complex behavior which was

further analyzed by Walker (2001). For a few sheets of fabrics this addition

degrades the ballistic performance of the target. On the other hand, as the areal

density of the fabric increases the fabric/resin panel outperforms the equivalent

areal density dry fabric. It was found experimentally that the crossover in their

ballistic performance is in the region where the amount of fabric involved in the

momentum balance is equal to the mass of the projectile. In order to account for this

complex behavior Walker (2001) considered the two contradicting effects of the

resin. On the one hand, this addition is at the expense of fabric material, for equal

areal density targets, and it is expected to lower the ballistic limit of the fabric /resin

panel. On the other hand the addition of resin improves the bending resistance of the

composite, increasing its ballistic limit velocity. He derived the following relation

for Vbl(Xf,rf), where rf is the mass fraction of the resin, in terms of the ballistic limit

velocity of the dry fabric Vbl(Xf,0):

Vbl Xf ; rf
� � ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� rf þ rf cXf

� �3q
VblðXf ; 0Þ (6.16)
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This equation accounts for the ballistic limits of “dry” and “wet” Kevlar 29

panels, and for the crossover value of Xf, which was observed experimentally.

The published literature on numerical simulations for the impact on fabrics

is very extensive, and they can be classified as either discreet or continuum

simulations, as summarized by Chocron et al. (2011). The discreet simulations

started with a 1D bar element which was pin-jointed to other elements in order to

simulate the woven fabric, as in Shim et al. (1995). The 2D discreet approach uses

shell elements which provide a more realistic interaction between the yarns, as well

as between the layers. The 3D discreet approaches, where the fabric is described by

solid elements which represent the yarns, are very popular since the availability of

fast and powerful computers. Duan et al. (2006) and Rao et al. (2009) studied

the effect of friction and performed sensitivity studies of various parameters. The

continuum approach avoids the need to describe the yarns individually. Tensile and

shear tests on the fabrics are used to evaluate the unit cell properties, and they are

then tested against the data from ballistic tests. Chocron et al. (2011) used a mixed

mode in the sense that the fabric was simulated in a discreet yarn level, and the

yarns are composed of solid elements, as was first done by Shockey et al. (1999).

The numerical models used by Chocron et al. (2011) for Kevlar KM2, Dyneema

and PBO, were thoroughly checked against various experiments. These

experiments included single yarn and single layer impacts, as well as multilayer

and ballistic limit determinations. Good agreement between the simulation results

and the experiments were obtained (of the order of 10%) and one can use such

simulations as a design tool and save a lot of experimental work. An example for the

capabilities of such simulations is given in Fig. 6.35, from Chocron et al. (2011).

This is a perspective view of the pyramidal development in a Dyneema target

composed of ten layers, which was impacted by a fragment simulating projectile

(FSP).

As was mentioned above, the main advantage of fabric materials stems from

their high specific strength, as defined by their tensile strength/density ratio. Their

Fig. 6.35 The simulation result for the evolving deflection of a composite target, at 35 ms after
impact of an FSP
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high ballistic efficiency against blunt-nosed fragments makes them ideal as backing

materials for either ceramic tiles or metallic plates. Basically, the hard facing

material shatters the projectile, while the fabrics stop the fragments by applying

their improved tensile properties. Obviously, the fabrics do not perform as well

when they are directly impacted by sharp-nosed rigid projectile. This is the main

reason for the fact that only a few experimental studies were devoted to the direct

impact of these projectiles on textile targets. Zhu et al. (1992a, 1992b) impacted

conical nosed hard steel projectiles at targets of Kevlar 29 plies which were

impregnated by a thermosetting polyester resin. They determined Vbl values for

two types of projectiles and for target thicknesses in the range of 3.1–12.7 mm. We

wish to demonstrate now that their experimental results can be accounted for by the

models which apply for metallic targets, as discussed in Chap. 4.

The projectiles in the works of Zhu et al. (1992a, 1992b) had diameters of 12.7

and 9.525 mm and masses of 28.5 and 12.5 g, respectively. The measured residual

velocities, as a function of impact velocities, for the larger projectile (D ¼ 12.7

mm) impacting the 6.35 and 12.7 mm targets, are shown in Fig. 6.36. The figure

also shows the corresponding curves from the model of Recht and Ipson (1963),

through the expression Vr ¼ (V0
2 � Vbl

2)0.5, with Vbl values which were deter-

mined by the experiments. The good agreement between the model and the experi-

mental results enhances the assertion that sharp nosed projectiles perforate the

fabrics in a similar way to the perforation of a metallic plate.

The measured values of Vbl are given in Table 6.2 for the two types of projectiles

perforating the Kevlar targets with different thicknesses. These values for Vbl show

a similar dependence on target thickness as obtained for sharp nosed projectiles

perforating metallic plates. In order to demonstrate this point, consider the effective
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Fig. 6.36 The residual velocities for the 12.7 mm projectiles perforating the two Kevlar 29 targets
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stresses (sr) which the target exerts on the projectile, as defined by (4.5): sr ¼
rpLeffVbl

2/2H, where H is the thickness of the target. The effective lengths of the

D ¼ 12.7 and 9.5 mm projectiles in this study were: Leff ¼ 28.7 and 22.4 mm,

respectively. The calculated values of sr, as a function of the ratio H/D, are shown

in Fig. 6.37. One can clearly see that the same features which were found for

metallic targets perforated by sharp nosed projectiles are also evident here. Namely,

there is a certain range of H/D values, between about 0.3 and 1.0, where sr is

practically constant, while for target thicknesses outside this range, H/D < 0.3 and

H/D > 1.0, the values of sr increase with H/D. Obviously, the few experimental

results in this work are not enough to prove these similarities, and the subject

deserves further experiments and analysis.

One of the applications of these composites for armor configurations is as liners

behind the walls of the protected vehicle. These liners have been found to be very

effective in reducing the number of fragments which penetrate the target, as well as

their spatial extent. The damage to the interior of the vehicle can be reduced

significantly by adding a relatively low-weight liner, as demonstrated by Lampert

and Jeanquartier (1999) who shot L/D ¼ 1 WHA cylinders at 13.7 mm steel plates,

with and without Kevlar liners. The liners thicknesses ranged between 5 mm and

20 mm and the ballistic limit velocities were determined for each target. For the

bare steel plates they obtained Vbl ¼ 970 m/s, while for the steel plate with liners of

Table 6.2 The values for Vbl (in m/s) from Zhu et al. (1992a)

H (mm) 3.125 6.35 9.525 12.7

Vbl (D ¼ 12.7 mm) 78 116 143 170

Vbl (D ¼ 9.5 mm) 97 135 168 210
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Fig. 6.37 The relation between sr and H/D for Kevlar 29 targets perforated by sharp-nosed

projectiles
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5, 10 and 20 mm they obtained Vbl ¼ 1350, 1630 and 1900 m/s, respectively. These

significant improvements in the stopping power of the steel/liner targets were

accompanied by a substantial reduction in the number of fragments and their spatial

extent, at impact velocities above the corresponding Vbl values.

Finally, consider the ballistic efficiency of thick targets made of composite

materials, against long rod penetrators. The published data on this subject is very

scarce, and the study of Ernst et al. (2003) is one of the very few publications.

They determined the ballistic efficiency of glass reinforced plastics (GFRP) against

L/D ¼ 20, D ¼ 7.25 mm WHA rods. The DOP configuration with a thick RHA

backing was used in these tests. The thickness of the GFRP layers varied between

22 mm and 116 mm and impact velocities were around 1.8 km/s. The most

interesting result from these tests concerns the increasing trend of the ballistic

efficiency with the thickness of the fabric, reaching a value of about Z ¼ 1.9 as

compared with RHA, for the large thicknesses. This is a relatively high value for the

ballistic efficiency against long rods and, as recommended by Ernst et al. (2003),

these materials should be considered as possible candidates for passive armor

designs against long rods.
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Chapter 7

Asymmetric Interactions

This chapter deals with defeat mechanisms which are due to asymmetrical

interactions between the threat and the target, and their possible applications for

armor systems. A major advancement in understanding and optimizing such defeat

mechanisms is due to the continual improvements of three dimensional codes,

which can follow these interactions accurately and efficiently. The basic asymmetry

is obtained by inclining the target at a certain angle to the projectile’s line of flight.

There are two ways to define the impact angle of the projectile, as shown in

Fig. 7.1a, and we shall use both of them throughout this chapter. These are the

inclination angle (a) between the velocity vector of the projectile and the target’s

face, and the obliquity (b) between the projectile’s velocity vector and the normal to

the plate. The asymmetry of the impact at inclined plates induces a net force on the

projectile, which is perpendicular to the target’s surface. This force induces a torque

on the projectile, which can result in its ricochet at obliquities beyond a certain

threshold. Such an asymmetric interaction was demonstrated by Warren and

Poormon (2001), for ogive-nosed steel rods impacting thick aluminum targets at

different obliquities. The trajectory of the rod for an impact velocity of 1.184 km/

s and an obliquity of 45� is shown in Fig. 7.1b. The asymmetry of the force on the

projectile, at the early stages of its penetration, results in from the strong changes in

the resisting stresses at the entrance phase. The asymmetric force on this rod’s

nose result in its curved trajectory in the target and its pronounced bending, which

a b

β

α

Fig. 7.1 (a) The definition of impact angles and (b) the curved trajectory of a long steel rod

impacting an aluminum target at an obliquity of 45�

Z. Rosenberg and E. Dekel, Terminal Ballistics,
DOI 10.1007/978-3-642-25305-8_7, # Springer-Verlag Berlin Heidelberg 2012
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enhanced its curved trajectory. As shown by the numerical simulations ofWarren and

Poormon (2001), rod bending and its subsequent ricochet was much less pronounced

when the rod strength was increased by only 0.1 GPa.

For finite thickness plates the asymmetric forces on the projectile’s nose act at

both impact and back faces. These coupled forces result in a change in the flight

direction of the projectile towards the normal to the plate, as shown schematically in

Fig. 7.2a. An actual example for such a deflection of steel projectiles perforating

aluminum plates is shown in Fig. 7.2b. The left side of this figure shows high speed

pictures, from Piekutowski et al. (1996), of an ogive nosed steel projectile perforating

an aluminum plate at an impact inclination of a ¼ 60�. The corresponding simula-

tion results by Coleau et al. (1998) are shown on the right hand side of the figure. The

influence of the asymmetric interaction is clearly evident by the strong deviation in

the projectile’s line of flight. One can also follow the appreciable bending of this

projectile in the experiment which is reproduced by the numerical simulations. These

bending moments can induce projectile breakup and even its total shattering, as will

be demonstrate in this chapter.

a

b

t=204μs

t=43μs

t=139μs

t=421μs

t=294μs

Fig. 7.2 (a) The asymmetric forces exerted by an inclined plate. (b) Experimental and numerical

results for an ogive nosed steel projectile perforating an aluminum plate
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These asymmetric forces can induce several defeat mechanisms which have to

be well understood in order to optimize their effects for armor designs. Thick

inclined plates can induce ricochet of long rods while thin plates of high hardness

steel can totally shatter the hard cores of AP projectiles. The reactive and active

armor concepts enhance these defeat mechanisms by adding velocity to the inclined

plates, which prolongs the asymmetric interaction and increases the protective

effectiveness of these devices. Much of the published work on asymmetric

interactions was reviewed by Goldsmith (1999) and additional examples are

given in Held (2005) and in Rosenberg et al. (2009).

There are two armor configurations which induce asymmetric interactions even

though the armor itself is not inclined to the projectile’s trajectory. The perforated

armor plate, which was suggested by Ben-Moshe et al. (1986), is based on evenly

drilled holes in a high hardness steel plate. The diameter of the holes and their

spacing are so designed that the projectile always impacts an area which includes

some part of a hole. The asymmetric forces on the AP projectile either break its hard

core or deflect its path considerably. These perforated plates are very effective in

reducing the penetration capability of the AP projectile, as demonstrated by Heritier

et al. (2010) for example. They used steel plates with hardness of 600 Brinell, which

were perforated to about 50% of their area, in order to stop AP projectiles up to

14.5 mm in diameter. In addition to the high ballistic efficiency of these plates they

demonstrated an excellent multiple-hit capability, with plates which were impacted

by twenty shots with no loss of their performances.

The second armor concept is based on ceramic spheres which induce a signifi-

cant asymmetric interaction with AP projectiles except for impacts at their exact

center, as was first suggested by Yeshurun and Ziv (1992). Other workers replaced

the ceramic spheres with L/D ¼ 1 cylinders having a hexagonal cross section and a

spherical cap. These closely packed cylinders have a better coverage of the area,

with no holes around their contact points. Both designs have an improved multiple

hit capability since only a small area of the target around the impact point is

destroyed at each shot. These innovations were designed for personnel protections

when the ceramics are backed by woven fabrics made of aramide (Kevlar®) or the

high-strength polyethylene laminates (Spectra® and Dyneema®). Rosenberg et al.

(1996) demonstrated the effect of impacting a spherical surface, by using L/D ¼ 10

ceramic rods (D ¼ 10 mm) which were glued together side by side. The front parts

of the impacting 0.300 AP steel cores were shattered and their unbroken residuals

acquired a significant angular velocity. These experiments demonstrated that

spherical surfaces of hard ceramics are very effective in defeating AP projectiles.

Obviously, the diameter of the ceramic spheres (or the cylinders), should corre-

spond to the size of the AP projectile in a practical armor design.

The following sections discuss the main defeat mechanisms which are due to

inclined plates, both static and moving. Each section deals with specific threats

according to their classification as AP projectiles, long rods, and shaped charge jets.

Some of the issues will be presented in a more detailed manner because they have

an added tutorial value. These examples emphasize the benefits from combining

experiments, numerical simulations, and analytical models in order to highlight the

physics behind these interactions.
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7.1 Defeating AP Projectiles

The asymmetric bending forces exerted by inclined high strength plates on AP

projectile can cause their total shattering, as was shown by Yeshurun and

Rosenberg (1993). They found that a relatively thin high hardness steel plate,

inclined at about a ¼ 45
�
, can totally shatter the hard steel cores of 0.500 and

14.5 mm AP projectiles. These brittle cores are made of steel or tungsten-carbide

and they shatter at a certain threshold obliquity, which depends on plate hardness

and its thickness. A series of X-ray shadowgraphs, for impacts of 0.500 AP

projectiles on a 4.4 mm hard steel plate, is shown in Fig. 7.3.

α=70°

α=60°

α=45°

α=30°

Fig. 7.3 The defeat of 0.500 AP projectile by an inclined high strength plate
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The hard steel core emerges intact for an impact inclination of a ¼ 70� and its

axis is diverted towards the normal to the plate, as expected. For an impact at

a ¼ 60� the core broke up into two large pieces in addition to its deflection. The

most interesting results are shown in the lower shadowgraphs, for a ¼ 45� and

a ¼ 30�, where the core emerged totally shattered. Note that the symmetry axis of

the shattered projectiles retained its original line of flight, indicating that the

shattering process occurred during the early stages of perforation. Yeshurun and

Rosenberg (1993) found that a high hardness steel plate, 4.4 mm thick, induces this

shattering effects at a threshold angle of about a ¼ 40� for 14.5 mm projectiles

(both steel and WC cores) and at a ¼ 50� for the 0.500 steel core. The residual

penetrations of these shattered projectiles into thick witness blocks, which were

placed some distance away, were reduced by 80% as compared with the penetration

depths of intact projectiles. Plates made of softer steel did not induce shattering to

these cores at all inclination angles, as expected. Also, projectiles which have soft

cores do not experience these shattering effects and the inclined plates are much

less effective against them.

In order to gain more insight into these effects Rosenberg et al. (2009) performed

numerical simulations with the AUTODYN 3D code. Such simulations can save

much experimental effort for practical design purposes, by changing the values of

the relevant parameters over a large range. In order to reproduce the experimental

values for the threshold obliquities, the tensile strength of the projectile material in

these simulations had to be much lower than its compressive strength. This brittle

behavior is in accord with the actual properties of the hard cores of these projectiles,

having hardness of about 60RC. Figure 7.4 shows simulation results for a 14.5 mm

core impacting a 4 mm HH plate at two obliquities. One can clearly see that the

basic features in the experimental shadowgraphs are reproduced in these

simulations, namely, the total shattering at an inclination of a ¼ 30� and the

moderate core breaking at a ¼ 60�.

α=30°

α=60°

t=0 

t=0 

t=100µsec

t=100µsec

Fig. 7.4 Simulation results

for a hard steel core impacting

a high hardness steel plate
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Various defeat mechanisms of AP projectiles impacting inclined metallic plates

have been identified by the systematic work of Recht and Ipson (1962). They varied

the impact velocity and the obliquity for several projectile/plate combinations, and

summarized the results in graphical representations such as the one shown in

Fig. 7.5. The different areas in this “configuration map” and their corresponding

borders, identify the conditions for a given defeat mechanism which can aide the

armor designer. One should note that in order to derive this configuration map,

Recht and Ipson (1962) had to perform a large number of experiments, measure

impact velocities very accurately, and recover the residual projectiles after each

shot. This is a very costly and ineffective way to follow these interactions and 3D

simulations should be used, after a proper calibration, in order to reduce the number

of experiments which are needed to draw such maps.

A ricocheting projectile exits the inclined plate at an angle which is very close

to its incidence angle, creating a rather long and shallow crater on the surface of

the plate. The strength of the target is its most important property for the ricochet

process of AP projectiles, as reviewed by Goldsmith (1999). In a series of

experiments with inclined polymeric plates Yeshurun et al. (2001) found that

Plexiglas plates can induce both ricochet and an appreciable deflection to 0.300 AP
projectiles at obliquities which can be used for practical armor designs. Other

polymeric materials were tested in this study such as polycarbonate, PVC and an

epoxy resin. However, only Plexiglas plates induced the enhanced ricochet which is

Fig. 7.5 The configuration

map for 0.300 AP projectiles

impacting a 6.35 mm thick

2,024 aluminum plate

262 7 Asymmetric Interactions



shown in Fig. 7.6. These shadowgraphs follow an 0.300 AP projectile impacting a

20 mm thick Plexiglas plate at an inclination of a ¼ 30�, and emerging perpendic-

ularly to its original line of flight.

This enhanced deflection was reproduced with 3D simulations by Rosenberg

et al. (2005), who performed a parametric study of this interaction by varying the

relevant properties of the polymeric plate. The simulations showed that this

enhanced ricochet is due to the combination of high compressive strength and

low tensile strength of the brittle Plexiglas plate. The compressive strength of

Plexiglas under high strain rates can reach a value of 0.4 GPa, while its dynamic

tensile strength (spall) is an order of magnitude lower. By assigning these values to

the Plexiglas plates in their simulations, Rosenberg et al. (2005) reproduced the

main features observed in the experiments. The basic mechanism which operates

during this interaction can be understood by following the state of the plate material

surrounding the projectile, as shown in Fig. 7.7.

Fig. 7.6 The enhanced

ricochet of a 0.300 AP
projectile from an inclined

Plexiglas target

Fig. 7.7 Simulation results for the ricochet process
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During the early stages of penetration the target material above the projectile’s

trajectory is failing due to the tensile stresses, which are induced by the expansion

of the free impact surface. On the other hand, the target material below the

projectile’s trajectory fails to a much less extent, since it is under compression

during these stages. Obviously, the failed material cannot exert a resistive force on

the projectile and it is only the material below the projectile which can affect its

trajectory, as shown in Fig. 7.8. Thus, the upturning of the projectile inside the

target is the result of the different states which the brittle Plexiglas attains, above

and below the projectile’s trajectory.

In order to appreciate the importance of the material properties for this interac-

tion, consider the experimental result and the numerical simulations, from

Rosenberg et al. (2005), for an impact at a polycarbonate (PC) plate at the same

inclination of a ¼ 30�, as shown in Fig. 7.9. The 0.300 AP projectile perforated the

PC plate with the expected change in its flight direction. In the corresponding

t=50msect=0

t=100msec t=150msec

Fig. 7.8 The asymmetric force on the projectile during its penetration in the inclined Plexiglas target

t2t1

Fig. 7.9 Experimental shadowgraphs (left) and the simulation result (right), for an inclined

impact of 0.300 AP projectile at a polycarbonate plate
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simulation both the compressive and tensile strengths were set at 0.1 GPa, which

are typical values for polycarbonate.

In order to validate their interpretation for the enhanced ricochet, Rosenberg

et al. (2005) performed a special experiment and a corresponding numerical

simulation. A rectangular slot, 20 mm deep, was cut along the front face of a

40 mm thick Plexiglas target for about half of its length. The slot was wider than the

projectile’s diameter in order to avoid its impact with the walls of the slot, as shown

in Fig. 7.10a. The projectile impacted at the end of this slot, so that its penetration

path was totally encapsulated by the target. The free impact surface was actually

removed from the process and the forces on the projectile were more symmetric.

Fig. 7.10 (a) The slotted target experiment, (b) the corresponding simulations, and (c) the

experimental shadowgraph
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This impact was expected to result in a complete perforation of the Plexiglas

plate which was, indeed, the case in both the experiment and the corresponding

numerical simulation, as shown in Fig. 7.10. The simulation shows that the

damaged volume in the Plexiglas around the penetrating projectile is much

more symmetric, as compared to the shape of the damaged material in Fig. 7.8.

The position and orientation of the projectile in the experiment and in the

simulation, some 190 ms after impact, are very similar to each other. The resulting

perforation of the plate strongly enhances the interpretation for the enhanced

ricochet, as described above. We wish to emphasize the importance of such

experiments and numerical simulations as validity tests. These tests should be

performed in order to enhance the validity of the physical interpretation for a

given phenomenon. We recommend that such validity tests be performed outside

the range of the experiments which were performed during the course of the study,

and they should be “critical” in the sense that their result either enhance or negate

the proposed model.

7.2 Defeating Long Rods

7.2.1 Perforation of Inclined Plates

The effects of the asymmetrical forces which are exerted by an inclined plate on an

eroding long rod are similar to those discussed above for rigid projectiles. This is

clearly seen in Fig. 7.11, from Hohler et al. (1978), which shows three shadow-

graph of an L/D ¼ 10, D ¼ 5.8 mm WHA rod, impacting an inclined steel plate,

8 mm thick.

The nose of the emerging rod is significantly bent, as seen here, and often it

is broken into several pieces. Rods which do not break at their front end experi-

ence a larger deflection due to the prolonged action of the asymmetric forces, as

seen in the Fig. 7.11. A deflected rod will subsequently impact a second target

at a large yaw angle, resulting in a significant reduction of its penetration capability.

Fig. 7.11 Shadowgraphs of a WHA rod perforating an inclined steel plate
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This is the main defeat mechanism achieved by inclined stationary plates against

eroding long rods. As discussed in Chap. 5, the residual lengths and velocities of

eroding rods perforating inclined plates follow the same variations with plate

thickness as for normal impacts. Thus, as far as these parameters are concerned,

obliquities do not enhance the ballistic efficiency of inclined plates. On the other

hand, the asymmetry of the forces results in rod rotation, as well as its nose

bending and breaking, which enhance the ballistic efficiency of inclined plates.

7.2.2 Ricochet of Long Rods

The thick and highly sloped fronts of main battle tanks are designed to offer

maximal protection for the crew by exerting asymmetrical forces on the

penetrators, in order to induce their ricochet. The ricochet of compact projectiles

has been investigated by many workers, as reviewed by Goldsmith (1999), while

the issue of long-rod ricochet received much less attention. Tate (1979) treated the

ricochet process of a rigid rod which is rotated around its center of mass, by the

asymmetrical forces on its nose at the impact face. While the rod tip is locally

deformed according to the model, ricochet occurs only if the rod is rigidly rotated so

as to produce a net velocity of the rod tip parallel to the surface of the target. The

geometry of the deformed rod tip and the asymmetric force acting on its nose are

shown in Fig. 7.12. Note that the obliquity angle (b) is defined as the angle between
the rod’s axis and the normal to the target.

Tate’s ricochet model is based on the modified Bernoulli equation from the AT

model, which relates the penetration velocity (U) with the impact velocity (V) and

the strength parameters of the rod (Yp) and the target (Rt). The force (F) which the

target exerts on the rod is calculated through multiplying Yp by the tip area on

Fig. 7.12 The asymmetric force on the rod tip, according to Tate’s model
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which it is applied (the eroded area of the rod). The component of this force which

is perpendicular to the axis of the rod is multiplied by half the length of the rod, in

order to obtain the moment of this force about its centre of gravity. This moment

induces a rotation rate which results in the following ricochet condition for the

obliquity angle (b):

tan3b>
2rpV

2

3Yp
� L

D
þ D

L

� �
� V

V � U
(7.1)

The main difficulty with this model is that it treats the rod as a rigid body.

Experimental observations showed that long rods are considerably deformed during

inclined impacts, forming a plastic hinge around their contact area with the target.

The existence of such a plastic hinge was observed by Senf et al. (1981), with

L/D ¼ 10 mild steel rods ricocheting from RHA plates. Figure 7.13 shows such a

ricochet at an impact velocity of 968 m/s and an obliquity of b ¼ 75�. The plastic
hinge at the interaction area is clearly seen in the high speed pictures and in the

numerical simulations performed by Senf et al. (1981).

In the ricochet model of Rosenberg et al. (1989) the asymmetric force (F), from

Tate’s model, acts only upon the mass of the rod which is engaged by the target.

This alteration was made in order to account for the plastic hinge observed during

rod ricochet. The analysis resulted in the following ricochet criterion for the

minimum obliquity angle:

tan2b>
rpV

2

Rt

V þ U

V � U

� �
(7.2)
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Fig. 7.13 Experimental and simulation results for the ricochet of a mild steel rod
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This result is basically different than the ricochet condition of Tate’s model since

it includes the target resistance (Rt) as the controlling strength parameter, rather than

the rod strength (Yp). Also, the length of the rod does not appear in this model since it

concentrates on the plastic hinge rather than on the rod’s moment of inertia. One can

define the critical angle for ricochet bc as the value of b which is obtained when the

inequality (7.2) is replaced by the corresponding equality. Thus, the ricochet condi-

tion of this model can be described by the following curve in the (b,V) plane:

tan2bc ¼
rpV

2

Rt

V þ U

V � U

� �
(7.3)

The model of Rosenberg et al. (1989) was shown to account for their experi-

mental results with L/D ¼ 10 WHA rods impacting armor steel targets, at

velocities in the range of 0.65–1.3 km/s and for target obliquities of b ¼ 55�–75�,
as shown in Fig. 7.14.

Rosenberg et al. (2007) further developed these ideas, and found that an inter-

esting situation arises when the impact velocity is lowered until it reaches the

critical impact velocity (Vc) for the penetration of a given rod/target combination.

At this impact velocity the rod does not penetrate the target (U ¼ 0), and the

following expression is obtained for the minimal value of the ricochet threshold

obliquity (bc
min) from (7.3):

tan2bmin
c ¼ rpVc

2

Rt
¼ 2 1� Yp

Rt

� �
at V0¼Vc (7.4)

where use was made of the relation Vc ¼ [2(Rt-Yp)/rp]
0.5 according to the AT

model. This result means that for every rod/target combination there is a minimum

obliquity angle (bc
min), which corresponds to the case of no penetration (V0 ¼ Vc
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Fig. 7.14 The agreement

between the ricochet model

with the experimental results

for the ricochet of WHA rods

from steel targets
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or U ¼ 0). Thus, the ricochet curve in the (b,V) plane should start at the point

(bc
min, Vc). This minimal obliquity depends only on the rod/target strength ratio

which, for typical values of Yp and Rt, is equal to about 1/3 resulting in a minimal

obliquity of bc
min ¼ 49�. Another interesting result is obtained for the case of

rp ¼ rt, which results in the following ricochet curve:

tan2bc ¼ 2z2 � 3z
2 � 1

z2 þ 1
� 1� Yp

Rt

� �
where z = V0 Vc= (7.5)

This ricochet criterion accounts for the data of Johnson et al. (1982) with

plasticine rods impacting plasticine targets, as shown in Fig. 7.15. The relevant

material parameters were taken from Johnson et al. (1982), together with the value

of Vc ¼ 45 m/s for the critical velocity of this rod/target combination.

The aim of Johnson et al. (1982) was to demonstrate that soft materials with low

densities, such as plasticine, behave in a similar way to metals when their

corresponding damage number (J) is kept the same. The damage number was

defined by Johnson (1972) as:

J ¼ rtV0
2

Yd
(7.6)

where rt and Yd are the density and the dynamic strength of the target, respectively,

and V0 is the impact velocity. This non-dimensional number is commonly used to

classify the different regimes of projectile impacts and their severity, as far as the

damage to the target and the projectile is concerned. The work of Johnson et al.

(1982) on plasticine rods and targets demonstrated the validity of using this non-

dimensional parameter, as far as rod deformation and their penetration depths are

concerned.
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Fig. 7.15 Comparing the

ricochet model with

experimental results for

plasticine rods impacting

plasticine targets
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The 3D numerical simulations of Rosenberg et al. (2007) resulted in ricochet

thresholds for WHA rods impacting armor steel targets, at obliquities which agreed

with the model’s predictions. Figure 7.16 shows two of these simulation results for

an L/D ¼ 20 rod with strength of 1.2 GPa, impacting armor steel targets at a

velocity of 1.45 km/s and obliquities of b ¼ 74� and 80�. The difference between
the two cases is clearly manifested as the rod penetrates the target for an impact

obliquity of b ¼ 74�, while it is only gouging its surface for the b ¼ 80� impact.

Up to this point, the analysis and the experiments dealt with very thick targets

ignoring back surface effects. These effects, which are important for the interaction

with thin plates, were investigated by Lee et al. (2002) both experimentally

and numerically. They found good agreement between their simulations and

experiments for L/D ¼ 10.7 WHA rods, with D ¼ 7 mm, impacting 6.25 mm

thick plates of armor steel at velocities in the range of 1.0–2.0 km/s. Figure 7.17

shows simulation results for an impact velocity of 1.0 km/s and obliquities of

b ¼ 76� and 80�. The impact at b ¼ 80� shows all the features of a ricochet,

with a plastic hinge in the rod and little damage to the target. In contrast, for the

b ¼ 76� impact the rod seems to ricochet at the early stages of the interaction, but it

penetrates the target at later times due to the effect of the back surface.

Obviously, the back surfaces of thin plates affect their threshold ricochet

obliquities (bc), which are expected to be larger than those for a semi-infinite target.

Lee et al. (2002) compared their simulation results for bc with those predicted from

Fig. 7.16 Simulation results for long rod ricochet
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the model of Rosenberg et al. (1989), as shown in Fig. 7.18. The two curves have a

similar shape throughout the whole velocity range in this study, and the values of bc
for the thin plates are higher than those predicted by the model, as expected.

However, the differences in the threshold obliquities amount to 3
�
only.
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Fig. 7.18 Comparing simulation results for the ricochet thresholds from thin plates, with the

analytical model for semi-infinite targets

t=150msec

t=30msec
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t=80msec

b=80o
b=76o

Fig. 7.17 Simulation results for a long WHA rod impacting a steel plate at V0 ¼ 1.0 km/s
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7.2.3 The Interaction of Long Rods with Moving Plates

The work described above demonstrated the strong dependence of the threshold

obliquities for ricochet on the impact velocity of the rod. Obviously it is easier to

induce these ricochets if the plate is propelled in the direction of rod’s velocity, as a

result of their reduced relative velocity. This is one of the basic mechanisms by

which a reactive armor design can be used in order to defeat long rod penetrators.

These add-on armor configurations, which will be further discussed in Sect. 7.3, are

based on two metallic plates with a layer of explosive between them. The explosive

layer is initiated by the impact of the rod and the explosive products propel the two

plates in opposite directions. The back plate, which moves in the same direction as

the rod, can induce its ricochet for a larger range of inclinations, due to their low

relative velocity. This effect was demonstrated by Rosenberg et al. (2009) who used

an explosive layer to propel an armor steel plate to a velocity of 270 m/s. The

impact of a WHA rod at 1.0 km/s and obliquity of b ¼ 63�, resulted in its ricochet

as shown in Fig. 7.19. Such an impact would have resulted in a complete penetra-

tion of a stationary plate. Add-on armor designs which are based on these moving

plates can reduce their lethality.

The potential to defeat long rods with moving plates was demonstrated by

Rosenberg and Dekel (2004). They presented results from a series of experiments

and numerical simulations with WHA rods impacting inclined moving steel plates,

as shown schematically in Fig. 7.20. The inclination angles were varied between

a ¼ 25� and a ¼ 40�, and the nominal velocity of the rods was Vp ¼ 1.4 km/s.

The 4.3 mm thick armor steel plates had a nominal velocity of Vt ¼ 430 m/s in this

study. We describe this work in detail because it is an excellent example for a study

where experiments, numerical simulations, and an analytical model are combined

in order to understand the basic physics of a given defeat mechanism.

In each experiment the rod/plate interaction was followed by three X-ray

shadowgraphs at t ¼ 30, 170 and 310 ms after impact. These times were chosen

to follow the rod closely after impact, at about the middle of the interaction process

and near its end, respectively. This set of experiments resulted in rod disruptions

which were either mild or very severe. The most important observation was that all

the severe disruptions took place in experiments with inclination angles of a � 35�,

270 m/sec
1000 m/sec

Fig. 7.19 The ricochet of a

longWHA rod from a moving

steel plate
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while for all the experiments with a � 40� the rods experienced only a mild

disruption. The different modes of rod disruption are clearly seen in Fig. 7.21,

through the three shadowgraphs of experiments which resulted in the severe

disruption at a ¼ 35�, and the mild disruption at a ¼ 40�. The plates in these

shadowgraphs seem to be rather thick because of the parallax effect which takes

place when the x-ray tube is not aligned optimally with the plate. The mild

disruption resulted in a residual rod which was broken into several pieces, but its

penetration capability was very close to that of an intact rod. In contrat, the

penetration capability of the severely disrupted rod was very small. Clearly, a

very efficient disruption mechanism is initiated at a certain impact angle, some-

where between a ¼ 35� and a ¼ 40�.
In order to understand this result, Rosenberg and Dekel (2004) performed 3D

numerical simulations of these impacts for plate inclinations of a ¼ 30� and

a ¼ 40�. These simulations reproduced the experimental results quite successfully,

as shown in Fig. 7.22, enhancing the claim that the onset of severe disruption has a

real physical basis.

t =30ms

t =30ms

t =170ms

t =170ms

t =310ms

t =310ms

a=40o

a=35o

Fig. 7.21 Rod/plate interaction at a ¼ 40� (mild disruption) and a ¼ 35� (severe disruption)

Fig. 7.20 The experimental

set up for the interaction of a

long rod with a moving plate
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In order to emphasize the excellent agreement between simulations and experi-

mental results, consider the latest “snapshots” for the two cases discussed above, as

shown in Fig. 7.23. One can see that the simulations reproduce all the fine details

which have been observed experimentally. This is an important issue if one wishes

to draw practical conclusions from such simulations, as will be described next.

a=30o

t=50ms

t=125ms

t=175ms

a=40o

Fig. 7.22 Simulation results for the impacts at a ¼ 30� (left), and at a ¼ 40� (right)

a=35o a=40o

Steel strips

Fig. 7.23 The latest snapshots comparing experiments (top) and simulations (bottom), for the two
impacts at different obliquities
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A close examination of the simulation results in Fig. 7.23, reveals a basic

difference in the rod/plate interaction between the two impacts. This difference is

manifested by the orientation of the steel strip which is sheared off the moving plate

by its continuous interaction with the rod. The simulation “snapshots” in Fig. 7.23

show that this strip is either pushed in the direction of plate movement or forced

down towards the rod. This important observation is shown schematically in

Fig. 7.24, in order to highlight the main cause for the difference between the two

interactions. The severe disruption of the rod is caused for by a strip which is being

pushed backwards, as in the left side of the figure, while the minor disruption is

caused by a strip which is pushed downwards, as shown in the right side of the

figure. Both the experimental shadowgraphs and the simulation results for the

a ¼ 30� impact, show that the rod material is dispersed around its interaction

point as it continuously shears the strip. In fact, the rod does not penetrate the

moving plate in the sense that its debris remain on the same side of the strip

throughout the interaction. On the other hand, for an impact at a ¼ 40� the rod

penetrates the plate as it pushes the strip downwards. Thus, the substantial disrup-

tion of the rod is related to the issue of rod/target penetration threshold. The

difference in the direction of these strips could not be seen in the X-ray

shadowgraphs because of the parallax mentioned above. Thus, we have an excellent

example where the most important issue concerning the source of this disruption

mechanism, was actually highlighted by the numerical simulations.

The analytical model presented by Rosenberg and Dekel (2004) considers the

relative motion of the rod and the plate, as depicted schematically in Fig. 7.25. The

plate is assumed to move in a perpendicular direction to its face at a velocity Vt.

The relevant velocity for this interaction is the relative velocity between the rod

and the moving interaction point, as given by:

Vrel ¼ Vp � Vt

sin a
(7.7)

a=30o a=40o

Fig. 7.24 The different orientations of the steel strips for the two inclinations

Fig. 7.25 A schematic

description of the relative rod/

plate velocity
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In order to achieve a substantial disruption to the rod this velocity has to be

smaller than the threshold velocity for penetration (Vc) of the given rod/target pair.

Thus, the condition Vrel < Vc for severe rod disruption leads to the following

inequality:

Vt

Vp
> 1� Vc

Vp

� �
� sin a (7.8a)

A second constraint on the relative velocity is that it should be positive, Vrel > 0,

in order to obtain a continued interaction between the rod and the target. This is a

purely geometrical constraint which leads to:

Vt

Vp
< sin a (7.8b)

Combining the two constraints results in the following conditions for the strong

disruption process described above:

sin a>
Vt

Vp
> 1� Vc

Vp

� �
� sin a (7.9)

where the critical velocity is given by the AT model as Vc ¼ [2(Rt-Yp)/rp]
0.5.

It is convenient to present these constraints as two curves in the “disruption plane,”

with axes which correspond to Vt/Vp and a, as defined by Rosenberg and Dekel

(2004). The two inequalities (7.9) define the “disruption zone” which includes all

the experiments resulting in severe disruption for the rod. The experimental results in

Chap. 5, for WHA rods impacting RHA targets, show that Vc ¼ 640 m/s for this rod/

target combination. For the experiments described here, with a rod velocity of Vp

¼ 1.4 km/s, one obtains (1-Vc/Vp) ¼ 0.54, which should be inserted in the right hand

side of inequality (7.9). The graphical representation of these inequalities is shown in

Fig. 7.26, which includes the experimental results of Rosenberg and Dekel (2004) in

terms of severe rod disruption (filled circles) andminor disruptions (open circles). The

borderline between the two disruption modes, as predicted by the model, passes

between the two sets of experiments. Considering the simple assumptions behind

the model, this is an excellent agreement between a model and the experimental

results. The shaded area in this figure, the “disruption zone,” is of high important to the

armor designer. Clearly, larger disruption zones result in severe rod disruptions

at lower plate velocities, and for a wider range of plate inclinations.

A larger disruption zone is obtained by using high strength plates, with higher

critical velocities (Vc), resulting in lower values for the term (1-Vc/Vp) on the right

hand side of inequality (7.9). Thus, the second curve in Fig. 7.26 is expected to be

lower for a high strength plate, resulting in a larger disruption zone. In order to

demonstrate this issue Rosenberg and Dekel (2004) repeated the experiment with

the a ¼ 40� inclination, using a high hardness (HH) steel plate. Note that this

inclination with the RHA plate resulted in a minor disruption to the rod, as shown

7.2 Defeating Long Rods 277

http://dx.doi.org/10.1007/978-3-642-25305-8_5


above. The critical penetration velocity for the WHA rod impacting an HH steel

target, is estimated as Vc ¼ 720 m/s, from the experimental data presented in Chap.

5. This increase of Vc lowers the border of the disruption zone to the curve Vt/Vp

¼ 0.486sina. The larger disruption zone was expected to encompass the two

experiments which resulted in a minor disruption, marked by the open circles in

Fig. 7.26. A significant disruption was expected for the a ¼ 40� experiment with

this high hardness steel plate, which was, in fact, the result obtained in this

experiment, as is clearly seen in Fig. 7.27. Thus, with stronger steel plates the

disruption zone can be expanded to include a larger range of impact velocities and

inclination angles.

The critical velocity for penetration (Vc) was defined by the AT model for long

rods impacting semi-infinite targets. It is unclear whether one can use the same

values of Vc for the process of rod disruption by finite thickness plates. This issue

was explored by Rosenberg and Dekel (2005), through numerical simulations in

which the thickness and the velocity of the plate were systematically varied. The

simulations resulted in either a strong disruption or a mild one, as observed before,

but the border line between the two cases shifted systematically with plate
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0.2

0.3

0.4

0.5

V
t/V

p

severely disrupted
slightly damaged

disruption zone

=sinα
Vp

Vt

Vp

Vt =0.54sinα

α (deg)

Fig. 7.26 The disruption zone and the experimental results for rod interaction with a moving plate

t=310msec

t=170msec

t=30msec

Fig. 7.27 Rod disruption by the HH steel plate at an inclination of a ¼ 40�
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thickness. Simulation results for WHA rods impacting armor steel plates of differ-

ent thickness, at an inclination of a ¼ 35�, are shown in Fig. 7.28. The rod’s

velocity in these simulations was 1.4 km/s and the velocity of the plates ranged

between 390 and 520 m/s. The triangles in this figure correspond to minor rod

disruptions, the squares to severe disruptions, and the crosses represent borderline

cases.

The plate velocities which are needed to induce a meaningful disruption to the

rod are higher for thinner plates, as expected, due to the enhanced influence of their

back surface. For example, in order to induce a severe disruption, the velocity of a

3.0 mm thick plate should be at least 500 m/s according to these simulations. In

order to validate these results Rosenberg and Dekel (2005) performed an additional

experiment, with a WHA rod impacting a 3.0 mm RHA plate at V0 ¼ 1.4 km/s, and

at an inclination of a ¼ 35
�
. The velocity of the plate was 530 m/s which, according

to these simulations, should have resulted in a strong disruption to the rod. This

was, in fact, the result of this validation experiment, as shown in Fig. 7.29.
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Fig. 7.28 Simulation results for rod disruption as a function of plate velocity and thickness

Fig. 7.29 The three shadowgraphs in the experiment with the 3.0 mm plate
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We elaborated on this issue of rod disruption by a moving plate because it is an

excellent example for the benefits gained by combining all the available tools for a

given problem in terminal ballistics. At first, a rather surprising difference in rod

disruption was found in two experiments which differed by only 5� in plate

inclinations. The 3D numerical simulations revealed that this difference is due to

the different directions by which the steel strips, which interact with the rod, are

sheared off the plates. This realization led to a simple model for the interaction of

rods with moving plates, which is based on the critical velocity for penetration (Vc)

of the given rod/target combination. The model was able to account for all the

experimental data and its validity was enhanced by additional experiments which

were performed as validation tests.

These rod/plate interactions are important elements for the design of reactive

armors, based on plates which are propelled by an explosive layer. As will be

discussed in Sect. 7.3, the explosive reactive armor configuration (ERA) is very

effective against shaped charge jets and it has been applied as add-on armor to

various armored vehicles. On the other hand, reactive armors are still in their early

stage of research as far as long rods are concerned. Held (2005) analyzed the

various defeat mechanisms which can take place by the combined effects of the

front and rear plates in a heavy ERA configuration. According to his results, with a

proper design of the ERA cassette, the penetration capability of the rod can be

reduced significantly.

The difference between the disruption potential of the two plates, which move in

opposite directions in a reactive armor design, has been highlighted by Shin and

Yoo (2003). They studied the impact of L/D ¼ 15, D ¼ 5 mm WHA rods with

inclined steel plate, 5 mm thick, moving at different velocities, either towards the

rod or away from it. Impact velocities of the rods, in these simulations, were 1.5 and

2.5 km/s and the inclination angle was a ¼ 30
�
. The simulations clearly showed

that the disruption by the plate which moves towards the rod is very small and is, in

fact, similar to that caused by a stationary plate. On the other hand, plates which

move away from the rod can induce a significant disruption, even when their

velocities are as low as 200 m/s. A similar numerical study was performed by

Paik et al. (2007) for L/D ¼ 15 and 30, D ¼ 5 mm WHA rods interacting with

2.5 mm thick steel plates of a reactive cassette. The impact velocities were 1.5 and

2.5 km/s in these simulations, the inclination angle a ¼ 30
�
, and the plate velocities

were varied between 0.2 and 0.5 km/s. The differential efficiencies of these

cassettes, as calculated by the residual penetrations into a thick steel witness

block, increased with plate velocity and were significantly higher against the longer

rod. At plate velocities of 0.3–0.5 km/s, these efficiencies attained values in the

range of Z ¼ 3–6, and the higher efficiencies were obtained for the lower velocity

rods. The shapes of the disrupted rods in these simulations are similar to those

observed in the experiments of Held (2005), enhancing his observations for the

various defeat mechanisms which take place during these interactions.
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7.2.4 The Impact of Yawed Rods

One of the more complex issues in the terminal ballistics of long rods concerns the

penetration process of a yawed rod, especially at large obliquities. We shall first

discuss the impact of yawed rods at normal incidence and then consider oblique

impacts. The yaw of a rod is defined by the angle between its longitudinal axis and

the velocity vector of its center of mass, as shown schematically in Fig. 7.30. There

are two orthogonal attitudes which define the flight characteristics of the rod, the

pitch (y1) and the yaw (y2). The total yaw angle (y) is defined by the simple relation:

tan2y ¼ tan2y1 + tan2y2.
The data gathered on the impact of yawed rods shows that there is a narrow range

for which their penetration depths are not affected significantly by the yaw angle,

and that this range is smaller for rods with larger aspect ratios (L/D). Silsby et al.

(1983) realized that the penetration capability of a long rod is not affected by yaw as

long as its rear portion does not impact the wall of the crater. This geometrical

constraint defines a threshold value, commonly referred to as the critical yaw (yc),
according to:

sin yc ¼ Dc � Dp

2L
(7.10)

where Dc and Dp are the diameters of the crater and the rod, respectively. The

values of yc for L/D ¼ 10–20 rods fall in the range of 1.5�–3�. Thus, an add-on

armor system which induces yaw angles of several degrees to the impacting rod can

be a very effective design. It is clear that the crater diameter plays an important role

in this issue and, as described by Bierke et al. (1992), there is a wealth of different

interactions between the rod and the crater walls, for impacts at increasing yaw

Fig. 7.30 Schematics of a yawed rod impact
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angles. For example, at striking yaws just above yc there is evidence for the gouging
of the rod, through the depressions on one side of the crater wall. With increasing

yaw angles there is evidence for a rebound of the rod’s rear part, through the

depressions on the opposite side of the wall. Thus, the rod’s rear portion is bouncing

from side to side during its penetration, resulting in an enhanced crater diameter

which leads to a marked reduction in penetration depths. A typical shape of the

crater at moderate yaw angles is shown in Fig. 7.31, from Bierke et al. (1992).

Gee and Littlefield (2001) performed a series of 3D numerical simulations inwhich

they investigated the penetration process of L/D ¼ 10 and 30 WHA rods, impacting

armor steel targets at velocities of 1.4, 2.1 and 2.6 km/s. They observed the gouging

phenomenon of the rod’s tail and its subsequent realignment, following the interaction

with the crater walls. They checked the possibility to normalize the numerical results

by presenting them in terms of P/Pn as a function of y/yc, where Pn is the penetration
depth at normal incidence. The need for a normalized presentation is evident when one

compares simulation results for L/D ¼ 10 and 30 rods, impacting a steel targets at

2.1 km/s and at a yaw angle of y ¼ 30
�
, as seen in Fig. 7.32. Obviously, the crater

shapes are very different for these impacts which, according to Gee and Littlefield

(2001), is the result of the different values for the normalized yaw angles: y/yc ¼ 8.8

and 30, for the L/D ¼ 10 and 30 rods, respectively. The normalization scheme was

successful for yaw angles in the range of y/yc < 10, while for higher yaw angles the

normalized results for the L/D ¼ 10 and 30 rods differed by a considerable amount.

The experimental works of Bless et al. (1978), Yaziv et al. (1992), Bukharev and

Zhurkov (1995) and Hohler and Behner (1999) showed that the penetration depths

of yawed rods decrease drastically with yaw angles when these are greater than the

corresponding critical values. Several phenomenological models were suggested in

these works which account for the data quite well, as far as the strong dependence of

penetration on yaw is concerned. However, these models are applicable only for the

specific ranges of materials, impact velocities, and rod aspect ratios for which they

were calibrated. These models realize that for yawed impacts near the critical angle

the penetration depth decreases according to the change in the effective rod length,

which is proportional to Lcosy. On the other hand, for large yaw angles the

penetration depth is influenced by the rod diameter and it is proportional to Dp/siny.
A different approach was taken by Lee and Bless (1998) who considered the

yawed rod as comprised of a series of cylindrical disks. They assumed that the

degradation in the penetration capability of such a disk is proportional to the portion

V0

Approximate 
interface path

Body gouge
Rod debris

Fig. 7.31 The crater shape and rod debris for a moderate yaw impact
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of its diameter which overlapps the crater edge. The diameter of the crater in this

model was determined by a momentum balance principle, which was derived by

Lee and Bless (1996). They used the AT model to calculate the penetration depth of

the rod’s front part until sidewall grazing occurs. Good agreement was found

between the model’s prediction and the experimental results of Yaziv et al.

(1992), for L/D ¼ 10 WHA rods impacting armor steel targets at 1.4 km/s, for a

large range of yaw angles. Rosenberg et al. (2006) used a similar approach which

was based on dividing the rod into n segments, each of length ℓ. They treated

separately the segments which penetrate without gouging the crater wall, and those

which impact the wall. The geometry of the model is described in Fig. 7.33.

The crater diameter (Dc) in terms of rod diameter (Dp) was taken from the

empirical fit by Walker et al. (2001), for a large amount of data of WHA rods

impacting armor steel targets, as given by:

Dc ¼ Dp � 1þ 0:7V0ð Þ (7.11)

t=0 t=20msec

t=150msec
t=160msec

t=80msec t=50msec

Fig. 7.32 Simulations for

L/D ¼ 10 (right) and
L/D ¼ 30 (left) rods,
impacting at V0 ¼ 2.1 km/s

and y ¼ 30�
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where the impact velocity (V0) is given in km/s. Another empirical fit by Walker

et al. (2001), for the normalized penetrations of these rods, was used in the model in

order to account for the L/D effect:

P

L
¼ 0:65þ 1:06 lnV0 � 0:055 ln

L

D
(7.12)

where V0 is given in km/s. This equation accounts for a large range of penetration

data, for WHA rods of different L/D values and impact velocities in the range of

V0 ¼ 0.75–1.9 km/s.

The next step was to calculate, geometrically, the effective diameters of the

elements which do not impact the crater wall. The effective diameter of the nth

element can be written as:

Deff ðnÞ ¼ Dp= cos y if nl tan yþ Dp ð2= cos yÞ � Dc 2=
Dc 2þ Dp ð2 cos yÞ � nl tan y=

�
otherwise

�
(7.13)

The maximal number of segments is obtained when the lower corner of the nth

segment aligns with the crater side. Thus, Neff is limited by the projectile’s length or

diameter, according to:

Neff ¼
L

l cos y
if

Dc þ Dp= cos y
2 tan y

� L

cos y
Dc þ Dp= cos y

2l tan y
if

Dp= cos y
sin y

<
Dc þ Dp= cos y

2 tan y
<

L

cos y
:

8>><
>>: (7.14)

The last element to contribute is the one for which its edge hits the crater

sidewall. For simplicity, the above equations do not include cases where the rod

hits the target nearly sideways (tgy > L/Dp). These angles are larger than 80
�
even

Dc

DP
V0

q

l

Fig. 7.33 The geometric model for yawed penetration
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for short rods with L/D ¼ 5. The effective projectile diameter is obtained by

averaging the Deff ðnÞvalues, from (7.13), up to n ¼ Neff :

Deff ¼ 1

Neff

X
n

Deff ðnÞ (7.15)

In a similar way the effective length of the rod is defined by:

Leff ¼ Neff � l (7.16)

These equations for Deff and Leff are then inserted in (7.12), in order to obtain the

penetration depth of the yawed rod with its effective aspect ratio of Leff/Deff.

Applying this model to WHA rods of different aspect ratios, impacting RHA

targets at 2.1 km/s resulted in the normalized penetration curves shown in Fig. 7.34.

Note that the results in this figure are presented in terms of P/D vs. yaw angle. Each

curve has a flat top which means that there is a certain range of yaw angles with no

reduction in the rod’s penetration capability, and this range decreases with increas-

ing L/D, as observed in the experiments. The common asymptote of P/D for large

yaw values means that at these angles it is the rod diameter, rather than its length,

which determines its penetration depth.

Rosenberg et al. (2006) also performed 3D numerical simulations for various

sets of published data, in order to check whether a good agreement is obtained

between these simulations, their analytical model and the experimental results.

Figure 7.35 shows a series of “snapshots” from a simulation for a WHA rod

impacting RHA target at V0 ¼ 1.8 km/s, with a yaw angle of y ¼ 60
�
. It is clear

that for this yaw angle the rod is penetrating sideways rather than along its axis.

V0=2.1km/sec

Yaw (deg)
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0
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P
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Fig. 7.34 Model’s predictions for the effect of yaw on rods with different aspect ratios
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The agreement between the model and these 3D simulations for WHA rods of

different L/D values impacting RHA targets at 1.8 km/s, is shown in Fig. 7.36. The

agreement is satisfactory considering the simple assumptions behind the analytical

model presented above.

The agreement between the model and experimental data for WHA rods

impacting RHA targets is shown in Fig. 7.37. The data from Bukharev and Zhurkov

(1995) for impacts at 2.1 km/s, is shown in the upper part of the figure, and the data

from Yaziv et al. (1992), for L/D ¼ 10 rods impacting at 1.4 km/s, is shown in the

lower part.

Fig. 7.36 Comparison between model predictions and simulation results for WHA rods impacting

RHA targets at 1.8 km/s

Fig. 7.35 3D numerical simulation for a yawed WHA rod impact at V0 ¼ 1.8 km/s and y ¼ 60�
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So far, we discussed the impact of yawed rods on semi-infinite targets where the

rod velocity vector is normal to the target face. A much more complex interaction

takes place when the target is inclined to this vector, involving both yaw and

obliquity. Relatively few works have been performed with thick targets impacted

obliquely by yawed rods, and the work of Behner et al. (2002) is the most elaborate

of these studies. They impacted L/D ¼ 20 (D ¼ 6.3 mm) blunt nosed WHA rods,

on thick RHA targets which were inclined at a ¼ �30�, as shown in Fig. 7.38. The
impact velocity was 1.65 km/s, yaw angles ranged between 0� and 90

�
, and the

different techniques which were used to reach these yaw angles, are also described

by Behner et al. (2002).

Experiments
Model

Experiments
Model

Experiments
Model
Simulations

V=1.4 km/sec

V=2.1 km/sec
L/D=17.4

V=2.1 km/sec
L/D=12.3

Fig. 7.37 Comparing the model with the data for WHA rods impacting RHA targets

V0

V0

a=+30o a=-30o

Fig. 7.38 Yawed rod impact on inclined surfaces
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The results of these experiments in terms of P/P0 as a function of yaw angle are

shown in Fig. 7.39, where P0 is the penetration depth for zero yaw impact. The

difference between the two sets of experiments, with the a ¼ +30� and a ¼ �30�

obliquities, is clearly evident here.

Asmentioned above, an add-on armorwhich induces a yaw of several degrees to an

L/D ¼ 20 rod can be a very effective design. However, the high density long rods

which are used in military applications have high moments of inertia and it is

not simple to induce a significant yaw in these rods. One of the more efficient

techniques to achieve this goal is to launch a flying plate towards the rod, so that the

impact takes place at a distance of several meters away from the protected vehicle.

With a proper impulse delivered to the rod a significant yaw rate can be induced,

resulting in its impact at a high enough yaw angles. This is the basic principle behind

the active armor concept, as discussed byWollmann et al. (1996), Ernst et al. (1999),

and Sterzelmeier et al. (2002) who presented various techniques to launch these plates

towards the oncoming rod. Obviously, in order to obtain a significant deflection of the

rod the flying plate should be thick enough and its velocity vector should be inclined

to the axis of the rod. The continued action of this plate as it sweeps across the rod can

induce a significant rotation of the rod and even its breakup to several pieces.

Cagliostro et al. (1990) realized that a similar grazing action along the rod’s

shank is obtained by its oblique impact on a stationary plate, at a certain yaw angle.

Bless et al. (1999) and Liden et al. (2006) used this technique in order to induce a

continuous “grazing interaction” between the inclined plate and the yawed rod. In

order to follow these interactions, consider the three situations described in

Fig. 7.40, from Cagliostro et al. (1990), which define the positive and negative

yaw angles. The yaw angle (y) is given by y ¼ g0-b, where g0 is the angle between
the velocity direction of the rod and the normal to the plate, and b is the obliquity

angle between the rod’s axis and the normal to the plate, as shown in the figure. It is

easy to show that, as far as the rod/plate interaction is concerned, the cases of

positive and negative yaw are equivalent to the cases of plates moving away and

towards the rod, respectively, as shown in lower part of the figure.
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Fig. 7.39 The effect of

combined yaw and obliquity

on the penetration depths of

long rods
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For a rod velocity of V0, an obliquity of b, and a plate velocity of v, the

equivalent yaw (y) according to Liden et al. (2006) is given by:

tan y ¼ v sin b
V0 � v cos b

(7.17)

where the (+) and (–) signs relate to plates moving towards and away from the rod,

respectively. This analysis considers the relative velocity between the rod and the

plate as Vrel ¼ V0 � vcosb, which is different than the expression used by

Rosenberg et al. (2004) in (7.7). This difference is due to the fact that (7.7)

considers the rod/plate relative velocity in relation to their interaction point,

while in the present case the interaction point is moving along the whole length

of the rod (the grazing process).

Cagliostro et al. (1990) performed 3D numerical simulations in order to analyze

experimental results for L/D ¼ 10 spherical nosed rods, of the U-0.75%Ti uranium

alloy, which impacted moving RHA plates. These experiments are described

schematically in Fig. 7.41. The second experiment is the reference one where the

rod impacts a stationary plate at an impact velocity of 1.29 km/s and obliquity of

b ¼ 65
�
. The two other experiments were performed with moving plates, at differ-

ent velocities and plate obliquities. These experiments are equivalent to impacts on

stationary targets, with a velocity of 1.29 km/s and obliquity b ¼ 65
�
, at yaw angles

of y ¼ �9.3
�
, and y ¼ +10.3

�
.

The difficulties encountered in performing well-controlled experiments with the

desired velocity of the moving plate, prompted the use of the reverse ballistics

technique. With this technique, an inclined plate is launched at a stationary rod

which is aligned at a certain yaw with respect to the plate’s velocity direction.

The usefulness of this technique was demonstrated by Bless et al. (1999) who

launched inclined steel plates towards stationary WHA rods. These L/D ¼ 36 rods

v

V0 vV0V0

v= 0

YAW = q= g0 - b

b

g0 g0
b

g0
=b

Negative yawZero yawPositive yaw

Fig. 7.40 The equivalence of inclined yawed impact and the impact with moving plates
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were inclined to the plate’s line of flight at the desired yaw angle. The combined

yaw and inclination resulted in a significant rotation of the rods, which also broke

up into several pieces during the grazing interaction.

Liden et al. (2006) used the same technique to follow the interaction of a moving

plate with a long rod. They used 2 mm thick steel plates which constituted an

integral part of their sabots, and obliquities of: b ¼ 20�, 30� and 60�. The plates

were launched by a two-stage gas gun to velocities in the range of 1.83–2.18 km/s

towards WHA rods with L/D ¼ 15, D ¼ 2 mm. The rods were positioned at yaw

angles of y ¼ 2.5�–8� in order to achieve equivalent plate velocities of 100, 200

and 300 m/s, for a relative rod/plate velocity of 2.0 km/s. Figure 7.42 shows two sets

of x-ray shadowgraphs from experiments with b ¼ 30
�
and yaw angles of

y ¼ +2.6� and y ¼ �3.1�, which correspond to effective plate velocities of

+200 m/s and �200 m/s, respectively. The shadowgraphs show the stationary

Fig. 7.42 Shadowgraphs from impacts at b ¼ 30�. Left: positive yaw y ¼ 2.6�, and right:
negative yaw y ¼ �3.1�

v =

v =

Fig. 7.41 The experiments

with moving plates and the

equivalent impacts on

stationary targets with the

corresponding yaw angles
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rods before impact, and the rotating rods at 100, 150 and 200 ms after impact. It is

clear that the continued grazing interaction with the plates induces a significant

rotation to these rods. At a larger yaw angle of y ¼7� rod breakup was observed for
the case where the plate was, effectively, moving away from the rod.

In order to follow these interactions Rosenberg et al. (2009) presented 3D

numerical simulations for two cases in which the plates are moving at 2.0 km/s

towards rods which are tilted at y ¼ +7� and �7�, representing the experiments

performed by Liden et al. (2006). The resulting yaw rates from such simulations

should be taken into consideration for an active armor design, in order to determine

the necessary distance to the protected vehicle. The interaction described on the left

side of Fig. 7.43 corresponds to a plate moving away from the rod (positive yaw).

This interaction resulted in a much higher yaw rate, as compared with the rate

induced by the plate moving towards the rod (negative yaw), which is shown on the

right hand side of this figure.

Liden (2008) added a fracture model to the Johnson-Cook strength model of the

WHA rods in their simulations. Good agreement was obtained between these

simulations and the experimental results for the number of rod fragments and

their positions along the rod, as shown on the right hand side of Fig. 7.44.

The simulations also reproduced the experimental results where the rods were

significantly bent but did not fracture, as shown on the left side of Fig. 7.44.

t=0 t=0

t=60ms t=80ms

t=180ms t=260ms

Fig. 7.43 Simulation results for impacts at inclined plates with positive yaw (left) and negative

yaw (right)
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7.3 Defeating Shaped Charge Jets

7.3.1 The Explosive Reactive Armor (ERA)

Shaped charge jets are the most lethal threats on battle tanks since their penetration

capabilities exceed the wall thicknesses of these vehicles. Thus, armor designers

were concentrating for many years on finding defeat mechanisms which will reduce

the lethality of these jets. The invention of the explosive reactive armor (ERA) by

Manfred Held (1970) is, undoubtedly, the most successful breakthrough in this field.

Much of the published data on ERA as well as their interpretation, were

summarized by Held et al. (1998) and by Mayseless (2010). The basic principle

behind the ERA is very simple and its protective capability is so impressive that it is

considered as the most efficient add-on armor technology, for both battle tanks and

armored personnel carriers. The ERA cassette includes two, relatively thin, steel

plates with an explosive interlayer between them. Typically, the thickness of each

one these layers is 2–3 mm. The cassette is placed at an inclination angle of about

30
�
to the horizon, at a certain distance from the wall of the protected vehicle. The

explosive layer is initiated upon jet impact and it propels the two plates at opposite

directions to velocities of about 1.0 km/s. The moving plates interact with the jet for

a long time, eroding and deflecting its elements and reducing their penetration

capability. The significant disruption to the jet is evident in the shadowgraph shown

in Fig. 7.45, fromMayseless et al. (1984). The jet is moving from left to right in this

shadowgraph, and it is clearly seen that its fast parts are severely disturbed as they

emerge from the moving plates. One can also observe the damage induced to the

slower parts of the jet by the front plate before they reach the rear plate.

Fig. 7.45 Jet disruption by a reactive cassette

Fig. 7.44 Comparing simulations results (grey) with experiments (black) of yawed impacts, for

plates moving towards the rod (left) and away from it (right)
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Upon impact, the jet initiates the explosive layer and opens a hole in both the front

and back plates. The leading part of the jet, termed “the precursor,” escapes the

interaction without being disrupted. The size of this hole depends on the strength of

the steel plates and on the diameter of the jet tip which is usually larger than the

diameter of the rest of the jet, as seen in Fig. 1.19. As the plates are propelled by the

explosive products they interact with the jet in a grazing mode, inducing small

disturbances which grow with time as discussed by Held (2005), and shown

schematically in Fig. 7.46. These disturbances are directed in opposite directions,

depending on which plate interacts with the jet. The fact that some parts of the jet are

missing in the shadowgraph is due, according to Held (2005), to the rear plate’s

interaction with the disturbances which were produced by the front plate.

As stated above, due to their high effectiveness against shaped charge jet, these

ERA cassettes have been applied to various armored vehicles. However, there are

very few publications which detail information concerning their performance as a

function of the relevant parameters, such as plate thicknesses and their velocities.

Held (2006) summarized some of his results and those of Ismail et al. (2004), while

Mayseless (2010) analyzed these results by applying an analytical approach. In both

sets of experiments, the residual penetrations (Pres) of the jets into steel witness

blocks were determined as a function of explosive layer thickness (h) in a symmet-

ric cassette b/h/b. The plate thicknesses (b) were 1 and 3 mm, in the works of Held

(2006) and Ismail et al. (2004), respectively. The penetration depths (P0) of these

jets into a thick steel target (without the cassette), were used to evaluate the

effectiveness of these cassettes. Thus, the efficiency of a given cassette is inversely

proportional to the ratio Pres/P0. Although the two sets of experiments were

performed with different explosives they seem to fall on a single curve, for the

ratio Pres/P0 as a function of explosive thickness (h), as shown in Fig. 7.47.

The coincidence of these two sets of data is probably fortuitous as argued by

Held (2006), who reasoned that the velocity of the plates should be the controlling

parameter, rather than the thickness of the explosive. Plate velocities can be

Fig. 7.46 A schematic description of the interaction between the jet and the moving plates
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calculated by the analysis of Gurney (1943), for the velocity of metallic plates

which are propelled by explosive layers. Detailed descriptions of Gurney’s analysis

for spherical, cylindrical, and planar configurations are given in Walters (1990) and

in Meyers (1994). According to this analysis the velocity of the plates in a

symmetric cassette which consists of two equal mass (M) plates, and an explosive

interlayer of mass Cexp, is given by:

V ¼
ffiffiffiffiffiffiffiffiffiffiffi
2Eexp

p
2M Cexp

� þ 1 3=
(7.18)

where the term (2Eexp)
0.5 is given in units of velocity, and Eexp is related to the

chemical energy of the specific explosive being used.

Using this equation, Held (2006) derived the velocities of the plates for the 1/h/1

and the 3/h/3 cassettes, and plotted the corresponding Pres/P0 ratios in terms of plate

velocities, as shown in Fig. 7.48.
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This display of the experimental results shows that the efficiency of a given

cassette depends on the velocity of the plates (Vp) and on their thickness (b).

A close examination of the data points in this figure shows that for a given value

of Pres/P0, the two cassettes have equal values of the product bVp
2. This means that

the data for the two cassettes should fall on a single curve of Pres/P0 as a function of

the kinetic energy of the plates. In fact, this is the expected result from Fig. 7.47

where the explosive thickness is the free parameter since, according to the Gurney

relation, the plate’s energy is directly related to the explosive thickness. Thus, it

seems that an energy-based interaction may account for the efficiency of reactive

cassettes against shaped charges.

Koch and Bianchi (2010) performed a parametric study by varying the

thicknesses of the plates and the explosive layers. They also tested cassettes with

different steel plates in order to study the effect of plate strength on cassette

efficiency. Their 50 mm charge was placed at a distance of 250 mm from the

reactive cassette, and a thick witness block was placed at a distance of 220 mm from

the cassette, in order to determine residual penetrations. The thicknesses of the

plates were b ¼ 1.0, 3.0 and 6.0 mm and the thicknesses of the PETN-based

explosive layers, with density of 1.4 g/cm3, were in the range of h ¼ 1.0–7.0 mm.

In all of these tests the inclination angle of the cassettes was a ¼ 45
�
. As expected,

plates with higher strength resulted in a higher efficiency, due to the smaller holes

which the jet opened in these plates. The resulting mass efficiencies (Em) of these

cassettes were Em ¼ 2.85, 3.0, and 4.03 for steel plates with compressive strengths

of: Y ¼ 0.4, 0.6 and 2.0 GPa, respectively, enhancing the assumption that stronger

plates result in higher efficiencies.

The results of Koch and Bianchi (2010) for three types of symmetrical cassettes,

in terms of their mass efficiency as a function of explosive thickness, are shown in

Fig. 7.49. The mass efficiency increases with explosive thickness due to the higher

velocities imparted to the plates, in accord with the other cassette designs which

were described above.
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The interaction of the jet with moving plates is a very complex process since it

involves many issues such as: the dynamics of hole growth in a thin plate, the grazing

interaction of the jet elements with the edge of the hole, the growth of small

disturbances along the jet with time and distance, the effect of the explosive products,

etc. Obviously, this interaction is too complicated for an analytical treatment, which is

the main reason for the scarcity of published models in the open literature. Mayseless

(2010) applied a momentum-based analysis in order to account for the efficiency of

reactive cassettes. This analysis is based on an earliermodel byMayseless et al. (1984)

for the efficiency of a given cassette, in terms of themass flux ratio between the jet and

the plate. The mass flux ratio for a given jet/plate pair is given by:

_mp

_mj
¼ k

Vj tan a=Vp � 1= cos a
(7.19)

where the (+) and (�) signs stand for the front and rear plates, respectively. The

parameter k includes the jet/plate density ratio as well as the ratio of jet diameter to

plate thickness. The efficiency of the cassette according to this model is due mainly

to the rear plate, which moves in the direction of the jet. As shown by Mayseless

(2010) the calculated efficiency, as defined by this mass-flux ratio, follows the

general trend in the results of Held (2006) and Ismail et al. (2004).

The high efficiency of ERA cassettes against shaped charge jets has been

demonstrated in many publications by M. Held, who showed that the differential

efficiency, as defined by (6.2), of cassettes with a thick explosive layer can reach

values of more than twenty, as demonstrated in Held (1999a). The specific cassette

which was used in this work consisted of two steel plates, 2.5mm thick, and a 12mm

thick datasheet explosive. The residual penetration of the jet into a semi-infinite

steel target was 143 mm, as compared with a penetration depth of 460 mm without

the cassette. Held (1999b) also demonstrated the efficiency of heavy cassettes

against long rod penetrators. He notes that a useful cassette should be effective

against both shaped charge jets and long rods. Thus, he used a 40/10/25 cassette,

with explosive thickness of 10 mm, against long rods and shaped charge jets in full

scale experiments. The thick plates in these cassettes were propelled to relatively

low velocities in order to prolong their interaction with the long rod, which is much

slower than the shaped charge jet. The differential efficiency of the heavy cassette

against a large shaped charge jet was about seven, and about 4.5 against a long rod.

One of the main problems concerning the use of reactive cassettes is due to the

collateral damage which the flying plates induce to both the protected vehicle and to

its surroundings. In order to reduce this damage, Mayseless (2007) proposed the use

of ceramic tiles instead of steel plates, realizing that the brittle nature of ceramics

should result in their total comminuting upon jet impact. This idea has been

followed by Koch and Bianchi (2010) who compared the efficiencies of alumina

tiles with those of steel plates for equal weight reactive cassettes. The thicknesses of

the alumina tiles were: h ¼ 2.9, 5.9 and 11.8 mm thick, matching the weights of the

h ¼ 1, 3 and 6 mm steel plates, respectively. As far as the explosive thickness is
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concerned, the same general trends in the ballistic efficiency were found for these

ceramic-based cassettes, as shown in Fig. 7.50.

Koch and Bianchi (2010) obtained higher efficiencies with the ceramic tiles, as

compared with the equal weight steel cassettes. For example, a symmetric steel

cassette with 3 mm thick plates and an explosive layer of 5 mm, resulted in an

efficiency of Em ¼ 5, as compared with an efficiency of Em ¼ 8.8 for an equal

weight ceramic cassette. The difference can be attributed to the smaller hole which

the jet opens in the ceramic tile. A smaller hole results in a shorter jet which “escapes”

the interaction, as was already demonstrated for the higher strength steel plates. It is

also worth noting that these experiments resulted in an enhanced efficiency for

asymmetric cassettes with thicker front plates, especially for cassettes with thick

explosive layers. In particular, an efficiency of Em ¼ 14.3 was obtained for a cassette

with an explosive thickness of 7 mm, a front tile of 11.8 mm, and a 2.9 mm back tile,

which was the highest efficiency in this study. Thus, the ceramic tiles showed a clear

advantage over the steel plates, as far as mass efficiencies are concerned. In addition,

these tiles were pulverized during their early stages of flight, as observed by the x-ray

shadowgraphs, resulting in less damage to the surrounding, as expected.

The effect of the explosive products on jet disruption has been investigated by

Brown and Finch (1989) in a series of experiments where the jets impacted the

cassettes at normal incidence. With this configuration, most of the jet elements are

not disturbed by the plates. Thus, any disturbance to the main part of the jet should

be attributed to its interaction with the explosive products. The cassettes in this

study consisted of mild steel plates with an explosive sheet (type SX2) between

them. X-ray shadowgraphs were taken after the whole jet emerged from the
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interaction with the cassettes. Several results are shown in Fig. 7.51, for 6/h/6

cassettes which consisted of 6 mm plates of mild steel and an explosive layer of

varying thickness (h). These shadowgraphs were taken at 152 ms after impacting

cassettes with h ¼ 0, 3, 6, and 12 mm. It is clear that a minimal explosive thickness

is needed in order to induce a meaningful disruption to the jet.

In order to investigate this disruption process, Rosenberg and Dekel (1999b)

performed a series of 2D numerical simulations for similar cassette configurations.

The copper jets in these simulations, with a diameter of 3 mm, were given a uniform

velocity of 7.0 km/s. The relevant properties of the steel plates and the explosive

sheets, from Brown and Finch (1989), were reproduced in the simulations to a

reasonable degree. The initiation of the explosive in the simulations was performed

through a threshold pressure which resulted in its immediate detonation. The basic

disruption mechanism is captured by following the results of one of these

simulations as shown in Fig. 7.52, for a 6/6/6 cassette which consists of equal

thicknesses (6 mm) for all the layers. During the first few microseconds the jet

penetrates the cassette, opens a large hole in the plates, and initiates the explosive.

At 15 ms after impact there is a clear indication that the inverted jet material,

together with the plate debris and the explosive products, arrived at the symmetry

axis, impacted the jet and disrupted its later parts. The disturbance to the jet was

related to the timing of this lateral impact at the axis. Thus, the more effective

disturbances, resulting in a shorter precursor which “escaped” the interaction, were

obtained when the debris arrived earlier at the axis. This part of the jet is denoted as

Lesc in the figure.

These simulations qualitatively reproduced most of the experimental results

from Brown and Finch (1989). For example, replacing the explosive with a stronger

one resulted in a shorter precursor in both experiments and simulations. Also the

effectiveness of an explosive “pill” inserted in the steel plates, was compared with

that of the explosive sheet. Both the experiments of Brown and Finch (1989) and

h=0 

h=3mm 

h=6mm

h=12mm

Fig. 7.51 Jet disruption as a function of explosive thickness
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Fig. 7.52 Simulation results for the interaction of a jet with a reactive cassette at normal incidence
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the simulations by Rosenberg and Dekel (1999b), showed that these explosive discs

induce the same jet disturbances, as those obtained by continuous explosive sheets.

Replacing the steel plates with aluminum plates of equal-weight resulted in very

similar interactions, which means that the confinement of the explosive layer is

important for this interaction. Finally, a set of simulations was performed with

a total thickness of 12 mm for the steel plates, varying the respective thicknesses of

the front and back plates. These cassettes were also checked for different explosive

layers, and the residual lengths of the escaping intact jets are shown in Fig. 7.53.

One can clearly see that for the three types of cassettes, with explosive layers of

h ¼ 3, 6 and 12 mm, the shortest intact jets are obtained for the cassettes with the

thinnest front plates. The extrapolation of these results gives a value of about 2 mm

for the front plate thickness which reduces the length of the escaping jet to zero.

One should regard these simulations as a demonstration of their usefulness in

following the mechanism responsible for a given defeat process, as well as

highlighting the role of material properties in the interaction. These parametric

studies are not intended to serve as design tools but they can save a lot of experi-

mental effort for the armor engineer.

7.3.2 Passive Cassettes

The reactive armor cassettes were found to be very effective in disrupting shaped

charge jets but they have an inherent disadvantage, which is due to the damage they

inflict on their surroundings, as discussed above. A much less violent reaction is

obtained if the explosive layer in the cassette is replaced by an inertial material, as

was first suggested by Held (1973). These, so called “passive cassettes,” consist of

a low impedance interlayer between the two steel plates and, obviously, they are less

effective than the reactive cassettes. However, with the proper choice of materials

the passive cassette can disrupt a major part of the jet, as can be seen in Fig. 7.54.
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Their main advantage is the much less collateral damage which they induce,

mainly because the steel plates do not acquire high velocities. In fact, the plates

do not fly apart during the interaction with the jet, which results in their bulging

around the impact point, as is seen in the figure.

The interaction of the jet with the passive cassettes has been investigated by Gov

et al. (1992), Thoma et al. (1993), Held (1993) and Yaziv et al. (1995). The basic

principle behind this interaction, as outlined by Gov et al. (1992), is based on the

bulging of the steel plates around the impact area of the jet. The bulging is due to the

high pressures induced in the interlayer material by jet impact, pushing the plates

apart in a large area around the penetrating jet. In addition, the rear plate is

accelerated by the impact of the jet and its bulging is enhanced, as compared with

the front plate. The local motion of the plates results in a continuous interaction

with the jet, disrupting it in a similar way to that of the reactive cassette. The main

difference between the actions of the two cassettes is in the much shorter time

duration which the passive cassette interacts with the jet.

Gov et al. (1992) used 2D numerical simulations to follow the bulging process of

the steel plates in a cassette which included a rubber interlayer. Their analysis

showed that the process of plate acceleration is insensitive to the obliquity of the

impact. Thus, 2D simulations can approximate the actual bulging of inclined plates,

as they showed by comparing the bulging in their simulations with the experimental

X-ray shadowgraph. Since the impact is at normal incidence in these simulations,

the continued interaction between the plates and the jet is not accounted for. Still,

these 2D simulations can be very useful for a parametric study of the passive

cassette, as was shown by Rosenberg and Dekel (1998b). They followed the relative

velocities of the metallic plates, at several locations away from the symmetry axis,

and related them to the efficiency of the cassette. The basic assumption is that faster

moving plates will induce enhanced disruption to the jet. The three control points,

where the relative velocities were determined, were chosen at arbitrary distances

from the impact point. The bulging process of a 3/10/3 cassette impacted by

a 3.0 mm copper jet at 7.0 km/s, is shown in Fig. 7.55. The 10 mm thick interlayer

material in this simulation was Plexiglas with strength of 0.1 GPa. Note the much

larger deflection of the back plate which moves in the direction of the jet’s motion,

as discussed above.

Fig. 7.54 The disruption of a jet by a passive cassette
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The following figures describe some of the results from Rosenberg and Dekel

(1998b) in terms of the relative plate velocities as a function of the relevant

parameters of the passive cassettes. Figure 7.56 shows the relative velocities of

the two plates for 3/h/3 cassettes as a function of the interlayer thickness, at the

three locations away from the symmetry axis: H ¼ 13.2, 16 and 20 mm. The

thickness of the Plexiglas interlayer was varied between h ¼ 3–16 mm, and it is

clear that for a thicknesses of about h ¼ 8.0mm these velocities reach their asymp-

totic values. Thus, according to these simulations there is no advantage in using

a thicker interlayer for this particular setup.

Varying the strength of the Plexiglas interlayer resulted in increased relative

velocities with decreasing interlayer strength. On the other hand, these velocities

were independent on the strength of the steel plates, as expected. Note that the

efficiency of a cassette with stronger steel plates is expected to be higher because

the diameter of their holes will be smaller, and they should interact more frequently

with the jet.

H=13.2mm 
H=16.0mm 
H=20.0mm 

t=0 t=7.5msec 

t=12.5msec t=20msec 

Fig. 7.55 Simulation results for the bulging process of a 3/10/3 passive cassette
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A set of simulations was performed for constant weight cassettes, where the total

thickness of the front and back plates was 6 mm. As seen in Fig. 7.57, the relative

velocities of the symmetric cassettes are the lowest, which means that the

Fig. 7.56 The dependence of the relative plate velocity on interlayer thickness

Fig. 7.57 Simulation results for constant weight cassettes with total steel plate thickness of 6 mm
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asymmetric cassettes are expected to perform better. Moreover, according to these

simulations, cassettes with thin back plates are expected to perform better than the

others, as far as this configuration is concerned.

Finally, the density and thickness of the interlayer cassette were varied in such

a way that their product (the areal density) was held constant, at 19 kg/m2.

Figure 7.58 shows the results of this set of simulations and it is evident that the

highest plate velocities are obtained for interlayer densities in the range of

2.0–2.5 g/cm3. We should emphasize, again, that these simulations are not aimed

at an actual design of armor systems, but to identify the important parameters

and their trend, in order to minimize the experimental work which is needed for

such studies.

We have noted above that the lower ballistic efficiency of the passive cassette, as

compared with the reactive one, is compensated by the much less damage which it

induces to the surrounding. Several laboratories are engaged in developing hybrid

cassettes which contain interlayers of energetic materials. Obviously, these cassettes

have a reduced efficiency as compared with reactive cassettes. However, they are

expected be more effective than the passive cassettes since their interlayer material is

undergoing some reaction, pushing the steel plates apart more effectively. Holzwarth

and Weimann (2001) examined the performance of such an interlayer, which

consisted of a mixture of the energetic binder glycidyl-azide-polymer (GAP) and

some other materials, including the RDX explosive. Their reference interlayer mate-

rial for a 2/X/2 cassette, was rubber with a density of 1.4 g/cm3. In their tests

with different energetic mixtures, they found that a mixture of the GAP binder with

50% RDX resulted in a significant improvement as compared with their reference

cassettes.

Fig. 7.58 Simulation results for cassettes with a constant interlayer areal density
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One of the more important issues which determine the ballistic efficiency, for

both reactive and passive cassettes, is related to the growth dynamics and the

maximal diameter of the hole which the jet induces in the plate. We have seen

that large holes result in an appreciable jet which escapes the interaction with the

plate without being disturbed. Thus, the best performing cassettes are those for

which the hole diameters are minimal. In order to have an estimate for the

parameters which influence the size of these holes, consider the model of Szendrei

(1983), who addressed the dynamics of crater enlargement in a semi-infinite target

by a high velocity jet. His analysis resulted in the following expression for the

maximum diameter which the crater achieves (Dmax) in terms of the jet’s velocity

(V), the densities of the jet and the target, and the strength of the target (Yt):

Dmax

Dj
¼ Vffiffiffiffiffiffiffi

2Yt
p ð1 ffiffiffiffirjp.

þ 1
ffiffiffiffi
rt

p Þ� (7.20)

where Dj is the diameter of the jet. Minor modifications to this expression were

suggested by Shinar et al. (1995) and Held (1995), but the basic dependence of Dmax

on the relevant parameters is the same as in (7.20). There is a certain ambiguity

about the final expression for the crater diameter and the definition of Yt in the

works of Szendrei (1983) and Shinar et al. (1995) who use st ¼ 2Yt/√3 for the

strength of the target. Their expression for the maximal crater diameter is:

Dmax

Dj
¼ 1þ V2

2stð1 ffiffiffiffirjp.
þ 1

ffiffiffiffi
rt

p Þ2
.

0
@

1
A

0:5

(7.21)

which reduces to that of Szendrei (1983), (7.20), for high impact velocities. In fact,

for typical jet velocities of 3–8 km/s the two expressions result in similar values, as

was shown by Shinar et al. (1995). One can simplify both equations for cases where

copper jets (rj ¼ 8.9 g/cm3) impact steel targets (rt ¼ 7.85 g/cm3) by writing

rt � rt ¼ r. Equation (7.20) reduces to the following form:

Dmax

Dj
¼ V

2

ffiffiffiffiffiffiffi
r
2Yt

r
(7.22a)

and (7.21) simplifies to:

Dmax

Dj
¼ 1þ rV2

8st

� �0:5

(7.22b)

Naz (1989) performed a set of experiments with L/D ¼ 10, D ¼ 4 mm copper

rods, which impacted various steel targets at velocities in the range of 2.5–5.0 km/s.

The steel targets had compressive strengths in the range of 0.64–1.4 GPa,. The final
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crater diameters were in excellent agreement with the calculated values from

(7.22a) and (7.22b), as shown by Shinar et al. (1995). An important consequence

from these analyses is that for plates of equal strength, the one with the lower

density is expected to result in a smaller cavity diameter. Assuming that a similar

analysis also holds for plates with finite thicknesses, we may conclude that a lower

density plate, in either reactive or passive cassettes, will have a higher ballistic

efficiency against shaped charge jets.

The dynamics of crater growth as a result of jet impact has been also analyzed by

Szendrei (1983). His result for the time dependence of the crater diameter, D ¼ D

(t), has been verified by several workers who followed this growth process with

flash X-ray shadowgraphs, such as in Held and Kozhushko (1999). The analysis of

Shinar et al. (1995) for the time dependence of the crater growth resulted in a close

agreement with similar experiments, by De-Rosset and Merendino (1984), who

followed the crater growth in 6.35 mm steel plates, by using flash x-rays. An

analytical model for the interaction between the jet and the moving plates, of either

reactive or passive cassettes, will have to be based on these results from the analysis

of Szendrei (1983).
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